
Stan Dolan’s proof of the two-squares theorem

A basic theorem of number theory, the two-squares theorem, states that primes that

are congruent to 1 mod 4 are expressible as the sum of two squares.

The theorem was stated by Fermat, but the first known proof was given by Euler.

Numerous proofs are now known. Among the better known ones, a particularly neat one is

that of Thue, presented, for example, in [Jam].

Two very elementary proofs have been given by Stan Dolan in [Do1] and [Do2]. Here

(with Stan’s permission) I outline the method of [Do2], which I find especially satisfying.

First, an observation on quadratics. Consider the quadratic x2−2bx+ c, where b, c are

non-zero and b2 > c. It has distinct, nonzero roots x1, x2. Also, x1 + x2 = 2b, so x2 6= −x1.

Meanwhile, the roots of x2 + 2bx+ c are −x1 and −x2. The four roots of the two quadratics

taken together are x1, x2, −x1 and −x2. These are all distinct, and clearly exactly two of

them are positive. Also, if b is an integer, then x1 and x2 are either both integers, or both

non-integers.

Proof of the Theorem. Let p = 4K + 1, and let E be the set of positive integer triples

(x, y, z) such that

(x + y + z)2 − 4yz = p. (1)

We will show that there is a member of E with x = y: then p = (z + 2y)2 − 4yz = z2 + 4y2,

as required.

Consider the members of E with x 6= y. For a fixed pair (x, y) with x > y, rewrite (1)

as a quadratic in z:

z2 + 2(x− y)z + (x + y)2 − p = 0.

For this equation to have real solutions, we require

(x− y)2 − (x + y)2 + p = p− 4xy ≥ 0,

hence 4xy ≤ p, or xy ≤ K. This shows that there are only finitely many pairs (x, y) to

consider, so E is finite. The two solutions are distinct, since 4xy 6= p, and non-zero, since

(x + y)2 6= p. By the remark on quadratics, a particular pair (x, y), together with (y, x),

generates either two elements of E (if the solutions for z are integers) or none (if they are

not). So the number of elements of E with x 6= y is even.

Now we enumerate the set E a second way. If (x, y, z) is a member with y = z, then

p = (x + 2y)2 − 4y2 = x(x + 4y).



Since p is prime, x = 1 and 4y + 1 = p, so y = K: the only such member of E is (1, K,K).

Elements of E with y 6= z clearly occur in pairs, (x, y, z) and (x, z, y). Consequently, the

number of members of E (we know it is finite) is odd. Going back to the first enumeration,

it now follows that there is a member of E with x = y, as stated. �

An unnecessary remark. We cannot afford to be casual about the fact that E is finite.

In fact, if negative values of x, y, z are allowed, then E becomes infinite. Specifically, if

p = 5, one can check that for every integer k ≥ 2, a solution of (1) is given by x = −1,

y = k2 + k − 1, z = k2 − k − 1.
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