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Flashback: CMS BA+AHA session, Winnipeg, May 2007

Ebrahim

This paper says there is a compact group G for which Z(L1(G)) is not

amenable, provided by “a letter from B. E. Johnson.” Do you know

what this example is?

Yemon

No, but Michael White has looked over Johnson’s papers. . .

Michael

Hmm, I don’t remember anything. But I guess it is something like an

infinite product of finite groups.
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Theorem (Azimifard–Samei–Spronk, JFA 2009)

Let (Gi) be any family of non-abelian, finite groups and let G = ∏i Gi with

the product topology. Then ZL1(G), the centre of the group algebra L1(G),

is not amenable.

The key to the proof is a uniform lower bound on the amenability

constant of ZL1(G) – called the ZL-amenability constant of G –

when G is finite and non-abelian.

In this talk, I will discuss the values of this invariant and present

some improved lower bounds.

(All references to donkeys are purely accidental.)
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The amenability constant of a finite-dimensional CBA

If A is a fin.-dimensional Banach algebra, its amenability constant is

inf ‖∆‖A⊗̂A

where the infimum is taken over all possible diagonal elements ∆.

If A is also commutative and semisimple, it has a unique diagonal

element

∆A = ∑p p⊗ p

where the sum is over the minimal idempotents of A.

This includes the case A = ZL1(G), for G finite.
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Notation, formulas

From now on, G denotes a finite group, with identity element e.

We write AMZ(G) for the amenability constant of ZL1(G).

Conj(G)= set of conjugacy classes of G.

Irr(G) = set of irreducible characters of G.
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Notation, formulas

From now on, G denotes a finite group, with identity element e.

We write AMZ(G) for the amenability constant of ZL1(G).

Conj(G)= set of conjugacy classes of G.

Irr(G) = set of irreducible characters of G.

AMZ(G) =
1

|G|2 ∑
C,D∈Conj(G)

|C| |D|

∣∣∣∣∣∣ ∑
φ∈Irr(G)

φ(e)2φ(C)φ(D)

∣∣∣∣∣∣

If G is a finite abelian group, ZL1(G) = L1(G), so AMZ(G) = 1.

What happens for non-abelian groups?
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Previous lower bounds on AMZ(G)

Proposition (ASS)

Define α(G) := |G|−2 ∑
C∈Conj(G)

∑
φ∈Irr(G)

φ(e)2|φ(C)|2|C|2 .

Then AMZ(G) ≥ α(G) ≥ 1. If G is non-abelian then α(G) > 1.
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Previous lower bounds on AMZ(G)

Proposition (ASS)

Define α(G) := |G|−2 ∑
C∈Conj(G)

∑
φ∈Irr(G)

φ(e)2|φ(C)|2|C|2 .

Then AMZ(G) ≥ α(G) ≥ 1. If G is non-abelian then α(G) > 1.

Since AMZ(G) = ‖∆‖ where ∆ is a central idempotent in

L1(G×Gop), we can use the following result.

Theorem (Rider, 1973, paraphrased)

Let H be finite and let E ∈ ZL1(H) be a non-zero idempotent.

Either ‖E‖ = 1 or ‖E‖ ≥ 301/300.

The lower bound 301/300 is not sharp!
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The smallest observed AMZ(G)

Question.

What is inf{AMZ(G) : G finite, non-abelian}? How “bad” is the

lower bound coming from Rider’s theorem?
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The smallest observed AMZ(G)

Question.

What is inf{AMZ(G) : G finite, non-abelian}? How “bad” is the

lower bound coming from Rider’s theorem?

For certain restricted kinds of G, one can obtain a simpler formula

for AMZ(G). (Alaghmandan – C. – Samei, to appear in CMB .)

Here is the smallest value we could find:

Proposition

Let G be the dihedral group of order 8 (or the quaternion group). Then

AMZ(G) = 7/4.
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Cases with trivial centre

Assume G has trivial centre and let

s = min{|C| : C ∈ Conj(G) \ {e}} ≥ 2.

Arguments similar to those in [ASS] yield

Proposition

α(G)− 1 ≥ (s− 1) ∑
φ∈Irr(G)

φ(e)2

|G|

(
1−

φ(e)2

|G|

)
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Cases with trivial centre

Assume G has trivial centre and let

s = min{|C| : C ∈ Conj(G) \ {e}} ≥ 2.

Arguments similar to those in [ASS] yield

Proposition

α(G)− 1 ≥ (s− 1) ∑
φ∈Irr(G)

φ(e)2

|G|

(
1−

φ(e)2

|G|

)

Now, let M = maxφ |G|−1φ(e)2 ∈ (0, 1).

Examples show M can be arbitrarily close to 1.

However, smust then be large.
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Lemma (C.?)

1 ≤ (s+ 1)(1−M).

Combined with the previous proposition and some careful estimates:

Proposition (C.)

Let G be a group with trivial centre and let s be as defined before. Then

α(G)− 1 ≥
2s(s− 1)

(s+ 1)2
≥

4

9
.

Different ideas are needed to handle the cases where G is non-abelian

and Z(G) is non-trivial.
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JNA groups

A quotient Q of a group G is called proper if Q 6= G.

We say G is just-non-abelian (JNA) if it is non-abelian but all its

proper quotients are abelian. Examples include:

certain 2-step nilpotent p-groups

Cp ⋊C2 for every odd prime p (dihedral groups)

Fp ⋊ F×p for every odd prime p (affine groups)

all simple groups.

The finite, solvable JNA groups were classified by M. J. Newman

(PLMS, 1960 + PLMS, 1960), and the main formula of [ACS] can be

applied to them.
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Reducing to the JNA case

From [ASS]: if q : G → H is a surjective group HM, this induces a

quotient HM of Banach algebras ZL1(G) → ZL1(H), and therefore

AMZ(G) ≥ AMZ(H).
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Now: every non-abelian group admits a quotient onto a JNA group.
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Reducing to the JNA case

From [ASS]: if q : G → H is a surjective group HM, this induces a

quotient HM of Banach algebras ZL1(G) → ZL1(H), and therefore

AMZ(G) ≥ AMZ(H).

Now: every non-abelian group admits a quotient onto a JNA group.

So all we need is a lower bound on AMZ(G) for G finite JNA!

Cases with non-trivial centre are covered by the results of [ACS].

(Most) cases with trivial centre are handled by our earlier

bounds on α(G).

No need for Rider’s theorem on norms of idempotents! Skip to the end
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JNA, first case

Suppose G is JNA and has non-trivial centre.

Then G/Z(G) is abelian, so G is nilpotent.

JNA nilpotent groups were classified by M. F. Newman (PLMS, 1960).

Applying the main formula from [ACS]:
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JNA, first case

Suppose G is JNA and has non-trivial centre.

Then G/Z(G) is abelian, so G is nilpotent.

JNA nilpotent groups were classified by M. F. Newman (PLMS, 1960).

Applying the main formula from [ACS]:

Theorem (Newman + ACS)

For such G: there is a prime p and r ≥ 2 such that

AMZ(G)− 1 = 2

(
1−

1

p

)(
1−

1

pr

)

In particular, AMZ(G) ≥ 7/4.
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JNA, second case

Theorem (C., rediscovered?)

Let G be a finite JNA group, which has trivial centre and has a conjugacy

class of size 2. Then G ∼= Cp ⋊C2 for some odd prime p.

This can be proved directly (but slowly!) using elementary group

theory.

By the main formula of [ACS]:

AMZ(Cp ⋊C2) = 1+ 3

(
1−

1

p

)2

≥
7

3
.
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The remaining JNA cases

Now suppose G is finite JNA, has trivial centre, and all conjugacy

classes except {e} have size 3. Then

AMZ(G) ≥ α(G) ≥ 1+
2s(s− 1)

(s+ 1)2
.
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The remaining JNA cases

Now suppose G is finite JNA, has trivial centre, and all conjugacy

classes except {e} have size 3. Then

AMZ(G) ≥ α(G) ≥ 1+
2s(s− 1)

(s+ 1)2
.

Hence

AMZ(G) ≥
7

4
for such G.

Remark

This time 7/4 is coincidence; the inequalities are not sharp.
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TL;DR

We summarize these results as follows. Return

Theorem (C.)

For every finite non-abelian group G we have AMZ(G) ≥ 7/4.

Equality is obtained for infinitely many G.

Many natural questions remain about the possible values of AMZ(G).
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TL;DR

We summarize these results as follows. Return

Theorem (C.)

For every finite non-abelian group G we have AMZ(G) ≥ 7/4.

Equality is obtained for infinitely many G.

Many natural questions remain about the possible values of AMZ(G).

Question.

Find all groups G for which AMZ(G) ≤ 2.

Question.

What is inf{AMZ(G) : Z(G) = {e}}?
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