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1 Directly finite Banach algebras (unital cases)

Definitions and basic properties

Definition. A unital algebra A is directly finite (or Dedekind finite, or von Neumann

finite) if every a, b ∈ A satisfying ab = 1A also satisfy ba = 1A.

Examples.

• Commutative unital algebras are DF.

• Finite-dimensional unital algebras are DF [consider left reg rep of A on itself; use

Rank-Nullity theorem ]

• If X is any ℓp or Lp, then B(X) is not DF.

Trivial, but useful. If A has a separating family of homomorphisms, each with a DF
codomain, then A is DF.

Convolution operators on L2(G)

Let λ2 and ρ2 denote the left and right regular representations of G on L2(G).

We say T ∈ B(L2(G)) is a convolution operator if Tρ2(x) = ρ2(x)T for all x ∈ G.

The set of all such T is a unital C∗-subalgebra of B(L2(G)), which we denote by CV2(G).
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Theorem 1 (Kaplansky; Montgomery, 1969). If G is discrete, CV2(G) is DF.

Corollary 2. If G is discrete, ℓ1(G) is DF.

[I don’t know any proof which avoids C∗/Hilbertian techniques.]

We can isolate the key features of Montgomery’s argument in an abstract theorem.

Theorem 3. Let A be a unital C∗-algebra with a faithful tracial state ψ. Then A is DF.

Proof. Let a, b ∈ A with ab = 1A. Put p = ba, then p2 = p and ψ(p) = ψ(ab) = 1.

By C∗-techniques, there is some r ∈ Ainv such that f := rpr−1 is self-adjoint.

Observe: ψ(f) = ψ(p) = ψ(ab) = 1.

So 0 = ψ(1A − f) = ψ ((1A − f)∗(1A − f)).

Since ψ is faithful, 1A − f = 0. Hence p = r−1fr = 1A.

For G is a discrete group, CV2(G) has a faithful tracial state

T 7→ 〈Tδe | δe〉

so we recover the theorem of Kaplansky.

Remark. It is clear this formula defines a faithful state. The tracial property can also be
shown directly (without using WOT-density of lin{λ2(x) : x ∈ G} in CV2(G)).

Warning. CV(SL(2,R)) and CV(H3(R)) are not DF.

(So faithful semifinite traces aren’t enough.)

Some applications to operator theory

Proposition 4 (C., 2010; possibly folklore). Let A ⊂ B(H) be a unital, DF C∗-algebra. Let
a ∈ A. If a : H → H is injective with closed range, it is surjective.

By replacing a with a − λIH , we deduce that the spectrum of a consists of approximate
eigenvalues.

(Recall: the right shift on ℓ2(N) has no approximate eigenvalues.)

Proof. By the open mapping theorem, there is some K > 0 such that 〈a∗aξ | ξ〉 ≥ (K ‖ξ‖2)
2

for all ξ ∈ H.

That is, the (spatial) numerical range of a∗a is contained in (0,∞). Hence σB(H)(a
∗a) ⊂

(0,∞).

Since σA(a
∗a) = σB(H)(a

∗a), a∗a is invertible in A.

So there is c ∈ A with ca∗a = IH . Since A is DF, a is invertible in A, hence invertible in
B(H).
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Some authors have considered the natural action of ZG on ℓ∞(G), motivated by questions
in algebraic dynamical systems. They observed that for certain G, injectivity of such an
operator on ℓ∞(G) implies its surjectivity. In fact, this works for all G.

Proposition 5 (C., 2010). Let A be a unital, DF, Banach algebra. Given a ∈ A, let La :
A→ A be left multiplication. Then TFAE:

1) L∗
a : A∗ → A∗ is injective;

2) La has dense range;

3) La is surjective;

4) a is invertible in A.

Hence every point in the spectrum of L∗
a : A∗ → A∗ is an eigenvalue.

Proof. 1) =⇒ 2) follows from Hahn-Banach. 2) =⇒ 3) follows because Inv(A) is an open
subset of A. 3) =⇒ 4) uses the DF property. The converse directions are trivial. To prove
the final statement, replace a with a− λ1.

Digression: a question about biduals

Previously we looked briefly at the natural action of A on A∗.

We could also consider

HomA(A
∗, A∗) = {T ∈ B(A∗) : T (ψ · a) = T (ψ) · a

for all a ∈ A and all ψ ∈ A∗}

When A is unital, this is nothing but A∗∗ with first Arens product.

Question. Is HomZ(ℓ
∞(Z)) = ℓ1(Z)∗∗ DF?

A positive answer would follow if we knew ℓ1(Z)∗∗ is commutative modulo its radical. All

proofs or disproofs of this question gratefully received!

[The next result and its proof were omitted from the final slides due to lack of

time, but are kept here for sake of reference ]

Proposition 6. Let A be a unital algebra, R its Jacobson radical. Then A is DF if and only
if A/R is DF.

Proof of =⇒. Suppose A is DF and let x, y ∈ A/R satisfy xy = 1A/R.

Lift x and y to elements of A, say a and b. Then ab − 1A ∈ R, so a has a right inverse
in A.

Since A is DF, a ∈ Inv(A).

Hence x ∈ Inv(A/R), and so yx = x−1(xy)x = 1A/R.

Proof of ⇐=. Suppose A/R is DF. Let a, b ∈ A with ab = 1A.
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It suffices to prove b has a right inverse; equivalently, that bA = A.

Since (a+R)(b+R) = 1A/R, we have (b+R)(a+R) = 1A/R. Hence ba− 1A ∈ R.

If bA 6= A, bA is contained in some maximal right ideal M . Also, ba − 1A ∈ R ⊆ M .
Hence 1A = ba− (ba− 1A) ∈M , which is a contradiction.

2 Group von Neumann algebras and C∗-algebras (non-discrete cases)

When is CV2(G) DF?

As will be mentioned in the following talk: CV2(G), as we have defined it earlier, coincides
with the group von Neumann algebra VN(G). [Segal, 1950 for G unimodular; Dixmier,
1952 for general G]

We have an intrinsic characterization of those G for which VN(G) is DF.

Theorem 7 (Foklore: Godement/Dixmier in unimodular case?). Let G be a locally compact
group. TFAE:

• VN(G) is DF

• VN(G) is “finite” in the sense of Murray and von Neumann

• For every x ∈ G \ {e}, there is a tracial state ψ with ψ(x) 6= 1;

• G is a SIN group.

(See e.g. (Taylor, 1976) for some of the details.)

Non-unital algebras

In an algebra A we may define the quasi-product x • y = x+ y − xy.

Definition. Let A be an algebra (with or without identity). We temporarily say A is QDF

if every x, y ∈ A satisfying x • y = 0 also satisfy y • x = 0.

• If A is unital, then DF and QDF are equivalent.

• If A is QDF, the forced unitization A⊕ C1 is DF.

• Any subalgebra (unital or otherwise) of a QDF algebra is also QDF.

Definition. [New version] Henceforth, we just say “DF” instead of “QDF”: the previous
remarks show this is consistent with previous results.
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C∗
r(G) for G unimodular

Lemma 8. Let J be a dense left ideal in a Banach algebra A. If J is DF then so is A.

Idea of the proof. Given a, b ∈ A with a • b = 0, a perturbation argument produces b′ ∈ J
and c ∈ A with c • a • b′ = 0.

Put a′ = c • a. One can show that a′ ∈ J , and by construction a′ • b′ = 0.

We apply the DF property for J and the rest is routine.

Remark. We cannot relax “left ideal” to “subalgebra”. In a recent preprint, Laustsen and
White construct a DF Banach ∗-algebra which embeds as a dense ∗-subalgebra of a non-DF
C∗-algebra. (The DF-subalgebra is an ℓ1-semigroup algebra.)

Theorem 9 (C., 2015). If G is unimodular, then C∗
r(G) is DF.

Proof. Since G is unimodular C∗
r(G) has a densely-defined and faithful trace φ. [This is the

Plancherel trace, it satisfies φ(λ2(f)) = f(e) for every f ∈ Cc(G). ]

There is a dense ∗-ideal J ⊂ C∗
r(G) on which φ is finite-valued.

We can show J is DF, by adapting (our version of) Montgomery’s argument. [If x, y ∈ J

satisfy x • y = 0 then q := y • x is an idempotent in J and φ(q) = φ(0) = 0. As in the case

of unital C∗-algebras, this forces q = 0. ]

Hence A is DF by the earlier lemma.

L1(G) need not be DF

Theorem 10 (C., 2015). Let G be the affine group of either R or C. Then L1(G) is not DF.

Proof. First show C∗
r(G) is not DF.

This was known to various authors since the 1970s: let π : G→ U(Hπ) be the quasi-regular
representation; then one can find elements of C1 + L1(G) that are mapped to non-trivial
Fredholm operators on Hπ. [Diep (1974) for real case; Rosenberg (1976) for complex case.]

Then transfer the one-sided invertibility to C1 + L1(G) using the fact that L1(G) is a
Hermitian Banach ∗-algebra [Leptin, 1977]

3 p-pseudofunctions and p-convolvers

CVp(G) for general G

Fix 1 < p < ∞. For G a locally compact group, write λp and ρp for the left and right

regular representations G→ B(Lp(G)).
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Definition. CVp(G) := {T ∈ B(Lp(G)) : Tρp(x) = ρp(x)T for all x ∈ G.}

When G is amenable, CVp(G) ⊆ CV2(G) [Herz, 1973].

Corollary 11. If G is amenable and SIN then CVp(G) is DF.

Remark. For p 6= 2, CVp(SL(2,R)) 6⊆ CV2(SL(2,R)) [special case of Lohoue, 1980]

CVp(G) for discrete G

If q is the conjugate index to p then CVq(G) is anti-isomorphic to CVp(G). So for DF questions
we may WLOG assume 1 < p ≤ 2.

Theorem 12 (C., work in progress; perhaps folklore?). Let G be discrete and let 1 < p ≤ 2. If
T ∈ CVp(G) then T is a densely-defined, closed operator on ℓ2(G) that is affiliated to VN(G).

The set of all such affiliated operators forms a (semitopological) algebra (Nelson, 1974)
which is DF (folkore). Therefore:

Corollary 13. If G is a discrete group, then CVp(G) is DF for all p.

For p 6= 2, we don’t know for which G the algebra CVp(G) is DF. [(The same goes for

PMp(G) if you know what that is.) ]

PFp(G) for G unimodular

Fix 1 < p < ∞. Recall: λp : G → B(Lp(G)) is the left reg rep, by integration we get an
injective HM λp : Cc(G) → B(Lp(G)).

Definition. PFp(G) := λp(Cc(G))
‖·‖

.

Of course PF2(G) is usually known as C∗
r(G).

If G is amenable, we know [Herz, 1971/73] that PFp(G) ⊆ PF2(G).

Corollary 14. If G is amenable and unimodular then PFp(G) is DF.

Theorem 15 (C.). Let G be a semisimple Lie group with finite centre. Then PFp(G) is DF.

Proof. It suffices to deal with the cases 1 < p < 2.

Let Jp(G) = PFp(G) ∩ L
p(G). This is a dense left ideal in PFp(G).

By [Cowling, 1973] G has the Kunze–Stein property, that is Lp(G) ⊆ VN(G). Hence
Jp(G) ⊆ C∗

r(G).

Therefore Jp(G) is DF. Hence PFp(G) is DF.
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Questions

1. Is HomZ(ℓ
∞(Z)) = ℓ1(Z)∗∗ DF?

2. What about HomG(L
∞(G)) = LUC(G)∗? [This equality is due to Curtis and Figa–

Talamanca, 1966]

3. M(G) is DF if G is SIN. What about the converse?

4. Is there a (non-amenable) SIN group G and some 1 < p < 2 such that CVp(G) is not
DF?

5. Is there a unimodular group G and some 1 < p < 2 such that PFp(G) is not DF? (If such
a G exists, it cannot be discrete, nor amenable, nor a Kunze-Stein group. . . )
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