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Flags

Definition
A (complete) flag is a descending chain of vector subspaces

0 = V0 < V1 < V2 < · · ·< Vn−1 < Vn = V

with dimVi−dimVi−1 = 1 (= dim(Vi/Vi−1)).

Definition
A partial flag is a descending chain of vector subspaces

0 = V0 < V1 < V2 < · · ·< Vm−1 < Vm = V.

• Flags appear everywhere!



Sets of flags

We are interested in the structure of the set of all flags or the
set of partial flags of a given shape. We will consider some
“small” examples, in the sense that the dimensions and/or
lengths of flags are small:
• projective lines: complete flags in V with dimV = 2, i.e.

{0 < V1 < V2 = V | dimV1 = 1, dimV2 = 2}

• projective spaces: partial flags

{0 < V1 < V2 = V | dimV1 = 1, dimV2 = n}

• Grassmannians: partial flags

{0 < V1 < V2 = V | dimV1 = k, dimV2 = n}



The real projective line

For the time being, we take all vector spaces to be real vector spaces.
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The real projective line, P(1,R), is usually constructed by adding an
extra point ∞ such that a/0 = ∞ for any non-zero a ∈ R. The idea is
that one can “fix” the failure to be able to divide by 0 (though 0/0, ∞/∞

and ∞+∞ remain undefined).
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The real projective line can also be thought of as the set of lines in
the plane that pass through the origin, hence is a set of flags:



Similarly, we can construct the real projective plane P(2,R), as the set
of lines in 3-dimensional space that pass through the origin:



The real projective plane is much harder to picture than the real
projective line. It cannot be embedded in R3 (embedded meaning
without self-intersection) but can be immersed (locally it is an
embedding), similarly to the Klein bottle. Boy’s surface is an
immersion but is still hard to picture. If one relaxes the immersion
condition a little more (to allow a so-called cross-cap) one can obtain
models of the real projective plane such as the Roman surface below.



(Real) projective space

The general construction of real projective space is as a set of
flags:

P(n,R) = {0 < V1 < V2 = Rn+1 | dimV1 = 1}

Models of this in the spirit of those above can be obtained in
the following ways:
• the n-sphere Sn with antipodal points identified
• the n-hemisphere with antipodal boundary points identified
• the closed n-disk with antipodal boundary points identified

In fact, there is no need to restrict to the reals: we may define
projective space P(n,K) =KPn over any field K (or division ring,
even) in the same way as above.



Finite projective spaces

Of course, we need not restrict ourselves to infinite fields. We can
also take finite fields such as Zp (p prime). Then P(2,Z2) is the Fano
plane, shown below along with a model of P(3,Z2).



Grassmannians

As suggested above, projective space is just the first and
simplest example of a larger family, the Grassmannians.

Definition
Let K be a field. The Grassmannian Gr(k,n) over K is the
space of k-dimensional subspaces of Kn.

So, P(n,K) = Gr(1,n+1). The first example of a Grassmannian
that is not a projective space is Gr(2,4), the space of planes
passing through the origin in 4-dimensional K-space.

This is almost impossible to picture but to mathematicians, that
doesn’t matter. We have many other tools to sense the
geometry even without pictures.



Hermann Grassmann



(Quasi)projective varieties

The sets of flags we have considered so far are examples from a very
large class of algebro-geometric objects, called varieties. Varieties
arise as the sets of zeros of polynomials. For example, let
f (x,y,z) = z ∈K[x,y,z]. The set of zeros of this multivariate polynomial
are exactly those points in K3 of the form (a,b,0) and the variety V( f )
associated to f is therefore the (x,y)-plane.

Varieties may be affine (like the above example) or projective or
quasiprojective (a generalization that include both affine and
projective varieties, though further generalization also exist).
However, varieties need not be as easy to picture as a flat plane: they
can have singularities (where local partial derivatives vanish), such as
on a curve with a cusp.

From the definition we have given, it is not immediately obvious that
sets of (partial) flags are projective varieties but other constructions
exist that make this clear.



Coordinate rings

An affine or projective variety V has a coordinate ring K[V], the ring of
regular functions from the variety to the base field. A function is
regular if it is a polynomial in the relevant coordinate functions. The
coordinate ring of affine n-space is just K[x1, . . . ,xn], the xi being the
coordinate functions v = (v1, . . . ,vn) 7→ vi.

The coordinate ring associated to the polynomial f (x,y,z) = z is
contructed from K[x,y,z] by noticing that polynomials in these three
variables are functions on the variety associated to f , except that
some of these are the zero function, such as f itself or 3f or more
generally fg for any polynomial g. We don’t want to count these in our
coordinate ring so we declare them all to be equivalent to the zero
function, or in more sophisticated algebraic terms we take the
quotient by the ideal generated by f . Then since

K[V( f )] =K[x,y,z]/( f )∼=K[x′,y′]

we see algebraically that the variety was indeed just a plane.



Coordinate rings and dimension

The coordinate ring also encodes the dimension of the variety,
as the transcendence degree of the ring. This is a
generalization of a basis, except that one forbids any
polynomial relationship between the basis elements, not just
linear ones.

The transcendence degree of K[V( f )] is the same as that of
K[x′,y′] and since the variables x′ and y′ are (algebraically)
independent, the transcendence degree is 2, as we expected.
More generally, the transcendence degree of K[x1, . . . ,xn] is n,
the dimension of affine n-space. This is the beginning of a
dictionary translating between geometric and algebraic notions,
an area of study (unsurprisingly) called algebraic geometry.



The coordinate rings of Grassmannians

A natural set of coordinates on Grassmannians are the Plücker
coordinates. One can prove that the (complex) coordinate ring
of the Grassmannian, C[Gr(k,n)], is generated by the Plücker
coordinates subject to the Plücker relations. The dimension of
the Grassmannian, being the transcendence degree of this
ring, is k(n− k).

For example, C[Gr(2,6)] is generated by the set
{∆ij | 1≤ i < j≤ 6} subject to relations like

∆
12

∆
34−∆

13
∆

24 +∆
14

∆
23 = 0.



The Plücker coordinates in Gr(2,6) can be indexed in a nice pictorial
way by diagonals of hexagons:



Cluster algebras

A cluster algebra is a commutative algebra having a particular
type of presentation, with many generators but (relatively)
simple relations.

We have already seen a relation that is in the form of a cluster
algebra exchange relation, with a product of two variables equal
to a sum of two monomials in other variables:

∆
13

∆
24 = ∆

12
∆

34 +∆
14

∆
23

Cluster algebras are constructed inductively from initial data,
such as

(∆16,∆15,∆14,∆13,∆12,∆23,∆34,∆45,∆56),

12 13 14 15 16

23 34 45 56



A cluster in Gr(2,6)
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Grassmannians are cluster algebras

Theorem (Scott, 2006)
The Grassmannian coordinate ring, C[Gr(k,n)], is a cluster
algebra.

Cluster algebras were originally introduced by Fomin and
Zelevinsky to encode the combinatorics of canonical bases of
enveloping algebras and total positivity for algebraic groups.
However, they have also been found to appear in:
• representations of algebras (cluster categories),
• discrete integrable systems and mathematical physics

(T-systems, Y-systems),
• the geometry of (un)punctured surfaces, and
• Teichmüller theory.



Quantum Grassmannians

The quantum Grassmannian Kq[Gr(k,n)] is a noncommutative
analogue of the Grassmannian coordinate ring. It is generated
by quantum minors, ∆I

q (I ⊂ {1, . . . ,n}, |I|= k), subject to
quantum Plücker relations, such as

∆
13
q ∆

24
q = q−1

∆
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q ∆

34
q +q∆

14
q ∆

23
q

The set {∆16
q ,∆15

q ,∆14
q ,∆13

q ,∆12
q ,∆23

q ,∆34
q ,∆45

q ,∆56
q } is a

quasi-commuting set of elements: they pairwise commute up to
a power of q. If one modifies the mutation rule appropriately,
then every cluster is also a quasi-commuting set and this is the
extra feature of a quantum cluster algebra. The exchange
combinatorics are unchanged!



A theorem and a conjecture

Theorem (JEG and Stéphane Launois, 2010)
The quantum Grassmannians Kq[Gr(2,n)], Kq[Gr(3,6)],
Kq[Gr(3,7)] and Kq[Gr(3,8)] are quantum cluster algebras.

Conjecture
All quantum coordinate rings of partial flag varieties and all
duals of these (U−q (g), Uq(n

−
J )) are quantum cluster algebras.


