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Abstract. We determine the torsion subgroup of the group of endotrivial modules for a finite
solvable group in characteristic p. We also prove that our result would hold for p-solvable groups,

provided a conjecture can be proved about the case of p-nilpotent groups.

1. Introduction

In this paper, we analyse the group T (G) of endotrivial modules in characteristic p for a finite
group G which is p-solvable. Our results are mainly concerned with the torsion subgroup TT (G)
of T (G). The description is not quite complete since it depends on a conjecture about the p-
nilpotent case. However, we can prove the conjecture in the solvable case, hence we obtain final
results for all solvable groups.

Recall that endotrivial modules were introduced by Dade [9] and appear naturally in modular
representation theory. Several contributions towards the general goal of classifying those modules
have already been obtained. The most important result for our purposes is the classification of all
endotrivial modules for p-groups [6], [7], [8], [2]. Other results have been obtained in [4], [5], [3],
[15], and [16].

We start with the analysis of T (G) for a finite p-nilpotent group G. Let P be a Sylow p-subgroup
of G and N = Op′(G), so that G/N ∼= P . We first show that

T (G) ∼= K(G)⊕ T (P ) ,

where K(G) is the kernel of the restriction to P . The group T (P ) is known by the classification of
all endotrivial modules for p-groups, so we focus on the group K(G), which is finite but not easy
to control. We prove that K(G) can be constructed from endotrivial kG-modules which are also
simple. Such modules are rather scarce.

The finite group K(G) contains the group X(G) of all one-dimensional kG-modules. In many
cases, we have K(G) = X(G) and the classification is complete in such a situation. We conjecture
that the equality K(G) = X(G) always holds if the rank of P is at least 2 and we prove that this
conjecture holds if the p-complement N is solvable (so that G is solvable).

Next, consider the general case where G is p-solvable. We again describe the subgroup K(G)
(which still denotes the kernel of the restriction to a Sylow p-subgroup P ). If the rank of P is
at least 2, we prove that K(G) = X(G), provided the conjecture holds in the p-nilpotent case.
Since this conjecture is proved in the solvable case, we obtain that the result holds for all solvable
groups.

In order to deduce the structure of TT (G), we assume that P is not cyclic, quaternion, or semi-
dihedral. Then it is known that TT (P ) is trivial, so that we simply have TT (G) = K(G). The
cases when P has rank one or is semi-dihedral have to be treated seperately. When the rank of P
is one, that is, when P is cyclic or generalized quaternion, then T (G) = TT (G) and this group is
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completely known without any assumption on G (by [16] and a forthcoming paper). In the special
case where G is p-nilpotent, we present many examples with K(G) 6= X(G).

There is still the problem of constructing an exhaustive set of generators for a torsion-free
subgroup of T (G) (see [4]). The solution is easy for p-nilpotent groups, but remains to be done for
p-solvable groups.

2. Preliminaries

Throughout this paper, we let k be a field of prime characteristic p and let G be a finite group
of order divisible by p. We assume that all kG-modules are finitely generated left modules and the
symbol ⊗ stands for the tensor product ⊗k of modules over the ground field, with diagonal action
of the group G. For the purpose of classifying modules, we assume that k is algebraically closed.

A kG-module M is endotrivial if its endomorphism algebra Endk M is isomorphic (as a kG-
module) to the direct sum of the one-dimensional trivial module and a projective kG-module. In
other words, a kG-module M is endotrivial if and only if M∗⊗M ∼= k⊕ (proj), where M∗ denotes
the k-dual of M , and where (proj) denotes some projective module. Here are some of the basic
properties of endotrivial modules (cf. [9], [6], or [4]).

Lemma 2.1. Let G be a finite group of order divisible by p.
(1) If M is an endotrivial kG-module, then M splits as the direct sum M0 ⊕ (proj) for an

indecomposable endotrivial kG-module M0, which is unique up to isomorphism.
(2) The relation

M ∼ N ⇐⇒ M0
∼= N0

on the class of endotrivial kG-modules is an equivalence relation. We let T (G) be the set
of equivalence classes. Every equivalence class contains a unique indecomposable module
up to isomorphism.

(3) The tensor product ⊗ induces an abelian group structure on the set T (G) :

[M ] + [N ] = [M ⊗N ] .

The zero element of T (G) is the class [k] of the trivial module, consisting of all modules of
the form k ⊕ (proj).

The group T (G) is called the group of endotrivial kG-modules. It is known to be a finitely
generated abelian group. In particular, the torsion subgroup TT (G) of T (G) is finite. The torsion-
free rank of T (G) can be described explicitly (see [4]).

If P is a p-group, then a complete description of T (P ) has been obtained in [6], [7], [8], and [2].
In particular, we have the following.

Theorem 2.2. Let P be a non-trivial finite p-group.
(1) If P is cyclic of order ≥ 3, then T (P ) ∼= Z/2Z. If P is cyclic of order 2, then T (P ) = {0}.
(2) If P is generalized quaternion, then T (P ) ∼= Z/2Z⊕Z/4Z (assuming that k is algebraically

closed if P has order 8).
(3) If P is semi-dihedral, then T (P ) ∼= Z/2Z⊕ Z.
(4) If P is not cyclic, generalized quaternion, or semi-dihedral, then T (P ) is torsion-free.
(5) If every maximal elementary abelian subgroup of P has rank at least 3, then T (P ) ∼= Z.
(6) If some maximal elementary abelian subgroup of P has rank 2 and if P is not semi-dihedral,

then T (P ) is free abelian on a set of explicit generators.

The proof of (1), (2) and (3) appears in [6]. The proof of (4) and (5) appears in [7]. The proof
of (6) appears in [8] and also in [2].
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We write X(G) for the abelian group of all isomorphism classes of one-dimensional kG-modules.
This group can also be identified with the group Hom(G, k×) of k×-valued linear characters of G,
where k× = k−{0}. The group X(G) is a p′-group, isomorphic to the p′-part of the abelianization
G/[G,G]. It is obvious that any one-dimensional module is endotrivial and we identify X(G) with
its image under the embedding

X(G) −→ T (G) , µ 7→ [µ]

mapping a one-dimensional module to its class in T (G). Viewed as a subgroup of T (G), X(G) is
written additively, namely [λ] + [µ] = [λ⊗ µ].

If H is a subgroup of G, restriction to H (denoted by ↓GH) induces a group homomorphism

ResG
H : T (G)→ T (H) , [M ] 7→ [M↓GH ] .

We let K(G) be the kernel of the map ResG
P : T (G)→ T (P ), where P is a Sylow p-subgroup of G.

Explicitly, a class [M ] ∈ T (G) is in K(G) if and only if M↓GP ∼= k ⊕ (proj). Note that K(G) is
the set of equivalence classes of indecomposable endotrivial modules which have trivial source. In
particular, K(G) contains X(G).

Lemma 2.3. The subgroup K(G) is finite. Moreover, K(G) is equal to the torsion subgroup
TT (G) of T (G), unless P is cyclic, generalized quaternion or semi-dihedral.

Proof. The first statement is implicit in [4, Proposition 2.6]. Alternatively, the finiteness of K(G)
follows from the fact that there are finitely many indecomposable trivial source kG-modules up to
isomorphism (see [1, Proposition 5.5.4]). The proof of the second statement follows immediately
from the fact that TT (P ) is trivial, by Theorem 2.2. �

In the case of p-nilpotent groups, the finiteness of K(G) will also be a consequence of the results
of Section 3. Let us also recall the following result.

Lemma 2.4. [16, Lemma 2.6] Let G be a finite group and let P be a Sylow p-subgroup of G.
Assume that for all x ∈ G the subgroup xP ∩ P is non-trivial. Then, K(G) = X(G).

In particular, K(G) = X(G) if Op(G) is non-trivial.

3. p-nilpotent groups

In this section, we state and prove a first result on the structure of T (G) when G is p-nilpotent.
Recall that G is p-nilpotent if G has a normal p-complement, that is, if there is a normal subgroup
N of G of order prime to p such that G/N is a p-group. In other words, G is a semidirect product
G = N oP , with N = Op′(G) and P a Sylow p-subgroup of G. We keep this notation throughout
the whole paper.

We first recall some well-known facts concerning blocks of p-nilpotent groups. A kP -module W
is called an endo-permutation module if Endk(W ) is isomorphic as kP -module to a permutation
module (see [9] or [10, Section IX.4]).

Lemma 3.1. Let G = N o P be a p-nilpotent group, let V be a simple kN -module, and let e be
the central primitive idempotent of kN corresponding to V . Let H be the inertial subgroup of V .

(1) The idempotent e is a block idempotent of kH and f =
∑

g∈[G/H] geg
−1 is a block idem-

potent of kG. Moreover induction induces a Morita equivalence between mod(kHe) and
mod(kGf).

(2) If H is a proper subgroup of G, then every module in mod(kGf) has dimension divisible
by p.
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(3) Suppose that H = G. Then there is a kG-module structure on V (still written V ), extending
the given kN -module structure, and this extension is unique. Moreover V ↓GP is an endo-
permutation kP -module and V has vertex P .

(4) Suppose that H = G. Then V is the unique simple module in the block kGe and, for any
kGe-module Y , the restriction Y ↓GN is isomorphic to a direct sum of copies of the simple
module V ↓GN .

(5) Suppose that H = G. Then mod(kGe) is Morita equivalent to mod(kP ) via the following
functor

Φ : mod(kP ) −→mod(kGe) , X 7→ V ⊗X ,

where X is viewed as a kG-module via the isomorphism P ∼= G/N and inflation, and where
G acts diagonally on the tensor product.

Proof. Statement (1) is standard. Just note that, for any kGf -module M , we have that

M = fM =
⊕

g∈[G/H]

geg−1M = (eM)↑GH .

Statement (2) follows from (1) and the fact that |G : H| is a divisor of |P |. Statement (3) appears
in [10, Theorem IX.4.1]. Statement (4) follows from the fact that kN is semi-simple and that any
central primitive idempotent e′ of kN with e′ 6= e must act by zero on any kGe-module M .

We are left with the proof of (5). The existence of a Morita equivalence is stated in many places,
but we could not find a proof that the given functor Φ is an equivalence. Hence, we sketch a proof.

The group algebra kN is semi-simple, S := kNe is a matrix algebra and we have S ∼= Endk(V ).
The surjection ρ : kN → S restricts to the representation ρ : N → S× = GL(V ). By (3), this
extends uniquely to ρ : N o P → GL(V ).

Since kG = k[N o P ] =
⊕

u∈P kNu, we have

kGe =
⊕
u∈P

Su

with product (su)(tv) = (sut)(uv) for s, t ∈ S and u, v ∈ P , where ut = ρ(u)tρ(u)−1. Now we claim
that we have an isomorphism of interior G-algebras

φ : kGe −→ S ⊗k kP , φ
(∑
u∈P

suu
)

=
∑
u∈P

suρ(u)⊗ u ,

where su ∈ S for every u ∈ P . It is easy to check that the product (su)(tv) = (sut)(uv) is mapped
to the product (sρ(u) ⊗ u)(tρ(v) ⊗ v) = sρ(u)tρ(v) ⊗ uv. The inverse map sends

∑
u∈P tu ⊗ u to∑

u∈P tuρ(u)−1u. Finally the interior G-algebra structure on kGe maps g = nu (with n ∈ N and
u ∈ P ) to ρ(n)u, while the one on S⊗k kP maps g = nu to ρ(g)⊗u = ρ(n)ρ(u)⊗u, and we clearly
have that φ(ρ(n)u) = ρ(n)ρ(u)⊗ u.

This proves the claim and shows that kGe and kP are Morita equivalent, because S is a matrix
algebra. More precisely, V is the unique simple S-module and any (S⊗k kP )-module is isomorphic
to V ⊗X for some kP -module X, with action

(s⊗ u) · (v ⊗ x) = sv ⊗ ux , s ∈ S, u ∈ P, v ∈ V, x ∈ X .

Taking into account the interior G-algebra structure, we find that the action of g = nu on V ⊗X
is the following :

g · (v ⊗ x) = (ρ(g)⊗ u)(v ⊗ x) = ρ(g)v ⊗ ux = gv ⊗ ux ,
and this is indeed the diagonal action of G on V ⊗X. �

For endotrivial modules, we have the following observation.
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Corollary 3.2. Let G = N o P be a p-nilpotent group, let M be an indecomposable endotrivial
kG-module, and let V be the unique simple module in the block containing M . Then V ↓GN is simple.

Proof. Let H be the inertial subgroup of a simple summand W of V ↓GN . Since the block containing
V also contains the endotrivial module M of dimension prime to p, part (2) of Lemma 3.1 implies
that H = G. By part (3) of Lemma 3.1, W extends uniquely to G, forcing the equality W =
V ↓GN . �

From now on, we shall use this corollary without further mention.
Now we can state the first main result on the group of endotrivial modules for p-nilpotent

groups.

Theorem 3.3. Let G = N o P be a p-nilpotent group.
(1) The restriction map ResG

P : T (G) → T (P ) is split surjective. The splitting is obtained via
the isomorphism P ∼= G/N followed by inflation InfG

G/N . In other words,

T (G) ∼= K(G)⊕ T (P ) .

(2) Let M be an indecomposable endotrivial kG-module. Then [M ] ∈ K(G) if and only if M
admits a decomposition M ∼= V ⊗S∗, where V is the unique simple kG-module in the block
containing M and S is a kP -module which is a source for V . Moreover, in that case, the
simple module V is endotrivial and its source S is endotrivial.

Proof. Statement (1) is obvious if one notices that the restriction along the projection map G →
G/N induces an injective map InfG

G/N : T (G/N)→ T (G). This is because the order of N is prime
to p, so that the inflation of a projective k(G/N)-module is a projective kG-module. Hence the
inflation of an endotrivial k(G/N)-module is an endotrivial kG-module. Moreover, it is clear that
inflation preserves tensor products, so that InfG

G/N is a group homomorphism.
Let us prove now (2). Let B be the block of the group algebra kG containing M and let V be

the unique simple module in the block B. The vertex of V is the largest subgroup occuring as
vertex for the modules lying in B. Since M has vertex P (because M is endotrivial), so does V .
By Lemma 3.1, there exists an indecomposable kP -module U such that M = V ⊗ U , because the
correspondence X 7→ V ⊗X defines a Morita equivalence from mod(kP ) to mod(B). Note that
dim(U) is prime to p because dim(M) is prime to p.

Let the kP -module S be a source of V . By Lemma 3.1, we know that V ↓GP is an endo-
permutation module, so S is an indecomposable endo-permutation module with vertex P . In
particular dim(S) is prime to p since dim(S) ≡ ±1 (mod p) (see [18, Corollary 28.11]).

First assume that M admits a decomposition M ∼= V ⊗ S∗ as in the statement (or in other
words U ∼= S∗). Since S is a direct summand of V ↓GP , S ⊗ S∗ is a direct summand of M↓GP . But k
is a direct summand of S ⊗ S∗ because dim(S) is prime to p (see [1, Theorem 3.1.9]). Therefore k
is a direct summand of M↓GP and this means that [M ] ∈ K(G).

Now assume conversely that [M ] ∈ K(G). Set V ↓GP ∼= S ⊕ L. We claim that S is endotrivial
and that L is projective. Since [M ] ∈ K(G), we have

k ⊕ (proj) ∼= M↓GP ∼= (V ⊗ U)↓GP ∼= (V ↓GP )⊗ U ∼= (S ⊗ U)⊕ (L⊗ U) .

Since both S and U have dimensions prime to p, we must have S ⊗ U ∼= k ⊕ (proj) and L ⊗ U
projective. Moreover, U ∼= S∗ because both modules are indecomposable and S ⊗ U has a trivial
direct summand (see [1, Theorem 3.1.9]). Thus S ⊗ S∗ ∼= k ⊕ (proj) and S is endotrivial. Since
L⊗S∗ is projective, L⊗S⊗S∗ is also projective. Now, L⊗S⊗S∗ ∼= L⊗(k⊕(proj)) ∼= L⊕(proj). We
conclude that L is projective, as claimed. It follows now that V is endotrivial because V ↓GP ∼= S⊕L.
Moreover, the endotrivial kG-module M is of the form M ∼= V ⊗ S∗, as was to be shown. �
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Note that the finiteness of K(G) follows from (2), because there are finitely many simple kG-
modules up to isomorphism. Another consequence of the theorem is the following.

Corollary 3.4. Let M be an indecomposable endotrivial kG-module. Let V be the unique simple
kG-module in the block containing M . Then V is endotrivial and M admits a decomposition
M ∼= V ⊗ L, where L is an indecomposable endotrivial kP -module (viewed as a kG-module with
trivial action of N).

Proof. By Theorem 3.3, we have [M ] = [A]+[B] with [A] ∈ K(G) and [B] ∈ T (P ), and A ∼= W⊗S∗
where W is the unique simple kG-module in the block containing A and where S is a source of W .
Moreover W and S are endotrivial. Thus we obtain

[M ] = [A⊗B] = [W ⊗ S∗ ⊗B] = [W ⊗ L] ,

where S∗⊗B = L⊕ (proj) as kP -modules and L is an indecomposable endotrivial kP -module. By
Lemma 3.1, W ⊗L is an indecomposable kG-module in the block containing W . Since both M and
W ⊗ L are indecomposable, it follows that M ∼= W ⊗ L. Moreover, the unique simple kG-module
in the block containing M must be W , so that W ∼= V . �

Remark 3.5. It was proved by Puig [17] that if G is p-solvable, the source S of a simple kG-
module V is always a torsion endo-permutation module. So in the situation of Theorem 3.3, the
class [S] of the source S must be a torsion element of T (P ). Although this is never used here, it
should be mentioned for completeness. This has two consequences.

First, we have S ∼= k in most cases, because we know that T (P ) has no torsion except when P
is cyclic, generalized quaternion, or semi-dihedral (Theorem 2.2). Second, the simple module V
must be a torsion endotrivial module, because V ⊗S∗ is torsion (its class belongs to K(G)) and S
is torsion.

In view of Theorem 3.3, to find T (G), we need determine K(G), since T (P ) is known (The-
orem 2.2). Moreover, K(G) is in bijection with the set of simple kG-modules V which are also
endotrivial. So our problem is to understand when a simple kG-module V happens to be endotriv-
ial. Clearly, any one-dimensional module is endotrivial (and this corresponds to the fact that the
subgroup X(G) is contained in K(G)). So the question is to know whether or not there are other
simple kG-modules which are endotrivial.

If the p-rank of G is one, there are many such examples (see Section 7). For all the other cases,
we make the following conjecture.

Conjecture 3.6. Let G = N o P be a p-nilpotent group of p-rank at least 2.
(1) If a simple kG-module V is endotrivial, then dim(V ) = 1.
(2) K(G) = X(G).

Note first that statements (1) and (2) are equivalent. To prove this, let [M ] ∈ K(G) with M
indecomposable. By Theorem 3.3, M ∼= V ⊗ S∗ where V is a simple endotrivial module and S is
a source of V . If V is one-dimensional, then so is its source S. Therefore dim(M) = 1 (that is,
[M ] ∈ X(G)) if and only if dim(V ) = 1.

In Section 5, we prove Conjecture 3.6 in the case that N is solvable.
We first make an easy reduction. Since we know that V ↓GN remains simple (Corollary 3.2),

V ↓GNoQ is simple and endotrivial, for every subgroup Q of P . By our assumption on P , we can
choose Q ∼= Cp × Cp, elementary abelian of rank 2. Therefore, it suffices to prove Conjecture 3.6
when P ∼= Cp × Cp is elementary abelian of rank 2. We emphasize this point in the following.

Lemma 3.7. Conjecture 3.6 holds for a group G ∼= N o P , with P having p-rank at least 2, if it
holds for any of the subgroups H = N o Q where Q ⊆ P is an elementary abelian subgroup of P
of rank 2.
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4. Extraspecial groups

Let G = N o P be a p-nilpotent group. The purpose of this section is to provide a proof of
Conjecture 3.6 when the normal p-complement N is a central product N = X ∗ Z where X is an
extraspecial q-group and Z is a cyclic q-group. Here q is a prime distinct from p.

We shall need the following lemma.

Lemma 4.1. Let P be an abelian group and let M be a non-zero FP -module, where F is a field
of characteristic coprime to |P |.

(1) There exists a subgroup U of P such that P/U is cyclic and U has a non-zero fixed point
on M .

(2) Assume further that the action of P is symplectic with respect to some non-degenerate
symplectic form 〈−,−〉 on M . Then there exists a symplectic pair e, f ∈M which is fixed
by U .

Proof. (1) Let S be a simple submodule of M and let U be the kernel of the representation of
P on S. Then every element of S is a fixed point for the action of U . Moreover, since S is a
faithful irreducible representation of the abelian group P/U , this group must by cyclic (see [12,
Theorem 3.2.3]).

(2) Let f ∈ M be a non-zero fixed point of U , as in part (1). The symplectic form on M is
P -invariant, so the linear form

M −→ F , x 7→ 〈x, f〉
is in particular FU -linear. It is non-zero because the symplectic form is non-degenerate. Since the
characteristic of F does not divide |U |, this linear form has an FU -linear section σ : F → M and
we set e = σ(1). Then 〈e, f〉 = 1, so (e, f) is a symplectic pair. Moreover, ue = e for every u ∈ U
because σ is FU -linear. �

Now we can state the main result of this section.

Theorem 4.2. Let G = N o P be a p-nilpotent group. Assume that N is a central product
N = X ∗ Z where X is an extraspecial q-group, Z is a cyclic q-group, and q is a prime distinct
from p. Let V be an endotrivial kG-module such that V ↓GN is simple. Then dim(V ) = 1.

Proof. The order of X is q1+2n for some integer n ≥ 1 and Z is cyclic of order qt for some integer
t ≥ 1. We let z be a generator of Z and z1 = zqt−1

, a generator of the unique subgroup Z1 of Z of
order q. By definition of the central product, Z1 is amalgamated with the centre of X.

The ordinary representations of X are well-known and we only need slight modifications for
the description of the ordinary representations of N . Note that they are realized here over the
algebraically closed field k of characteristic p.

The commutator subgroup of N is equal to Z1. So there are q2n+t−1 representations of dimen-
sion 1. Apart from the one-dimensional representations, there is exactly one simple kN -module Vω

for every primitive qt-th root of unity ω, characterized by the property that z acts as scalar multi-
plication by ω. Every such simple kN -module Vω has dimension qn and there are qt−qt−1 of them.
The module Vω will be further described below. Our purpose is to show that Vω cannot extend to
a simple module for kG which is endotrivial.

By Corollary 3.2, we can assume that the inertial subgroup of Vω is the whole of G, so that P
stabilizes Vω. This implies that the action of P on N fixes z (because if u ∈ P acts on Z by sending
z to zi, then u maps Vω to Vωi). The action of P on N induces an action on N/Z, which we view
as an Fq-vector space of dimension 2n. This action is symplectic with respect to the alternating
form 〈−,−〉 on N/Z defined by

〈x, y〉 = i ∈ Fq if [x, y] = zi
1 ,
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where x ∈ N/Z denotes the class of x ∈ N .
By Lemma 3.7, we can assume that P ∼= Cp × Cp is elementary abelian of rank 2. We then

apply Lemma 4.1 and let U be a subgroup of P fixing some symplectic pair (e, f) in N/Z and
such that P/U is cyclic. Then U is a non-trivial p-group and we consider the subgroup N o U of
G = N oP . The simple kN -module Vω extends uniquely to N oU and we write simply V for this
extension. Our aim is to prove that V is not endotrivial. Consequently, any extension of V to a
larger group cannot be endotrivial and this will complete the proof.

The subgroup U stabilizes a symplectic pair (e, f) in N/Z. Since N/Z ∼= X/Z1, we can choose
representatives xn, yn ∈ X such that e is the class of xn and f is the class of yn. Then [xn, yn] = z1

and the group E generated by z1, xn and yn is extraspecial of order q3. (Note that xn and yn may
have order q or q2, depending on the type of E, but this does not play any role in what follows.)

Since the action of U fixes (e, f), it stabilizes E and centralizes E/Z1. We claim that U central-
izes E. If x ∈ E and u ∈ U , then uxu−1 = zi

1x for some i. But we already noticed that the action
of U must fix z, hence also z1. Therefore x = upxu−p = zip

1 x, so zip
1 = 1 and zi

1 = 1 because z1

has order prime to p. So U centralizes E.
The centralizer R = CX(E) is extraspecial of order q2n−1. The quotient R/Z1

∼= (RZ)/Z
is the subspace orthogonal to the symplectic pair (e, f) in N/Z. The group R is generated by
z1, x1, y1, . . . , xn−1, yn−1, where for each i = 1, . . . , n − 1, we have [xi, yi] = z1 and xi commutes
with all the other generators. In other words, X is the central product X = E ∗ R. Now the
centralizer CN (E) contains Z and is a central product CN (E) = R ∗Z. Since E is fixed under the
action of U , its centralizer RZ is normalized by U .

The subgroup F generated by z, x1, . . . , xn is a maximal abelian subgroup of N (in other words,
the classes of x1, . . . , xn generate a maximal isotropic subspace of N/Z). Now we recall how the
representation Vω is constructed (where ω is, as before, a primitive qt-th root of unity). Let kω be
the one-dimensional representation of Z with z acting via multiplication by ω. Since F is abelian,
kω extends to a one-dimensional representation Lω of the group F . We claim that the inertial
subgroup of Lω is F . Any element y outside F acts non-trivially on some element x of F , so
yxy−1 = zi

1x with zi
1 6= 1. Note that z1 = zqt−1

acts on Lω via ωqt−1
, which is non-trivial since ω

is a primitive qt-th root of unity. Therefore the actions of x and xzi
1 on Lω cannot be equal and

so y is not in the inertial subgroup of Lω.
Since the inertial subgroup of Lω is F , the module Vω = (Lω)↑NF is simple and z acts as scalar

multiplication by ω. The number of primitive qt-th roots of unity is qt−qt−1, so there are qt−qt−1

such representations. Each of them has dimension qn = |N : F |. A simple count shows that we
obtain in this way all irreducible representations of N of dimension > 1.

The subgroup 〈xn〉RZ is a maximal subgroup of N (generated by all of the above generators
except yn). We let Wω = (Lω)↑〈xn〉RZ

F , so that we get that

Vω
∼= (Wω)↑N〈xn〉RZ .

Now we consider the action of U , which normalizes 〈xn〉RZ because RZ is invariant and xn

is fixed under U . By Lemma 3.1, the module Vω extends uniquely to a simple module V for the
group N oU , while Wω extends uniquely to a simple module W for the group (〈xn〉RZ)oU . Now
we have

W↑NoU
(〈xn〉RZ)oU↓

NoU
N

∼= W↓(〈xn〉RZ)oU
〈xn〉RZ ↑N〈xn〉RZ

∼= (Wω)↑N〈xn〉RZ
∼= Vω .

By uniqueness of the extension V , we obtain

V ∼= W↑NoU
(〈xn〉RZ)oU .
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Notice that (〈xn〉RZ)oU is a normal subgroup of NoU of index q, because yn normalizes 〈xn〉RZ
and centralizes U (since U acts trivially on yn). We get that

V ↓NoU
(〈xn〉RZ)oU

∼=
q−1⊕
i=0

yi
n ⊗W ,

hence

V ↓NoU
U

∼=
q−1⊕
i=0

(yi
n ⊗W )↓(〈xn〉RZ)oU

U .

But (yi
n ⊗W )↓(〈xn〉RZ)oU

U
∼= W↓(〈xn〉RZ)oU

U because U centralizes yn. It follows that

V ↓NoU
U

∼=
q−1⊕
i=0

W↓(〈xn〉RZ)oU
U ,

a direct sum of q isomorphic modules. This cannot be endotrivial since an endotrivial module has
a single non-projective indecomposable summand. �

For later use, we mention that the groups considered in Theorem 4.2 are characterized as follows.

Lemma 4.3. Let q be a prime and let N be a non-abelian q-group having a cyclic centre Z = Z(N)
such that N/Z is elementary abelian. Then N is a central product N = X ∗ Z where X is
extraspecial.

Proof. This is well-known, so we just sketch the proof. Since the commutator subgroup is central,
we have that [ux, y] = [u, y][x, y] for any u, x, y ∈ N . It follows that [x, y]q = [xq, y] = 1 because
xq ∈ Z. Therefore [N,N ] is equal to the unique subgroup Z1 of Z of order q. By lifting a basis
of N/Z, one can generate a subgroup X of N such that X ∩ Z = Z1 and N = X ∗ Z. Since Z is
the centre of N , Z1 is the centre of X and it follows that X is extraspecial. �

5. Solvable p-nilpotent groups

The purpose of this section is to provide a proof of Conjecture 3.6 when the p-nilpotent group
G = N o P is solvable. In other words, we require that the normal p-complement N is solvable.

Theorem 5.1. Let G = N o P be a p-nilpotent group of p-rank at least 2 with N solvable. Let V
be an endotrivial kG-module such that V ↓GN is simple. Then dim(V ) = 1.

Proof. We proceed by induction on the order of N . The induction argument starts with the abelian
case. If N is abelian, then clearly every simple module has dimension 1 (because k is assumed to
be algebraically closed). We are going to reduce to the case where N is a central product of an
extraspecial q-group and a cyclic q-group (with q 6= p), and we will be done by Theorem 4.2.

By the solvability of N , the commutator subgroup [N,N ] is a proper subgroup of N . Let Z be a
P -invariant proper subgroup of N , containing the commutator subgroup [N,N ], and maximal with
respect to the condition of being proper and P -invariant. Then the abelian group N/Z cannot have
any P -invariant non-trivial proper subgroups. Hence N/Z is a q-group for some prime q (because
if q divides |N/Z|, then the unique Sylow q-subgroup of N/Z must be P -invariant). Moreover N/Z
is elementary abelian (because the Frattini subgroup of N/Z must be P -invariant). Clearly Z is
normal in G because it is normal in N and P -invariant.

We consider the simple module V ↓GN . Restricting to Z, we get a decompostion

V ↓GZ =
⊕

g∈[N/I]

gW
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into isotypic components, that is, W is a direct sum of isomorphic simple kZ-modules with inertial
subgroup I, and gW is conjugate to W . Recall that W is a simple kI-module and that V ↓GN ∼=
W↑NI .

Since isotypic components are unique, the action of P must permute them. If every orbit of P
on the set { gW | g ∈ [N/I] } had cardinality ≥ 2, then V ↓GP would be a direct sum of modules
induced from proper subgroups of P . But this is impossible for an endotrivial module. Therefore
there exists an isotypic component which is invariant under P and we can assume that this is W .

The inertial subgroup I must also be P -invariant (if i ∈ I and u ∈ P , then uiu−1 stabilizes W
since both i and u do, so uiu−1 ∈ I). By maximality of Z, we must have either I = Z or I = N .

Assume first that I = Z. Then V ↓GN ∼= W↑NZ and W is a simple kZ-module. By Lemma 3.1,
W extends uniquely to a module Ŵ for Z o P . Then we have

Ŵ↑GZoP ↓
G
N
∼= Ŵ↓ZoP

Z ↑NZ ∼= W↑NZ ∼= V ↓GN .

Since V is the unique extension of V ↓GN to G, we obtain Ŵ↑GZoP
∼= V . Therefore

V ↓GZoP
∼=

⊕
g∈[N/Z]

g ⊗ Ŵ ,

and each summand is simple. But V is endotrivial and so V ↓GZoP = V0 ⊕ (proj) for some inde-
composable endotrivial k[Z o P ]-module V0. Hence V0

∼= g0 ⊗ Ŵ for some g0. Now a conjugate of
an endotrivial module is endotrivial, so every summand g⊗ Ŵ is endotrivial. But this contradicts
the fact that V ↓GZoP = V0 ⊕ (proj). So this case is impossible (as we should have expected since
dim(V ) 6= 1).

Now we assume that I = N . Then V ↓GZ = W is a single isotypic component, hence a direct
sum of m copies of some simple kZ-module Y , for some m ≥ 1. Since V is endotrivial, V ↓GZoP =
V0 ⊕ (proj) for some indecomposable endotrivial k[Z o P ]-module V0. By Corollary 3.4, V0

∼=
U ⊗ L, where U is the unique simple module in the block containing V0 and where L is some
indecomposable endotrivial kP -module (with trivial action of Z). Moreover, Corollary 3.4 also
asserts that U is endotrivial. By induction hypothesis (applied to the group Z o P ), dim(U) = 1.

On restriction to Z, we obtain

V0↓ZoP
Z

∼= U↓ZoP
Z ⊗ L↓ZoP

Z ,

and this is a direct sum of dim(L) copies of U↓ZoP
Z because Z acts trivially on L. On the other

hand, V0↓ZoP
Z is a direct summand of V ↓GZ , which is a direct sum of copies of Y . It follows that

Y ∼= U↓ZoP
Z and in particular dim(Y ) = 1.

Let K be the kernel of V ↓GN . Then K is P -invariant and V can be viewed as a module for the
group G/K = (N/K) o P . If K is non-trivial, then we can apply induction to this group and
deduce that dim(V ) = 1. Thus we can assume that K = 1.

Now the kernel of the kZ-module Y acts trivially on V because V ↓GZ is a direct sum of copies
of Y . Therefore this kernel is trivial since K = 1. Thus Z acts faithfully on the one-dimensional
module Y and this forces Z to be cyclic. Moreover, Z acts on V by scalar matrices (because again
V ↓GZ is a direct sum of copies of Y ). It follows that Z is central in N , because N acts faithfully
on V .

The group N has a cyclic central subgroup Z and N/Z is an elementary abelian q-group.
Therefore N = Zq′ ×Q where Zq′ is the q′-Hall subgroup of Z and where Q is a Sylow q-subgroup
of N . Note that Q is unique, hence P -invariant. Since k is algebraically closed, any simple kN -
module must be a tensor product of a one-dimensional module for Zq′ and a simple kQ-module.
Thus any simple kN -module remains simple on restriction toQ. In particular, V ↓GQoP is endotrivial
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and its restriction to Q is simple. If |Q| < |N |, then induction applies to the group Qo P and we
deduce that dim(V ) = 1. Thus we can assume that Q = N , that is, N is a q-group.

If N is abelian, then dim(V ) = 1 and we are done. Otherwise, Z(N) is a proper subgroup of
N containing Z and clearly Z(N) is P -invariant. By maximality of Z, we have Z(N) = Z. So we
have reduced to the case where N is a non-abelian q-group having a cyclic centre Z such that N/Z
is elementary abelian. This is precisely the case considered in the previous section (see Lemma 4.3)
and the result follows from Theorem 4.2. �

Remark 5.2. At the end of the proof, it would be easy to restrict further (using induction again)
to the case where the q-group N is generated by its elements of order q. If q is odd, this would imply
that N is extraspecial and therefore it would be possible to use only Theorem 4.2 for extraspecial
groups. However, if q = 2 and N is generated by its elements of order 2, then N could be almost
extraspecial, that is, a central product of an extraspecial 2-group and a cyclic group of order 4. It
is for this case that we need the more general statement of Theorem 4.2.

6. p-solvable groups

In this section, we let G be a finite p-solvable group and P a Sylow p-subgroup of G. Recall
that a finite group G is p-solvable provided G has a normal series in which each factor group is
either a p-group or a p′-group. Equivalently, it means that the series

1 ≤ Op(G) ≤ Op,p′(G) ≤ Op,p′,p(G) ≤ . . . reaches G.

Here, Op,p′(G) is the normal subgroup of G containing Op(G) and such that

Op,p′(G)/Op(G) = Op′(G/Op(G)) .

The successive subgroups in this series are defined likewise (cf. [13, § 18.4]).

The following is a generalization of [4, Proposition 2.6].

Lemma 6.1. Let G be any finite group, let F be a normal subgroup of G with p | |F | and p - |G : F |,
and let V be an indecomposable endotrivial kG-module. Then V ↓GF is also indecomposable.

Proof. Since V is endotrivial, we have V ↓GF = V0⊕(proj), where V0 is an indecomposable endotrivial
kF -module. Because p - |G : F |, the kG-module V is projective relative to F and we can write

V ↓GF
∣∣ V0 ↑GF↓GF ∼=

⊕
g∈[G/F ]

g ⊗ V0 .

As p | |F |, the right hand side has no projective summand. Therefore, comparing with the assump-
tion that V ↓GF = V0 ⊕ (proj), the Krull-Schmidt theorem implies that V ↓GF is indecomposable. �

We are now ready to prove the main result in this section.

Theorem 6.2. Let G be a p-solvable group. Let P be a Sylow p-subgroup of G and assume that
P has rank at least 2.

(1) If Conjecture 3.6 holds, then K(G) = X(G).
(2) If G is solvable, then K(G) = X(G).

Proof. We proceed by induction and we consider the sequence of normal subgroups in the series

1 ≤ Op(G) ≤ Op,p′(G) ≤ Op,p′,p(G) ≤ · · · ≤ G .

By Lemma 2.4, if Op(G) is non-trivial, then K(G) = X(G). So, from now on, we suppose that
Op(G) = 1, and we set N = Op′(G), which is then a non-trivial normal subgroup.

The induction process starts with the case G = Op′,p(G). Then G is p-nilpotent and the result
is either Conjecture 3.6 or Theorem 5.1 if G is assumed to be solvable. Thus we may suppose that
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G is not p-nilpotent. Set H for the last proper subgroup of G in the above series. Then either
G/H is a p-group or G/H is a p′-group. First, suppose that |G : H| is not divisible by p. Let
V be an indecomposable endotrivial kG-module with [V ] ∈ K(G). By Lemma 6.1, V ↓GH is also
indecomposable and [V ↓GH ] ∈ K(H). Therefore, dim(V ) = 1 by induction.

The only case left to show is when the last factor G/H is a p-group. Moreover, since G is not
p-nilpotent, the series above has at least four distinct non-trivial groups:

1 /︸︷︷︸
p′

N /︸︷︷︸
p?

M E︸︷︷︸
p′

. . . E︸︷︷︸
p?

J /︸︷︷︸
p′

H /︸︷︷︸
p?

G , (possibly M = J)

where, for convenience, we abbreviate by p′ indices prime to p and by p? indices that are powers
of p. Also, Op′,p(G) = M , i.e. we have M/N = Op(G/N). Let Q be a Sylow p-subgroup of M ,
contained in a Sylow p-subgroup P of G. Consider the following diagram of subgroups of G.

G

III
III

III
I

}}
}}

}}
}}

H

BB
BB

BB
BB

JP

uuuuuuuuuu

JJJJJJJJJ

J

IIIIIIIIII MP

DD
DD

DD
DD

ttttttttt

J ∩MP

uuuuuuuuu
P

wwwwwwwwwwwwwwwwwwwwww

M

HHHHHHHHHH

}}
}}

}}
}}

N

AA
AA

AA
AA

Q

vv
vv

vvv
vvv

v

1

Let V be an indecomposable endotrivial kG-module with [V ] ∈ K(G). For any subgroup X
of order divisible by p, let VX be the non-projective, indecomposable (and endotrivial) direct
summand of the restriction V ↓GX . So then

V ↓GH= VH ⊕ (proj) and V ↓GJP = VJP ⊕ (proj) ,

with VH and VJP indecomposable. By induction, we know that K(JP ) = X(JP ) and hence VJP

has dimension 1. It follows that VJ = VJP ↓JP
J has dimension 1. On the other hand, Lemma 6.1

shows that VH ↓HJ is indecomposable. Thus, VH ↓HJ ∼= VJ and in particular [VH ] ∈ X(H).
We have VJP ↓JP

J
∼= VJ

∼= VH ↓HJ , and therefore this kJ-module is G-invariant (because H·JP =
G). Consequently, ker(VJ) E G, and therefore K = ker(VJ) ∩ N is a normal subgroup of G
contained in N .

Suppose that K = 1, that is, ker(VJ ↓JM )∩N = 1. Since dim(VJ) = 1, the source of VJ is trivial
and therefore ker(VJ ↓JM ) ≥ Q. It follows that ker(VJ ↓JM ) = Q, and so Q EM . Thus, M = N ×Q,
with Q = Op(M). But then Q is a non-trivial characteristic p-subgroup of G, which contradicts
the hypothesis that Op(G) = 1.
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Therefore K 6= 1. By relative projectivity, V is a direct summand of VJP ↑GJP , and so

V ↓GN
∣∣∣ VJP ↑GJP↓GN ∼=

⊕
g∈[G/JP ]

g ⊗ (VJP ↓JP
N ) ∼=

⊕
g∈[G/JP ]

VJ ↓JN .

Since K acts trivially on VJ ↓JN , it follows that K acts trivially on V . Thus we may replace G with
G/K and regard V as a k[G/K]-module. We apply the induction hypothesis, which yields that
dim(V ) = 1.

�

The results or conjectures on K(G) provide final answers on the structure of TT (G) if a Sylow
p-subgroup P of G is not cyclic, generalized quaternion or semi-dihedral. Indeed TT (G) = K(G)
in such cases (Lemma 2.3).

However, we don’t have a final answer to the classification of endotrivial modules, because
there is still the open problem of determining generators for a torsion-free subgroup of T (G).
Nevertheless, the answer is known if the torsion-free rank of T (G) is at most one, namely when the
poset of conjugacy classes of elementary abelian p-subgroups of G of rank at least 2 is empty or
connected (see [4]). We know that this holds in many situations (it is in fact the most common case),
including those cases in which P has rank one, or P has a non-cyclic center, or P is metabelian,
or P has rank greater than p with p is odd (see [11]).

7. p-nilpotent groups of p-rank one

Conjecture 3.6 deals with groups of p-rank at least 2. So we must treat separately the case of
groups of p-rank 1 (that is, with a cyclic or generalized quaternion Sylow p-subgroup). The classi-
fication of endotrivial modules is known for all groups having a cyclic Sylow p-subgroup [16]. The
case of groups with a generalized quaternion Sylow 2-subgroup will be dealt with in a forthcoming
paper.

In this section, we restrict to the case of p-nilpotent groups and show that things become easy.
We also give examples. The first main ingredient works in general.

Lemma 7.1. Let P be a Sylow p-subgroup of a finite group G. Assume that P has rank 1, that
is, P is cyclic or generalized quaternion. Let Z be the unique subgroup of P of order p and let
H = NG(Z).

(1) The restriction map ResG
H : T (G)→ T (H) is an isomorphism.

(2) The inverse isomorphism is given by the Green correspondence.

Proof. The subgroup H is strongly p-embedded. This well-known fact appears as Lemma 3.5 in [16]
in the cyclic case, but the proof works without change in the quaternion case. This property of H
implies the two statements (see [16, Lemma 2.7]). �

For p-nilpotent groups, we get the following.

Theorem 7.2. Let G = N o P be a p-nilpotent group. Assume that P has rank 1, that is, P is
cyclic or generalized quaternion. Let Z be the unique subgroup of P of order p and let H = NG(Z).

(1) The restriction map ResG
H : K(G)→ K(H) is an isomorphism.

(2) K(H) = X(H).
(3) T (G) ∼= X(H)⊕ T (P ).

Proof. By Theorem 3.3, we have T (G) ∼= K(G) ⊕ T (P ). The isomorphism ResG
H : T (G) → T (H)

of Lemma 7.1 restricts obviously to an isomorphism ResG
H : K(G)→ K(H). Since Op(H) 6= 1, we

have K(H) = X(H) by Lemma 2.4. �
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Note that H = NG(Z) = C o P , where C = H ∩N (and in fact C = CN (Z) because [C,Z] ≤
N ∩ Z = 1). So the group X(H) is isomorphic to a quotient of the abelianized group C/[C,C]
(namely the largest quotient of C/[C,C] on which P acts trivially). On the other hand T (P ) is
either Z/2Z (if P is cyclic of order ≥ 3) or Z/2Z ⊕ Z/4Z (if P is generalized quaternion). Thus
the group T (G) has a quite explicit description.

In the situation of Theorem 7.2, the Green correspondent M of a one-dimensional kH-module
is an endotrivial kG-module whose class lies in K(G), but M need not be one-dimensional. Thus
it is clear that Conjecture 3.6 cannot hold for groups of p-rank 1.

Observe also that when P is cyclic and G is not p-nilpotent, then T (P ) need not be a direct
summand of T (G), see [16].

Explicit examples of simple endotrivial modules of dimension greater than 1 have been already
constructed in [14] for a p-nilpotent group G = N o P where P is either cyclic or generalized
quaternion and N is an extraspecial q-group of order q3 and exponent q. One can find simple
endotrivial modules for G of dimension q, having various possible sources depending on some
congruences of q modulo |P |.

We wish to generalize this construction. The proof of Theorem 4.2 shows the way for con-
structing examples. Let N be an extraspecial q-group of order q2n+1, let U be a cyclic group of
order p acting on N , and let V be a simple kN -module of dimension qn. Then V cannot extend
to an endotrivial module for the group N o U when the action of U on N/Z(N) has a non-zero
fixed point. This was the key property obtained in Lemma 4.1. It turns out that the opposite
situation is sufficient for constructing endotrivial modules. In other words, the crucial point is the
construction of an action of our group P on N in such a way that the action of its unique subgroup
Z of order p has no non-zero fixed point on N/Z(N).

Example 7.3. Assume that P is a cyclic group of order pr, generated by u. Let Z be the unique
subgroup of order p, generated by upr−1

. Let q be an odd prime, distinct from p, and let N
be an extraspecial q-group of order q2n+1 and exponent q. We want to embed P in the group
AutZ(N)(N) of all automorphisms of N which are the identity on Z(N). Since q is odd, there is a
surjective homomorphism AutZ(N)(N) −→ Sp2n(Fq) and the kernel is a q-group. Thus it suffices
to construct a homomorphism P −→ Sp2n(Fq), and we require that Z has no non-zero fixed point
on (Fq)2n.

We need to map u to a matrix s ∈ Sp2n(Fq) such that spr−1
has no eigenvalue 1. If pr divides

q−1, then we can choose s to be a diagonal matrix such that each diagonal entry has multiplicative
order pr. If pr divides qt + 1, then Sp2t(Fq) has a subgroup of order pr (in a non-split torus) and
by choosing n = dt for some d, we can construct s by taking d non-trivial diagonal blocks of size 2t,
with each block of order pr in Sp2t(Fq). In every such instance, the subgroup Z of order p has no
non-zero fixed point on N/Z(N).

Given such an action of P on N , we construct the p-nilpotent group G = N o P and we let
H = NG(Z). Since Z has no non-zero fixed point on N/Z(N) we have NG(Z) = Z(N)×P , hence
H = NG(P ) = NG(Z) = Z(N)× P . Moreover P is TI in G.

Any simple kN -module of dimension qn is G-invariant (because it is characterized by a q-th
root of unity, corresponding to the action of a generator of Z(N)), hence extends to G. So let V
be a simple kG-module of dimension qn, with V ↓GN simple. By Lemma 7.1, V ↓GH = W ⊕ (proj),
where W is the Green correspondent of V . By Lemma 6.1, W↓HP remains indecomposable and is
therefore the source of V . We know that W↓HP is an endo-permutation module. We determine its
dimension by computing dim(V ) modulo |P | = pr. If pr divides q − 1, we get

1 ≡ qn = dim(V ) ≡ dim(W ) (mod pr) .
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The only indecomposable module for P of dimension 1 modulo |P | is the trivial module, so W↓HP ∼=
k. Therefore V ↓GP ∼= k⊕ (proj) and it follows that V is endotrivial. If pr divides qt + 1 and n = dt,
then

(−1)d ≡ (qt)d = qn = dim(V ) ≡ dim(W ) (mod pr) .

The only indecomposable module for P of dimension −1 modulo |P | is Ω(k), so either W↓HP ∼= k

or W↓HP ∼= Ω(k), depending on the parity of the integer d. Therefore V ↓GP is endotrivial, and so V
is an endotrivial kG-module, as required.

One can also take q = 2 in the above example, but we then need to work with an orthogonal
group instead of the symplectic group.

In order to construct examples with p = 2 and P generalized quaternion, it suffices to have an
action of P on an extraspecial q-group N , such that Z = Z(P ) acts as multiplication by (−1) on
N/Z(N). We then construct G = N o P and we let V be a simple kG-module of dimension qn,
with V ↓GN simple (where |N | = q2n+1). By applying the above example for the group N o Z, we
obtain that V ↓GZ is endotrivial. It follows that V ↓GP is endotrivial (because Z is the unique non-
trivial elementary abelian subgroup of P ) and so V is endotrivial. As in [14], various endotrivial
modules V ↓GP for the generalized quaternion group P can be realized, depending on congruences
of q modulo 2|P |.
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