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Some Banach algebras of functions

[Want to give non-analysts in audience something tangible at start]

• C1(T) with the norm ‖f‖ := ‖f‖
∞

+ ‖f ′‖
∞

• lipα(T), the little Lipschitz algebra on T, which is

{f ∈ C(T) : ∆αf(x, y) → 0 as d(x, y) → 0}

where
∆αf(x, y) := (f(x)− f(y))|x− y|−α

and our norm is ‖f‖(α) = ‖f‖
∞

+ ‖∆αf‖∞.

• A(T), the Fourier algebra of T, which is

{f ∈ C(T) :
∑

n∈Z

|f̂(n)| < ∞}

and our norm is ‖f‖A :=
∑

n |f̂(n)|. [A is for ‘absolutely convergent’.]

Derivations

Work with: a commutative Banach algebra A, and a symmetric Banach A-bimodule X.
For instance: X = A or X = A∗ or X = Cϕ for some character ϕ : A → C.

A bounded linear map D : A → X is a derivation if

D(ab) = a ·D(b) +D(a) · b (a, b ∈ A).

1



When X = A∗ this identity has the form

D(ab)(c) = D(b)(ca) +D(a)(bc) (a, b, c ∈ A).

If A is a semisimple CBA andD : A → A is a derivation thenD = 0 (Singer–Wermer,
1955).

But there are many commutative, semisimple examples of A with non-zero D : A → A∗.
This often arises from vestigial “analytic structure” or “smoothness”.

Examples of derivations

• A = C1(T). This has non-zero point derivations: f 7→
∂f

∂θ
(p) where p ∈ T. We

then get derivations A → A∗ by e.g.

D(f)(g) :=

∫

T

∂f

∂θ
(p)g(p) dµ(p)

where µ is normalized Lebesgue measure on the circle.

• A = lipα(T), 0 < α < 1. The only point derivations are 0. But we can get non-zero
derivations A → A∗, provided 1/2 < α < 1:

∣∣∣∣
∫

T

∂f

∂θ
(p)g(p) dµ(p)

∣∣∣∣ . ‖f‖α ‖g‖α

Slogan. Pointwise differentiation can be bad on a function algebra, but averaging smooths
it out.

No derivations from A(T) to its dual

The previous idea doesn’t work for A(T), since
∣∣∣∣
∫

T

∂

∂θ
(einθ)e−inθ dµ(eiθ)

∣∣∣∣ = n = n
∥∥∥einθ

∥∥∥
A

∥∥∥e−inθ
∥∥∥
A

Theorem 1. Let D : A(T) → A(T)∗ be a derivation. Then D = 0.

[This is often deduced as a special case of general results on amenable Banach

algebras. We give a direct proof.]

Proof. Any derivation D : A(T) → A(T)∗ must act on trig. monomials by D(eijθ)(eikθ) =
jD(eiθ)(ei(j+k−1)θ). Hence

|D(eiθ)(einθ)| ≤ inf
j∈Z

j−1|D(eijθ)(ei(n+1−j))| = 0,

and so D(eijθ)(eikθ) = 0 for all j, k ∈ Z.

What happens when T is replaced by other (connected) groups?
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Coefficient functions

Fix a locally compact group G. If π : G → U(Hπ) is a cts unitary rep, a coefficient

function associated to π is a function of the form

ξ ∗π η : p 7→ 〈π(p)ξ, η〉 (ξ, η ∈ Hπ).

Note: coeff. fns of 1-dim reps are just scalar multiples ofs 1-dim reps.

Example 2. G = T: take π : T → U(C2), eiθ 7→

(
eiθ 0
0 e−iθ

)
. Coeff. fns of π all have the

form eiθ 7→ a−1e
iθ + a1e

iθ for some a−1, a1 ∈ C.

The Fourier–Stieltjes algebra

If f assoc. to π and g assoc. to σ then

f + g assoc. to π ⊕ σ and fg assoc. to π ⊗ σ

and f is assoc. to π∗, the contragredient representation of π.
Thus, the set of all coefficient functions associated to “all” π forms a subalgebra of

Cb(G) which is closed under conjugation. [One should really quantify over a set not

a class.]
This algebra is denoted by B(G). It carries a certain norm, defined by duality with

the “full C∗-algebra of G”; this makes it a semisimple CBA. [The B probably stands for

“Bochner”.]
In general, this algebra remains quite hard to understand!

Here is one (atypical) example where B(G) is quite easy to describe.

Example 3. Consider G = T. Every cts unitary rep of T is a direct sum of one-
dimensional reps. So each coeff. function of T is some kind of “infinite linear combination”
of 1-dim. reps.

A more careful argument shows each coeff. function is an absolutely summable com-
bination of 1-dim reps, i.e. of the form

eiθ 7→
∑

χ∈T̂

aχ(e
iθ) where (aχ) ∈ ℓ1(T̂).

Since T̂ ∼= Z, we have identified B(T) with the algebra A(T). It turns out the norms also
match.
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Coefficient spaces and the Fourier algebra

Given a cts unitary rep π : G → Hπ,

Aπ := range of the map Hπ⊗̂Hπ → Cb(G).

Each Aπ is a closed subspace of B(G). We have Aπ +Aσ ⊆ Aπ⊕σ and Aπ Aσ ⊆ Aπ⊗σ.
Of particular importance/interest: the left regular representation λ : G → U(L2(G)),

defined by
λ(p)ξ(s) = ξ(p−1s) (ξ ∈ L2(G); p, s ∈ G).

Theorem 4 (Eymard, 1964). Aλ coincides with the closure in B(G) of the subalgebra
B(G) ∩ Cc(G).

We write A(G) instead of Aλ, and call it the Fourier algebra of G. The norm it
inherits from B(G) will be denoted by ‖·‖A.

Example 5. Suppose G is compact. Then: every cts unitary rep decomposes as a sum
of irreps; and the left regular representation λ : G → U(L2(G)) contains a copy of every
irrep. It follows that

A(G) = B(G) =
⊕

π∈Ĝ

Aπ

where the RHS is an ℓ1-direct sum.

Example 6. Suppose Γ is locally compact and abelian (LCA for short). Let G = Γ̂ be the
Pontryagin dual of Γ. Then A(G) coincides with the range of the Fourier transform

F : L1(Γ) → C0(G) ,

and F : L1(Γ) → A(G) is an isometric isomorphism of Banach algebras.

Derivations on Fourier algebras?

Mentioned earlier: there are no non-zero derivations from A(T) to A(T)∗.
The same is true if T is replaced by any LCA group (e.g. Tk or Rk).
[A recurring theme in abstract harmonic analysis: try to do for locally com-

pact amenable groups what you can do for LCA groups.]
There was some hope that the same result would be true for A(G) whenever G is

amenable — in particular, if G is compact. . .
. . . but B. E. Johnson (1994) showed this is false for G = SO(3), and his method also

works for G = SU(2).

Embed T in SU(2) as eiφ 7→ sφ =

(
eiφ 0
0 e−iφ

)
.
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For f ∈ C1(SU(2)) define

∂f(p) :=
∂

∂φ
f(psφ)

∣∣∣∣
φ=0

then we get a derivation C1(SU(2)) → C(SU(2))∗

D(f)(g) =

∫

SU(2)
(∂f)g dµ (f ∈ C1(SU(2)), g ∈ C(SU(2)).

The part which needs work is to show that
∣∣∣∣∣

∫

SU(2)
(∂f)g dµ

∣∣∣∣∣ . ‖f‖A ‖g‖A

but then, with some book-keeping, one gets a non-zero derivation A(SU(2)) → A(SU(2))∗.
[Actually Johnson proves this on SO(3) but the argument carries over almost word

by word.]
Johnson’s proof of this key estimate is indirect because he was studying something more

general; but his machinery does not seem to extend to non-compact groups.
An alternative approach is to use orthogonality relations for coefficient functions.

Orthogonality relations for compact groups

If G compact, π and σ are irreps, ξ1 and η1 ∈ Hπ, ξ2 and η2 ∈ Hσ:

∫

G

ξ1 ∗π η1 ξ2 ∗σ η2 dµ =

{
dim(Hπ)

−1〈ξ1, ξ2〉〈η2, η1〉 if π = σ

0 if π 6∼ σ

Remark. When G = T this is just the observation that {einθ : n ∈ Z} form an orthonor-
mal basis for L2(T).
Intuitive idea. For non-abelian G, the factor of dim(Hπ)

−1 provides a “damping effect
in frequency space” which counteracts the effect of differentiation.

Derivatives of coefficient functions on SU(2)

In the abelian setting, it is well-known that the Fourier transform intertwines differentiation
and multiplication.

Something similar works for compact groups. For any ξ, η ∈ Hπ

∂(ξ ∗π η)(p) =
∂

∂φ
〈π(psφ)ξ, η〉 = 〈π(p)Fπξ, η〉
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where

Fπ =
∂

∂φ
π(sφ)

∣∣∣∣
φ=0

∈ B(Hπ).

By some representation theory for SU(2), ‖Fπ‖ . dim(Hπ).

If f and g are coeff. fns of inequivalent irreps,
∫
SU(2)(∂f)gdµ = 0.

If f = ξ1 ∗π η1 and g = ξ2 ∗π η2 are coeff. fns of the irrep π,
∣∣∣∣∣

∫

SU(2)
(∂f)gdµ

∣∣∣∣∣ ≤ dim(Hπ)
−1 ‖Fπ‖ ‖ξ1‖ ‖ξ2‖ ‖η1‖ ‖η2‖

. ‖f‖A ‖g‖A

With some book keeping and the decomposition of A(SU(2)) in terms of the Aπ, we
obtain Johnson’s inequality/result.

It turns out that a similar approach can be used to handle certain (special) non-compact
Lie groups. . .

The (connected, real) ax+ b group

Consider the set of all matrices

(
a b
0 1

)
where a ∈ R

∗
+ and b ∈ R.

This is a closed (non-unimodular) subgroup of GL(2,R); we call it Aff.

For f ∈ C1(Aff), let M∂f(b, a) = −
1

2πi
a
∂f

∂b
(b, a).

Theorem 7 (C.+Ghandehari, accepted 2014). If f, g are “convenient” functions in
A(Aff), then ∣∣∣∣

∫

ax+b

(M∂f)g dµ

∣∣∣∣ . ‖f‖A ‖g‖A

Hence M∂ “extends” to a non-zero derivation A(Aff) → A(Aff)∗.

Strategy of the proof. A(Aff) decomposes as Aπ+
⊕Aπ

−

where the representations π±
are irreducible and their coefficient functions satisfy generalized versions of the Schur
orthogonality relations. [Thus, the connected real ax + b group is an example of a

non-compact AR group.]
We can find suitable dense subspace of Aπ+

and Aπ
−

which are invariant under M∂.
More precisely,

M∂(ξ ∗π+
η) = Kξ ∗π+

η

for some densely defined self-adjoint operator K. Similarly for π−.
This turns out to make things similar enough to the compact case that we can push

through (our version of) BEJ’s methods.
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More general connected Lie groups

A deep result in the theory of Fourier algebras: if H ⊆ G is a closed subgroup, there’s a
surjective homomorphism q : A(G) → A(H). An easy consequence: if D : A(H) → A(H)∗

is a non-zero derivation, so is q∗ ◦D ◦ q : A(G) → A(G)∗.

Theorem 8 (Plymen (unpublished, 2001)). If G is compact connected Lie and non-
abelian, then there is a non-zero derivation A(G) → A(G)∗.

Proof. By structure theory for Lie groups, G contains a closed copy of either SU(2) or
SO(3). We then use BEJ’s construction.

What about connected Lie groups where every compact connected subgroup is abelian,
such as SL(2,R)?

Theorem 9 (C.+Ghandehari, ibid.). If G is a connected, semisimple Lie group, then
there is a non-zero derivation A(G) → A(G)∗.

Proof. By previous results this is known for G compact. If G is non-compact (and con-
nected SSL) then it has an Iwasawa decomposition G = KAN where the closed subgroup
AN contains a copy of the connected real ax+ b group.

We can use arguments similar to those for ax + b to handle the reduced Heisen-

berg group. (This was the first example of non-zero derivations on Fourier algebras of a
connected nilpotent Lie group.)

Current and future work

Can use different and more technical arguments (based around the Plancherel formula) to
handle the Heisenberg group. [C.+Ghandehari, in preparation.]

Hence, by more structure theory, we can handle any non-abelian simply connected
nilpotent Lie group.

An important case which we still can’t do (yet): the motion group R
2
⋊ SO(2) and its

universal cover.
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