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Diagonal elements

Let A be an algebra, and µ : A ⊗ A → A the multiplication map. A diagonal element for
A is some ∆ ∈ A⊗A satisfying a ·∆ = ∆ · a and µ(∆)a = a for all a ∈ A.

Example 1. For A = C
n with pointwise product: take

∆ =
n∑

j=1

δj ⊗ δj

For A = Mn(C) with usual product: take

∆ =
1

n

n∑

i,j=1

Eij ⊗ Eji

Which (finite-dimensional) algebras have diagonal elements?

Folklore/Wedderburn?. If A is a finite-dimensional algebra with a diagonal element, then
A is isomorphic to Mn(1)(C)⊕ . . .Mn(k)(C) for some n(1), . . . , n(k).

For infinite-dimensional algebras this is too restrictive – and for Banach algebras it does
not take account of the norm.

Given a Banach algebra A, a virtual diagonal for A is some ∆ ∈ (A ⊗̂ A)∗∗ such that
a ·∆ = ∆ · a and µ∗∗(∆) · a = κ(a) for all a ∈ A. [Explain notation on board]

A Banach algebra with a virtual diagonal is said to be amenable (Johnson, 1972). [Not

Johnson’s original definition]

Amenability has good hereditary properties:

• if A and B are amenable then so is A ⊗̂B;

• if θ : A → B is a continuous homomorphism with dense range, and A is amenable, then
B is also amenable.

Various natural examples are amenable:

• K(E) is amenable for the “classical” Banach spaces E — in particular Hilbert space
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• L1(G) is amenable if G is an amenable group — in particular, if G is compact, or
solvable, or a Euclidean motion group.

However, if A is amenable, its centre

Z(A) = {a ∈ A : ax = xa ∀x ∈ A}

might not be amenable! [This phenomenon does not exist in the finite-dimensional set-

ting]

The following example appears in a 1979 paper of Stegmeir, but was probably known
before.

Example 2 (Foklore/Stgemeir/Reiter?). Let n ≥ 3 and let G = R
n
⋊SO(n). [Euclidean

motion group in n dimensions] Let A = L1(G). We can identify Z(A) with the fixed-
point subalgebra of L1(Rn) with respect to the action of SO(n), i.e. the algebra L1

rad(R
n)

of integrable radial functions.
Fourier transforms of such functions are differentiable! (Here n ≥ 3 is needed.) This

yields “point derivations” on L1
rad(R

n) and this rules out amenability by general theory of
Banach algebras.

Question. For which groups G is ZL1(G) amenable?

Some positive results

ForA a (Banach) algebra andH a group acting onA, letAH denote the fixed-point subalgebra.
The following quote is from a 1994 paper of Kepert:

We then have the following result, whose proof in this generality was kindly sug-
gested by Professor B. E. Johnson.

Theorem 3 (“Kepert, 1994”). Let A be a commutative amenable Banach algebra and let
H be a finite group acting on A. Then AH is amenable.

In particular: if we take T⋊Z2 (where Z2 acts by eiθ ↔ e−iθ) then ZL1(T⋊Z2) ∼= L1(T)Z2

is amenable.
(Rediscovered by Azimifard–Samei–Spronk (2009) who gave two alternative proofs.)

Howay the lads (or why the CV is not the whole story)

The following quote (with some changes of notation) is from the same 1979 paper of Stegmeir:

There are compact groups G, such that ZL1(G) fails to be amenable (B. E. John-
son, communication by letter).

“I’ve not seen this before, but it’s probably a product of infinitely many copies of S3.”

(M. C. White, after a few minutes’ doodling during someone’s talk, 2007)
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Theorem 4 (Azimifard–Samei–Spronk, 2009). Let (Gi) be any family of non-abelian,
finite groups and let G =

∏
iGi with the product topology. Then ZL1(G), the centre of the

group algebra L1(G), is not amenable.

The key to the proof is a uniform lower bound on the amenability constant of ZL1(G)
when G is finite and non-abelian.

The rest of this talk is about calculating amenability constants for finite-dimensional
Banach algebras, or obtaining lower bounds on them.

Amenability constants

For a Banach algebra A, we define the amenability constant of A to be

AM(A) = inf ‖∆‖(A⊗̂A)∗∗

where the infimum is over all virtual diagonals for A. If no such ∆ exists we put AM(A) = +∞.
We always have AM(A) ≥ 1.

• If A is finite-dimensional, virtual diagonal ≡ diagonal.

• If A is finite-dimensional, commutative and semisimple, it has a unique diagonal ele-
ment

∆A =
∑

p p⊗ p

where the sum is over the minimal idempotents of A.

This includes the case A = ZL1(G), for G finite.

Some examples

Example 5. Let A be C
n with pointwise product and the ℓ∞-norm. Then

∆ =
n∑

j=1

δj ⊗ δj

turns out to have norm 1. So AM(A) = 1. (Warning: A ⊗̂A has a different norm than the
sup norm on C

n ⊗ C
n! Need an averaging argument.)

Since ℓ1(X1)⊗̂ℓ1(X2) ≡ ℓ1(X1×X2) estimating norms is easier for L1-convolution algebras,
but explicit formulas for the minimal idempotents can be messy.

The following example was used by Duncan–Namioka (1978) to show that certain
infinite-dimensional semigroup algebras are not amenable.

Example 6. Equip C
n with the ℓ1-norm. If e1, . . . , en are standard basis vectors of Cn, let

ej∗ek = emin(j,k). We obtain A whose underlying Banach space is ℓ1, and the diagonal element
turns out to be

e1 ⊗ e1 +
n∑

j=2

(ej − ej−1)⊗ (ej − ej−1)

giving AM(A) = 4n− 3.
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Aside. This is an example of ℓ1(S) for a semilattice S. One can write down a for-
mula/algorithm for the minimal idempotents, and show that AM(ℓ1(S)) ≥ 2|S|−1. (Ghandehari–
Hatami–Spronk, 2009)

Example 7. Let G be an abelian group with |G| = n and let Ĝ be its character group: the
minimal idempotents of ZL1(G) = L1(G) are n−1χ for χ ∈ Ĝ, so

∆ =
1

n2

∑

χ∈Ĝ

χ⊗ χ =
1

n

∑

x∈G

δx ⊗ δ−x

and AM(L1(G)) = 1.

Example 8. Using representation theory of S3, one can determine the irreducible characters
of S3, and use it to write down the diagonal element for the 3-dimensional algebra ZL1(S3).
We get AM(ZL1(S3)) = 7/3, vindicating Johnson (and White).

Notation, formulas

From now on, G denotes a finite group, with identity element e. We write AMZ(G) for the
amenability constant of ZL1(G). [We might consider L1(G) with counting measure or

uniform probability measure. The resulting algebras are isometrically isomorphic,

so we get the same value for AMZ(G) either way. ]

• Conj(G)= set of conjugacy classes of G.

• Irr(G) = set of irreducible characters of G.

AMZ(G) =
1

|G|2

∑

C,D∈Conj(G)

|C| |D|

∣∣∣∣∣∣

∑

φ∈Irr(G)

φ(e)2φ(C)φ(D)

∣∣∣∣∣∣

[(since minimal idempotents correspond to scalar multiples of irreducible charac-

ters)]
If G is a finite abelian group, ZL1(G) = L1(G), so AMZ(G) = 1. What happens for

non-abelian groups?

Previous lower bounds on AMZ(G)

[Restricting attention to (C,C−1) we get]

Proposition 9 (ASS, 2009).

Define α(G) := |G|−2
∑

C∈Conj(G)

∑

φ∈Irr(G)

φ(e)2|φ(C)|2|C|2 .

Then AMZ(G) ≥ α(G) ≥ 1. If G is non-abelian then α(G) > 1.

Since AMZ(G) = ‖∆‖ where ∆ is a central idempotent in L1(G × Gop), we can use the
following result.
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Theorem 10 (Rider, 1973, paraphrased). Let H be finite and let E ∈ ZL1(H) be a non-zero
idempotent. Either ‖E‖ = 1 or ‖E‖ ≥ 301/300.

The lower bound 301/300 is not sharp! [It just arises from convenient chains of

inequalities. I don’t know if it can be improved to e.g. 51/50.]

The smallest observed AMZ(G)

Question. What is inf{AMZ(G) : G finite, non-abelian}? How “bad” is the lower bound
coming from Rider’s theorem?

For certain restricted kinds of G, one can obtain a simpler formula for AMZ(G). (Alagh-
mandan – C. – Samei, 2014)

Here is the smallest value we could find:

Proposition 11. Let G be the dihedral group of order 8 (or the quaternion group). Then
AMZ(G) = 7/4.

[One can calculate this by hand from the known character table, of course. Doing

this calculation by hand, and noticing certain shortcuts, was what motivated the

discovery of the general formula in [ACS].]

The formula from [ACS]

Theorem 12 (Alagmandan–C.–Samei, 2014). Let G be a finite group, let L be the set of
homomorphisms G → T. Suppose there exists m such that φ(e) ∈ {1,m} for all φ ∈ Irr(G).
Then

AMZ(G) = 1 + 2(m2 − 1)


1−

|L|

|G|2

∑

C∈Conj(G)

|C|2




Example 13. Let q be an odd prime power ≥ 5, let G be the ax + b group over Fq, and let
H ≤ G be the a2x+ b group. Then

AMZ(G) = 5−
8

q

AMZ(H) = 1 +
q + 1

2

(
1−

9

q2

)

Cases with trivial centre

Assume G has trivial centre and let

s = min{|C| : C ∈ Conj(G) \ {e}} ≥ 2.

Arguments similar to those in [ASS] yield

Proposition 14.

α(G)− 1 ≥ (s− 1)
∑

φ∈Irr(G)

φ(e)2

|G|

(
1−

φ(e)2

|G|

)
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Now, let M = maxφ |G|−1φ(e)2 ∈ (0, 1). Examples show M can be arbitrarily close to 1. [For
example, take G = Fp ⋊ F×

p
.] However, s must then be large. [This seems to be the main

advance over the arguments of [ASS].]

Lemma 15 (C.?). 1 ≤ (s+ 1)(1−M).

[The proof just uses row+column orthogonality. The dihedral group C3⋊C2 shows

this is sharp.]
Combined with the previous proposition and some careful estimates:

Proposition 16 (C., 2016). Let G be a group with trivial centre and let s be as defined before.
Then

α(G)− 1 ≥
2s(s− 1)

(s+ 1)2
≥

4

9
.

[Thus AMZ(G) ≥ 13/9 whenever Z(G) is trivial. A big improvement on 301/300, but

we will see later that it is not optimal.]
Different ideas are needed to handle the cases where G is non-abelian and Z(G) is non-trivial.

JNA groups

A quotient Q of a group G is called proper if Q 6= G.
We say G is just-non-abelian (JNA) if it is non-abelian but all its proper quotients are
abelian. Examples include:

• certain 2-step nilpotent p-groups

• Zp ⋊ Z2 for every odd prime p (dihedral groups)

• Fp ⋊ F
×
p for every odd prime p (affine groups)

• all simple groups.

The finite, solvable JNA groups were classified in two papers of M. J. Newman (1960), and
the main formula of [ACS] can be applied to them. [Alternatively, one can avoid Newman’s

classification by using known results from character theory, see e.g. Chapter 12 of

Isaacs’s book.]

Reducing to the JNA case

From [ASS]: if q : G → H is a surjective group HM, this induces a quotient HM of Banach
algebras ZL1(G) → ZL1(H), and therefore AMZ(G) ≥ AMZ(H).

Now: every non-abelian group admits a quotient onto a JNA group. [Proof: if you are

non-abelian and not JNA, you have a proper quotient which is non-abelian. Repeat

the process and mutter “proof by induction”.]

So all we need is a lower bound on AMZ(G) for G finite JNA!

• Cases with non-trivial centre are covered by the results of [ACS].

• (Most) cases with trivial centre are handled by our earlier bounds on α(G).

No need for Rider’s theorem on norms of idempotents!
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TL;DR

[JNA+trivial centre + s = 2 implies G ∼= Zp ⋊ Z2 and we can handle this case using

[ACS]]
[(JNA+)trivial centre + s = 3 is handled by earlier lemma/inequality]

Theorem 17 (C., 2016). For every finite non-abelian group G we have AMZ(G) ≥ 7/4.
Equality is obtained for infinitely many G.

Many natural questions remain about the possible values of AMZ(G).
Question. Find all groups G for which AMZ(G) ≤ 2. [Extra-special 2-groups have this

property, but I know of no other examples.]
Question. What is inf{AMZ(G) : Z(G) = {e}}?.

Still unresolved

To my knowledge, the following question remains open (in full generality):
Question. For which compact groups G is ZL1(G) amenable?

It is conjectured that such groups must have an abelian subgroup of finite index, which
should allow one to write down “explicit” virtual diagonals for ZL1(G).

Challenge/hobby. For such G, calculate exact values for amenability constants of ZL1(G).

No record in the literature, even for G = T ⋊ Z2!
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