
Commutative amenable subalgebras of finite von
Neumann algebras

Yemon Choi
University of Saskatchewan

Canadian Symposium on Operator Theory
University of Victoria, 25th May 2011



1. Amenable Banach algebras

If A is a Banach algebra, define π : A⊗̂A → A by π(a ⊗ b) = ab.

Definition

A is amenable if there exists a bounded net (Mα) ⊂ A⊗̂A such that
a · Mα − Mα · a → 0 and π(Mα)a → a for each a ∈ A.

Examples:

– C0(X) for X a locally compact Hausdorff space;

– K(H) for H a Hilbert space.

Remark

In this talk, an operator algebra is a norm-closed subalgebra of B(H)
(not necessarily self-adjoint).
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2. Amenable operator algebras?

A cheap way to obtain amenable operator algebras:

– take an amenable C∗-subalgebra A ⊆ B(H)

– take R ∈ B(H) which is invertible

– put A = R−1AR.

Does every amenable operator algebra arise in this way?

More precisely:

Question.

Let A ⊆ B(H) be a norm-closed, amenable subalgebra. Is A similar to a
self-adjoint subalgebra?
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3. Some results to date

Theorem (Willis, 1995)

Let T be a compact operator on Hilbert space. Then algT

‖·‖
is

amenable if and only if T is similar to a (compact) normal operator.

Theorem (Gifford, 1997/2006)

Let A be a norm-closed, amenable subalgebra of K(H). Then A is similar
to a self-adjoint subalgebra.

Beyond the compact case . . . not much is known!

(partial results: Curtis & Loy (1995); Marcoux (2008))

Is there a commutative, amenable, radical operator algebra?
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4. A new result

Theorem (C., submitted)

Let M be a finite von Neumann algebra and A an amenable,
commutative subalgebra. Then there exists R ∈ M, positive and
invertible, such that RAR−1 is self-adjoint.
In particular, A is isomorphic to a commutative C∗-algebra.

Examples of finite von Neumann algebras:

L∞(Ω)⊗Mn; VN(G) for G compact or discrete;
⊗∞

n=1
M2 (interpreted

appropriately).



5. The proof is long with many a winding turn

Start with some standing assumptions:

M has a faithful, finite, normal, tracial state τ ;

A contains the identity element of M.

By a result of Sheinberg, the Gelfand representation G : A → C(X) has
dense range. The main work lies in showing G is bijective.

Injectivity of G is proved by adapting arguments from Willis’s 1995 paper.
In fact we get a quantitative version. . .
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6. Adapting a trick of Willis

Proposition

‖a‖
1,τ ≤ Cr(a) for all a ∈ A

where:

C = amenability constant of A

r(·) denotes spectral radius;

‖·‖
1,τ is the L1-norm on M induced by τ .

Hence A →֒ M extends to a bounded linear map θ : C(X) → L1(M, τ).

If θ takes values in M then G has closed range.



7. Unitarizing families of idempotents

The results of Willis, Gifford and Marcoux all make use of some form of
the following averaging argument.

Theorem (Köthe/Lorch/Mackey/Wermer/. . . ?)

Let F be a bounded family of commuting idempotents in B(H), with
the following property: if E,F ∈ F then E + F − 2EF ∈ F .
Then there exists R ∈ B(H), positive and invertible, such that
RER−1 is self-adjoint for each E ∈ F .

Remark
R can be taken to lie in the von Neumann algebra generated by I and F .



8. Adapting a trick of Gifford

Crucial observation of Gifford: if E is an idempotent in A
′′, then

‖E‖ ≤ amenability constant of A.

Problem. Not clear A
′′ has enough idempotents for this to be useful. . .

Instead: take the completion of A with respect to the noncommutative
measure topology of (M, τ).

Call this completion Ã. Using an argument based on Gifford’s, we show –
after some work! – that idempotents in Ã actually lie in M and satisfy
the same norm bound as above.

These idempotents can then be simultaneously conjugated to orthogonal

projections.
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9. A la recherche des idempotents perdus

We’d like a good supply of idempotents in the range of θ: for these will
lie in Ã, and by the previous remarks be simultaneously unitarizable.

Theorem (Tomczak-Jaegermann, 1974)

Let N be any von Neumann algebra and T : C(X) → N∗ a bounded
linear map. Then T factorizes through L2(X,µ) for some Radon
measure µ.

Hence θ has a bounded linear extension Θ : B̃ → L1(M, τ), where B̃ is
the sup-norm closed algebra generated by the characteristic functions of
open subsets.

These idempotents are the ammunition we need.
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10. Jigsaw falling into place

For each open U ⊆ X, Θ(χU ) is an idempotent in M̃.

By previous remarks, there exists R ∈ M such that each
RΘ(χU )R−1 is an orthogonal projection.

Using approximation arguments, can show RΘ(·)R−1 defines a

*-homomorphism B̃ → M.

In particular θ takes values in M, as required.

That’s all folks!



10. Jigsaw falling into place

For each open U ⊆ X, Θ(χU ) is an idempotent in M̃.

By previous remarks, there exists R ∈ M such that each
RΘ(χU )R−1 is an orthogonal projection.

Using approximation arguments, can show RΘ(·)R−1 defines a

*-homomorphism B̃ → M.

In particular θ takes values in M, as required.

That’s all folks!



10. Jigsaw falling into place

For each open U ⊆ X, Θ(χU ) is an idempotent in M̃.

By previous remarks, there exists R ∈ M such that each
RΘ(χU )R−1 is an orthogonal projection.

Using approximation arguments, can show RΘ(·)R−1 defines a

*-homomorphism B̃ → M.

In particular θ takes values in M, as required.

That’s all folks!



10. Jigsaw falling into place

For each open U ⊆ X, Θ(χU ) is an idempotent in M̃.

By previous remarks, there exists R ∈ M such that each
RΘ(χU )R−1 is an orthogonal projection.

Using approximation arguments, can show RΘ(·)R−1 defines a

*-homomorphism B̃ → M.

In particular θ takes values in M, as required.

That’s all folks!



10. Jigsaw falling into place

For each open U ⊆ X, Θ(χU ) is an idempotent in M̃.

By previous remarks, there exists R ∈ M such that each
RΘ(χU )R−1 is an orthogonal projection.

Using approximation arguments, can show RΘ(·)R−1 defines a

*-homomorphism B̃ → M.

In particular θ takes values in M, as required.

That’s all folks!


