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Motivation and background

Given a commutative Banach algebra A, let

Mult(A,C) =
⋂

x,y∈A

{φ ∈ A∗ : φ(xy) = φ(x)φ(y)}.

Then the character space (or Gelfand spectrum) of A is

ΦA = Mult(A,C) \ {0}

equipped with the relative weak∗-topology.
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Motivation and background

Given a commutative Banach algebra A, let

Mult(A,C) =
⋂

x,y∈A

{φ ∈ A∗ : φ(xy) = φ(x)φ(y)}.

Then the character space (or Gelfand spectrum) of A is

ΦA = Mult(A,C) \ {0}

equipped with the relative weak∗-topology.

Remark

Note that if φ ∈ Mult(A,C) then ‖φ‖ ≤ 1. That is,

Mult(A,C) ⊆ ball1(A
∗)

where our notation denotes “closed unit ball”.

Example 1. Let A = ℓ1(Z) with convolution product. Then ΦA = T.
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Informally, a functional φ ∈ A∗ is multiplicative when it passes certain

local tests on pairs of elements of A.

What happens in the presence of “noise” (i.e. perturbation)?
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What happens in the presence of “noise” (i.e. perturbation)?

Given δ > 0, let

Multδ(A,C) =
⋂

x,y∈ball1(A)

{φ ∈ A∗ : |φ(xy)− φ(x)φ(y)| ≤ δ}

Functionals ψ ∈ Multδ(A,C) are said to be δ-multiplicative.
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Informally, a functional φ ∈ A∗ is multiplicative when it passes certain

local tests on pairs of elements of A.

What happens in the presence of “noise” (i.e. perturbation)?

Given δ > 0, let

Multδ(A,C) =
⋂

x,y∈ball1(A)

{φ ∈ A∗ : |φ(xy)− φ(x)φ(y)| ≤ δ}

Functionals ψ ∈ Multδ(A,C) are said to be δ-multiplicative.

Observation (Johnson, JLMS 1986 / Jarosz, SLNM vol 1120, 1985)

Let ψ ∈ Multδ(A,C). Then ‖ψ‖ ≤ 1 + δ.

Proof. Note that ‖ψ‖ ≥ |ψ(a2)| ≥ |ψ(a)|2 − δ for all a ∈ ball1(A). Take

sup over all a and solve a quadratic inequality. �
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Exercise

Given ε > 0, suppose ψ ∈ A∗ satisfies

dist(ψ,Mult(A,C)) := inf{‖ψ − φ‖ : φ ∈ Mult(A,C)} ≤ ε.

Then ψ ∈ Multδ(A,C) if δ ≥ 3ε+ ε2.
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Exercise

Given ε > 0, suppose ψ ∈ A∗ satisfies

dist(ψ,Mult(A,C)) := inf{‖ψ − φ‖ : φ ∈ Mult(A,C)} ≤ ε.

Then ψ ∈ Multδ(A,C) if δ ≥ 3ε+ ε2.

Thus: given a true “solution” to our set of tests, perturbing it by a

functional with small norm will give an “approximate solution” to our set

of tests.

Are all approximate solutions near to genuine solutions?
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Definition (Johnson, JLMS 1986)

Let A be a CBA. We say that A is AMNM or f-stable if, for any ε > 0,

there exists δ > 0 such that

Multδ(A,C) ⊆ Mult(A,C) + ballε(A
∗).

Often easier to work with the function def : A∗ → [0,∞)

def(ψ) := sup
a,b∈ball1(A)

|ψ(ab)− ψ(a)ψ(b)|

= ‖ψ ◦ πA − ψ ⊗ ψ‖(A⊗̂A)∗

Then the definition of AMNM can be phrased as: for all ε > 0 there

exists δ > 0 such that

ψ ∈ A∗ and def(ψ) ≤ δ =⇒ dist(ψ,Mult(A,C)) ≤ ε
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Some “classical” examples

The following are all taken from Johnson (op. cit.), requiring a wide

range of techniques.

Example 2. [Examples based on regularity]

C0(X) is AMNM for every compact Hausdorff X.

ℓp with pointwise product is AMNM, for every 1 ≤ p ≤ ∞.

Example 3. [Example inspired by vanishing H2
b ]

Let G be a LCA group. Then L1(G) is AMNM.

Remark

Johnson’s original proof is not short, and starts by handling Z
⊕κ first,

with direct but messy calculations, after which further reduction steps are

needed. Since then there are more conceptual proofs available.
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Example 4. Consider the Volterra algebra V = L1(0, 1) with

convolution product; this is a well-known example of a commutative

radical Banach algebra, and so Mult(V,C) = {0}.

For λ ∈ (0,∞) define φλ ∈ V∗ by φλ(f) =
∫ 1

0
f(t)λt dt. Then

dist(φλ,Mult(V,C)) = 1 but a direct calculation shows that

def(φλ) = λ. Taking λց 0 we see that V is not AMNM.
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Example 4. Consider the Volterra algebra V = L1(0, 1) with

convolution product; this is a well-known example of a commutative

radical Banach algebra, and so Mult(V,C) = {0}.

For λ ∈ (0,∞) define φλ ∈ V∗ by φλ(f) =
∫ 1

0
f(t)λt dt. Then

dist(φλ,Mult(V,C)) = 1 but a direct calculation shows that

def(φλ) = λ. Taking λց 0 we see that V is not AMNM.

Example 5. Let A be a CBA which is uniformly topologically nil (such

as L2(0, 1) with convolution). Then A is AMNM.

Remark

There are also important results, positive and negative, for uniform

algebras – as well as some open problems. For reasons of time I will not

discuss them today.
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Semigroup algebras?

In the same paper, Johnson also showed that ℓ1(Z+) and L
1(R+) are

AMNM. The same property is then deduced for their tensor powers.

However, the following problem remains open.

Question.

Is ℓ1(Nmult) AMNM?
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Semigroup algebras?

In the same paper, Johnson also showed that ℓ1(Z+) and L
1(R+) are

AMNM. The same property is then deduced for their tensor powers.

However, the following problem remains open.

Question.

Is ℓ1(Nmult) AMNM?

This question illustrates that we are still a long way from understanding

AMNM for general (abelian) semigroups.

However we can give a complete answer for semilattices. Recall that a

semilattice is a commutative semigroup in which every element is

idempotent. Examples occur in a variety of geometric/algebraic contexts.
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Theorem (C., JAuMS 2013)

Let S be any semilattice. Then its convolution algebra ℓ1(S) is AMNM.

Idea of the proof

After a perturbation argument: it suffices to show that any {0, 1}-valued

function on S which has small def is close to a genuine character.

But if E ⊆ S

def(χE) = sup
s,t∈S

|χE(st)− χE(s)χE(t)|

and since the RHS is 0-1 valued, if the LHS is small then χE must

already be multiplicative.
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Weighted semigroup algebras

Reminder: if S is a semigroup a weight is a function ω : S → (0,∞)

satisfying ω(st) ≤ ω(s)ω(t).

Then ℓ1ω(S) = {(at)t∈S :
∑

t∈S |at|ω(t) <∞} is a Banach algebra for

the convolution product.

Question.

Are there non-trivial weights on Z or Z+ for which the convolution

algebras are AMNM?
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Weighted semigroup algebras

Reminder: if S is a semigroup a weight is a function ω : S → (0,∞)

satisfying ω(st) ≤ ω(s)ω(t).

Then ℓ1ω(S) = {(at)t∈S :
∑

t∈S |at|ω(t) <∞} is a Banach algebra for

the convolution product.

Question.

Are there non-trivial weights on Z or Z+ for which the convolution

algebras are AMNM?

Theorem (C., 2013)

Let S be a semilattice with “finite breadth” (e.g. a totally ordered set, a

rooted k-ary tree, or a lattice with finite height). For every weight ω,

ℓ1ω(S) is AMNM.

Remark

This includes certain Banach sequence algebras introduced by Feinstein

and studied since by various authors.
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It is not too hard (once one spots the right trick) to build semilattices

and weights for which ℓ1ω(S) is not AMNM. However, the following result

seems to be a lot longer and more painful to prove.

Theorem (C.+Ghandehari+Pham, preprint(s) 2017/2019)

Let S be a semilattice with “infinite breadth”. Then there is a weight ω

such that ℓ1ω(S) is not AMNM.

In order to construct suitable ω, we obtained a Ramsey-type theorem on

“unavoidable subquotient structures” for semilattices of infinite breadth.

It would be interesting to see if this kind of result can be used to further

study harmonic analysis on such objects.
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Fourier algebras?

Given a locally compact group G, its Fourier algebra A(G) is a “nice”

function algebra on G (natural, Tauberian, regular, points are sets of

synthesis,. . . ) So what about AMNM?

We really know very little!

Theorem

Suppose G is virtually abelian. Then A(G) is AMNM.

However the following problem remains open:

Question.

Is A(H3(Z)) AMNM?
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The solace of quantum

Recall that for a CBA A and ψ ∈ A∗,

def(ψ) = ‖ψ ◦ πA − ψ ⊗ ψ‖(A⊗̂A)∗

where ⊗̂ is the Banach space projective tensor product
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Recall that for a CBA A and ψ ∈ A∗,

def(ψ) = ‖ψ ◦ πA − ψ ⊗ ψ‖(A⊗̂A)∗

where ⊗̂ is the Banach space projective tensor product

If A is the predual of a Hopf-von Neumann algebra (M,∆), then for

x ∈ M = A∗ it is natural to consider the modified quantity

cb-def(x) = ‖∆(x)− x⊗ x‖M⊗M

and formulate the “obvious cb-modification” of the AMNM property.
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The solace of quantum

Recall that for a CBA A and ψ ∈ A∗,

def(ψ) = ‖ψ ◦ πA − ψ ⊗ ψ‖(A⊗̂A)∗

where ⊗̂ is the Banach space projective tensor product

If A is the predual of a Hopf-von Neumann algebra (M,∆), then for

x ∈ M = A∗ it is natural to consider the modified quantity

cb-def(x) = ‖∆(x)− x⊗ x‖M⊗M

and formulate the “obvious cb-modification” of the AMNM property.

Theorem (C.+Daws, in preparation)

Let G be a locally compact [QSIN] group (e.g. amenable or discrete).

Then A(G) is cb-AMNM.
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Outline of proof for G discrete

Note that in this case

Mult(A(G),C) = {λs : s ∈ G} ∪ {0}

Let b ∈ A(G)∗ = VN(G) satisfy ‖∆(b)− b⊗ b‖VN(G×G) ≤ δ. From this

we can obtain:
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we can obtain:

for each s ∈ G, ‖b(s)λs − b(s)b‖VN(G) ≤ δ.

‖b− b • b‖VN(G) ≤ δ, where • denotes the Schur product of two

operators on ℓ2(G).
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VN(G) is a (non-unital) Banach algebra with respect to Schur product.

Since b is approximately idempotent for this product, there is a Schur

idempotent b0 ∈ VN(G) with ‖b0 − b‖VN(G) . δ.
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we can obtain:

for each s ∈ G, ‖b(s)λs − b(s)b‖VN(G) ≤ δ.

‖b− b • b‖VN(G) ≤ δ, where • denotes the Schur product of two

operators on ℓ2(G).

VN(G) is a (non-unital) Banach algebra with respect to Schur product.

Since b is approximately idempotent for this product, there is a Schur

idempotent b0 ∈ VN(G) with ‖b0 − b‖VN(G) . δ.

If b0 = 0 then we are done. If not, there is some s ∈ G for which

b0(s) = 1, and hence |b(s)| is bounded away from zero. So

‖λs − b‖VN(G) ≤ |b(s)|−1δ . δ
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Motivation and background

The notion of a group representation is now well-established in

mathematics.

When G is a locally compact group, a lot of work has been done to study

SOT-continuous, uniformly bounded representations of G on various

Banach spaces E.

These correspond (by integration) to the non-degenerate bounded

algebra homomorphisms L1(G) → B(E).

Many authors have considered notions of an “approximate

representation” of a given group G on some class of Banach spaces.

(Sometimes there are subtle differences between these notions.)
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Theorem (Kazhdan, IsrJM 1982; see also Burger–Ozawa–Thom,

IsrJM 2013)

Let G be an amenable discrete group, let H be a Hilbert space, and let

δ > 0. If ψ : G→ U(H) satisfies

sup
x,y∈G

‖ψ(xy)− ψ(x)ψ(y)‖ ≤ δ

then there is a unitary representation π : G→ U(H) satisfying

supx∈G ‖ψ(x)− π(x)‖ ≤ Cδ, where C is a positive constant that does

not depend on δ or ψ.

Remark

Kazhdan’s paper seems to claim this result for all amenable topological

groups. However, for non-discrete non-compact examples, it is not clear

how to make certain technical claims fully justified.

The argument of [BOT13] should be adaptable to non-discrete groups

provided the right continuity assumptions are imposed on ψ : G→ U(H).
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“Great mathematicians cannot be erroneous”

The error in [20] is not obvious. . . As was noted in [21], the

operation of taking the mean in the general case need not take

a continuous function to a Borel function. . .

Nevertheless, the result claimed in [20] for amenable groups is

correct, which confirms the law that great mathematicians

cannot be erroneous, and was well proved in [20] for the

discrete amenable groups. B. E. Johnson’s 1988 result [25]

implies Kazhdan’s statement for amenable locally

compact groups. It uses a passage to the language of

group algebras.

From the introduction to “Quasirepresentations of Amenable Groups:

Results, Errors, and Hopes” A. I. Shtern, Russian Journal of

Mathematical Physics, 20 (2013), no. 2, 239–253.
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The proofs in [Ka82], [Jo88] and [BOT13] all use an iterative method,

replacing a given “δ0-representation” ψ0 with a δ1-representation ψ1

where ‖ψ0 − ψ1‖ ≤ O(δ0) and δ1 = O(δ20). One then iterates and uses

geometric series bounds to get convergence.

Moreover, in all three cases, the step from ψ0 to ψ1 is accomplished

using formulas strongly reminiscent of “solving H2 problems by

averaging”. [Jo88, p. 299] gives some further explanation of why this

might be the case.
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Definitions

Definition (AMNM pairs)

Let A and B be Banach algebras. We say (A,B) is an AMNM pair if for

every L > 0 and ε > 0 there exists δ > 0 such that

Multδ(A,B) ∩ ballL B(A,B) ⊆ Mult(A,B) + ballε B(A,B)

Warning

In general δ will depend on both L and ε: without control on ‖T‖, we

can have dist(T,Mult(A,B)) arbitrarily small while def(T ) ≥ 1.

Much less is known for AMNM pairs than for (commutative) AMNM

Banach algebras, even when we take B = B(H) for a Hilbert space H.
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The Banach algebra version of Kazhdan’s result

Theorem (Johnson, JLMS 1988)

Let A, B be unital Banach algebras where A is amenable and B is a

dual Banach algebra. Then (A,B) is an AMNM pair.

Taking A = L1(G) for an amenable locally compact group G, and taking

B = B(H) for a Hilbert space H, one can (with a little extra work) obtain

Kazhdan’s result from [Ka82].

Note that if A is an (operator) amenable CBA and B = C, then we

recover some of the (cb-)AMNM results from the first part of the talk.

However, for particular examples the iterative process using amenability

may be less efficient than the direct methods.
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The AMNM problem for B(E)

Question.

For which Banach spaces E is (B(E),B(E)) an AMNM pair?

Johnson himself proved this for E = ℓ2, with quite an involved argument.

By following this argument very closely, Howey (PhD thesis, 2001)

produced a proof E = ℓp for 1 < p <∞.

Theorem (C.–Horváth–Laustsen, in preparation)

Suppose that E is either

a reflexive Banach space with a subsymmetric, shrinking Schauder

basis, or

Lp[0, 1] for some 1 < p <∞.

Then (B(E),B(E)) is an AMNM pair.
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AMNM relative to an amenable ideal

Proposition

Let A,B be unital Banach algebras where B = (B∗)∗ is a dual Banach

algebra. Let J EA be a closed ideal which is amenable.

Let L > 0. Then there exist δ0 ∈ (0, 1) and C > 0 such that the

following holds:

whenever ψ ∈ ballL(B(A,B)) and def(ψ) ≤ δ0, there exist

φ ∈ Mult(A,B) and ρ ∈ B(A/J,B) such that

1 ‖ψ − φ− ρ ◦ qJ‖ ≤ C def(ψ)

2 def(ρ) ≤ C def(ψ)

We can apply the proposition with A = B = B(E) and J = K(E) (for

the examples mentioned).

To finish off, it suffices to show that a δ-multiplicative

ρ : B(E)/K(E) → B(E) is small in norm.
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Final ingredients

This is a “perturbed version” of the following problem: show that there

are no non-zero homomorphisms B(E)/K(E) → B(E).

For E = ℓp this is classical (Berkson–Porta, JFA 1969) using the

obvious unconditional basis and almost-disjoint families in N.

For E = Lp[0, 1] this seems to have gone unexplored, but will

appear in work of W.B.Johnson–Phillips–Schechtman (in

preparation?). The construction is carried out on Lp({±1}N), again

using almost-disjoint families in N.

22 / 22



Final ingredients

This is a “perturbed version” of the following problem: show that there

are no non-zero homomorphisms B(E)/K(E) → B(E).

For E = ℓp this is classical (Berkson–Porta, JFA 1969) using the

obvious unconditional basis and almost-disjoint families in N.

For E = Lp[0, 1] this seems to have gone unexplored, but will

appear in work of W.B.Johnson–Phillips–Schechtman (in

preparation?). The construction is carried out on Lp({±1}N), again

using almost-disjoint families in N.

“All the identities hold up to δ and the proof has finite length,

so everything works up to some function of δ”

– M. C. White, numerous times during my PhD.
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