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Two matrices, in dignity alike

A =
1

4

[

3 1
−1 5

]

B =
1

4

[

3 7
0 4

]

behaviour of An as n → ∞ ? behaviour of Bn as n → ∞ ?

structure of alg(A)? structure of alg(B)?
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behaviour of An as n → ∞ ? behaviour of Bn as n → ∞ ?

structure of alg(A)? structure of alg(B)?

After some linear algebra

ρ(A) = ρ(B) = 1.

An → ∞ while Bn converges to a rank-one projection.

alg(A) ∼= C[t]/(t2) while alg(B) ∼= C⊕ C.
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Doubly power-bounded operators

Theorem (Sz.-Nagy, 1947)

Let H be a Hilbert space. If T : H → H is invertible and
sup

n∈Z
‖Tn‖ < ∞, then T is similar to an isometry.

Abstract version

Equip ℓ1(Z) with convolution product. Then every bounded, unital
homomorphism θ : ℓ1(Z) → B(H) is similar to a ∗-homomorphism.

In this form: generalized by Dixmier/Day (1950), with ℓ1(Z)
replaced by L1(G) for any amenable group G.
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Orthogonalization of commuting idempotents

Amenable groups are those where we can carry out a certain weak
averaging process: e.g. compact, solvable, or locally finite.

Applying the Dixmier/Day theorem to a suitable abelian group:

Theorem (various)

Let F be a bounded family of commuting idempotents in B(H), such
that if E,F ∈ F then E + F − 2EF ∈ F . Then there exists R positive
and invertible, such that RER−1 is self-adjoint for each E ∈ F .

Remark

Variations can be found in results of Lorch/Mackey/Wermer on
spectral measures and “scalar operators”.
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Amenable Banach algebras

The class of amenable Banach algebras was introduced by Johnson
(1972). Examples include:

L1(G) for G amenable (in particular ℓ1(Z) or L1(T));

C0(K) for K locally compact Hausdorff (in particular C(T) or
c0(Z));

K(ℓp) and K(Lp) for 1 ≤ p ≤ ∞.
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Amenable Banach algebras

The class of amenable Banach algebras was introduced by Johnson
(1972). Examples include:

L1(G) for G amenable (in particular ℓ1(Z) or L1(T));

C0(K) for K locally compact Hausdorff (in particular C(T) or
c0(Z));

K(ℓp) and K(Lp) for 1 ≤ p ≤ ∞.

Example 1. The algebra

{[

a b
0 a

]

: a, b ∈ C

}

is not amenable.
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Amenability gives us splitting

Proposition

If A is amenable, and A → B(H) is a bounded representation of A on
Hilbert space, then each A-invariant closed subspace V ⊆ H has an
A-invariant complement.

Corollary

The disc algebra is not amenable. (Consider its usual representation
on H2(T) ∼= ℓ2(Z+).)
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Amenable uniform algebras?

Theorem (Sheinberg, 1977)

Let X be locally compact Hausdorff. Let A be a closed subalgebra of
C0(X) that separates points. If A is amenable then A = C0(X).
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Amenable uniform algebras?

Theorem (Sheinberg, 1977)

Let X be locally compact Hausdorff. Let A be a closed subalgebra of
C0(X) that separates points. If A is amenable then A = C0(X).

The proof uses the splitting theorem mentioned previously, together
with Fuglede’s theorem. The argument can be modified to yield the
following:

Theorem (Curtis–Loy, 1995)

Let S be a set of normal operators on H and let A = alg
‖·‖

(S) ⊆ B(H).
If A is amenable then it is self-adjoint.
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Amenable operators?

Which operators on Hilbert space generate amenable subalgebras?

Proposition

An operator on C
n generates an amenable subalgebra of B(Cn) if and

only if it is diagonalizable.

(Consider its Jordan normal form.)
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Amenable operators?

Which operators on Hilbert space generate amenable subalgebras?

Proposition

An operator on C
n generates an amenable subalgebra of B(Cn) if and

only if it is diagonalizable.

(Consider its Jordan normal form.)

Theorem (Willis, 1995)

Let T be a compact operator on Hilbert space. Then alg
‖·‖

(T ) is
amenable if and only if T is similar to a (compact) normal operator.
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Amenable operator algebras?

A cheap way to obtain amenable operator algebras:

– take an amenable C∗-subalgebra A ⊆ B(H)

(e.g. C(X), K(H), C∗
r
(SL2(R)), C

∗
r
(discrete amenable))

– take R ∈ B(H) which is invertible

– put A = R−1AR.
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Amenable operator algebras?

A cheap way to obtain amenable operator algebras:

– take an amenable C∗-subalgebra A ⊆ B(H)

(e.g. C(X), K(H), C∗
r
(SL2(R)), C

∗
r
(discrete amenable))

– take R ∈ B(H) which is invertible

– put A = R−1AR.

Does every amenable operator algebra arise in this way?
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Theorem (Gifford, 1997/2006)

Let A be a norm-closed, amenable subalgebra of K(H). Then A is
similar to a self-adjoint subalgebra.
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Theorem (Gifford, 1997/2006)

Let A be a norm-closed, amenable subalgebra of K(H). Then A is
similar to a self-adjoint subalgebra.

Theorem (Marcoux, 2008)

Let A be a norm-closed, commutative, amenable subalgebra of B(H).
Suppose A has an injective representation θ on some Hilbert space K

such that, for each T ∈ A, the eigenvectors of θ(T ) have dense span in
K. Then A is similar inside B(H) to a self-adjoint subalgebra.

(Both authors actually obtain slightly stronger results)
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Finite von Neumann algebras

In the original classification/decomposition of von Neumann algebras,
a special role is played by the finite ones.
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Finite von Neumann algebras

In the original classification/decomposition of von Neumann algebras,
a special role is played by the finite ones. A von Neumann algebra is
finite iff the identity ab = 1 always implies ba = 1.

Examples of finite von Neumann algebras

L∞(Ω)⊗Mn ; VN(G) for G compact or discrete ;
⊗∞

n=1
M2 .
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Finite von Neumann algebras

In the original classification/decomposition of von Neumann algebras,
a special role is played by the finite ones. A von Neumann algebra is
finite iff the identity ab = 1 always implies ba = 1.

Examples of finite von Neumann algebras

L∞(Ω)⊗Mn ; VN(G) for G compact or discrete ;
⊗∞

n=1
M2 .

Theorem (C., 2013)

Let M be a finite von Neumann algebra, and A a norm-closed,
commutative, amenable subalgebra. Then there exists a positive
invertible R ∈ M, such that RAR−1 is self-adjoint.
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Some ideas and tools used in the proof

reduction to the case where M has a faithful normal, tracial
state τ and 1M ∈ A.

a trick (inspired by Willis, 1995) to show A is semisimple;

the result of Sheinberg (1977) implies the Gelfand map
A → C(K) has dense range;

some Banach space theory (Tomczak–Jaegermann, 1974);

non-commutative version of: indicator functions can be
approximated in measure by continuous functions;

adapting a result of Gifford (1997/2006) to produce a large
supply of suitable idempotents;

simultaneously orthogonalizing all these idempotents.
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Obstacles to future progress?

Common theme of proofs to date results to date: we attempt to
diagonalize elements of A.

We want a large supply of A-invariant subspaces of H.
(Each of these will have an A-invariant complement.)

Also desirable: a large number of idempotents in WOT-closure of A.
But how do you produce these idempotents?

So perhaps we need to understand Lat(A) better, or find some
functional calculus to substitute for Borel FC. . .
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A possible counter-example?

The following observation was made by N. Ozawa on the
MathOverflow website.

(http://mathoverflow.net/questions/97275)

Ozawa’s idea
Let Q be the Calkin algebra and let t ∈ Q be a doubly-power
bounded element. If t is not similar inside Q to a unitary, then there
is a noncommutative, amenable subalgebra of B(ℓ2) not isomorphic
to any C∗-algebra.
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