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Some words of thanks. . .

. . . to my coauthors/collaborators in this line of enquiry:

• Mahya Ghandehari

• Frédéric Gourdeau

• Matthew Heath

• Thomas V. Pedersen

• Michael C. White

none of whom should be blamed for what follows.

Warning. This talk is mostly a survey, or a report on work in progress. There will be
almost no proofs!

1 Motivation from outside Banach algebras

Getting started

Given a k-algebra A and an A-bimodule M : a derivation from A to M is a k-linear map
D : A → M satisfying the identity

D(ab) = a ·D(b) +D(a) · b (a, b ∈ A).

We write derk(A,M) for the space of all such maps.

Example 1. A = k[z] (polynomial algebra). If M is a symmetric A-bimodule, and D ∈
derk(A,M), then induction gives D(zn) = nzn−1 ·D(z) for all n ≥ 1 and so D(f) = f ′ ·D(z)
for every polynomial f .
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Why might we be interested in derivations on (commutative) algebras?

Motivation from differential geometry. If A = {smooth functions M → R} for some
smooth manifold M , natural to look at:

• derR(A,Rp) for a fixed p ∈ M ; this is the tangent space Tp(M);

• derR(A,A) – this space “corresponds naturally” to the space of smooth vector fields on
M , via

(vector field X : M → TM) −→ (derivation D(f)(p) := Xp(f))

If we look at derivations from a commutative Banach algebra to itself, we run into the
following obstacle/phenomenon:

Theorem 2 (Singer–Wermer, 1955). Let A be a commutative, semisimple Banach algebra,
and let D : A → A be a continuous derivation. Then D = 0.

An idea/tool from algebraic geometry. Let A be the co-ordinate ring of an affine algebraic
variety V . [E.g. A = k[x1, x2, x3, x4]/(x1x4 − x2x3 − 1).] In some cases (with singularities)
Derk(A,A) is not so well-behaved.

Instead one can work with ΩA, themodule of Kähler differentials. This has a universal
property:

derk(A,M) ∼= homA(ΩA,M)

for all symmetric bimodules M. [Concretely: let I∆ := ker(A ⊗ A → A) and put ΩA :=

I∆/(I∆)
2. ]

Imprecise remark: ΩA plays the role of the cotangent bundle of V : if p ∈ V and kp
denotes the resulting 1-dim. A-module,

ΩA ⊗A kp ∼= predual of derk(A, kp).

For commutative Banach algebras, what do we know about the corresponding version of
the Kähler module? Not enough!

2 Derivations on CBAs

Setting conventions and notation

From now on, unless stated otherwise:

• all Banach algebras, bimodules etc. are over C;

• all module maps between Banach bimodules are C-linear and continuous;

• we only consider continuous derivations from Banach algebras to symmetric Banach
bimodules (i.e. a ·m = m · a).
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A-mod denotes the category of symmetric Banach A-bimodules and A-bimodule maps. For
M ∈ A-mod, we write Der(A,M) for the space of continuous derivations A → M , and Der(A)
for Der(A,A∗).

If A is a CBA and M ∈ A-mod and D ∈ Der(A,M) then there is a unique way to extend D
to a derivation A♯ → M . Hence for most purposes we will assume A has an identity element.

Hitherto, the emphasis in the literature has been on the following kinds of question:

• given a particular CBA A, determine if Der(A) = {0};

• given a particular (C)BA A and a character ϕ : A → C, determine if Der(A,Cϕ) = {0}.

Analogy. Imagine “topologists” who catalogue those spaces with trivial degree-1 homology,
without calculating the dimension of the 1st homology groups.

The Banach version of the Kähler module

It has been known for some time that we can copy/adapt the usual definitions from commu-
tative algebra. (See e.g. Runde, 1992.)

Let A be a unital CBA. Let I∆ := ker(A ⊗̂ A → A). Let (I∆)
2 = lin{ab : a, b ∈ I∆}. We

put
Ω̃A := I∆/(I∆)2 .

This could be called the Banach–Kähler-module of A. [Maybe it should be defined as

the “symmetrization” of I∆ as a Banach A-bimodule.]

Composing the map A → I∆, a 7→ 1 ⊗ a− a⊗ 1, with the quotient map I∆ → Ω̃A yields
the canonical derivation

dA : A → Ω̃A

which implements a natural isomorphism HomA(Ω̃A,M) ∼= Der(A,M) for all M ∈ A-mod.
[The adjoint of dA : A → Ω̃A can be identified with the map B : Der(A,A∗) → A∗ defined

by B(D)(a) = D(a)(1). This is (one form of) the connecting map in the Connes–Tsygan

exact sequence.]

Note that Der(A,A∗) ∼= HomA(Ω̃A, A
∗) ∼= (Ω̃A)

∗. Consequently:

Theorem 3 (Bade–Curtis–Dales, 1987; Grønbæk, Studia 1989;cf. Runde, 1992). Let A
be a unital CBA. The following are equivalent:

1. Der(A) = {0};

2. (I∆)
2 is dense in I∆;

3. Ω̃A = {0};

4. Der(A,M) = {0} for all M ∈ A-mod.

Challenge. Given A, a particular (unital) CBA which you are interested in:
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• give an explicit description of Ω̃A (up to isomorphism of Banach spaces);

• “understand” the A-module structure on Ω̃A.

Slightly weaker version. Given A, a particular (unital) CBA which you are interested in:
give an explicit description of Der(A) (up to isomorphism of Banach spaces).

Answers are known in some cases (perhaps as folklore). Note that we may view Der(A)
as the space of bilinear maps D : A×A → C satisfying

D(ab, c) = D(b, ca) +D(a, bc) (a, b, c ∈ A).

3 Der(A) for some function algebras

A warm-up example

Example 4. Each µ ∈ M(T) gives an element of Der(C1(T)):

Dµ(f, g) =

∫

T

(∂θf)(e
iθ)g(eiθ) dµ(eiθ).

More precisely: Der(C1(T)) ∼= M(T), and

Ω̃C1(T)
∼= C(T)

with the module action being usual multiplication of functions.

We can think of Dµ as the composition of ∂θ : C1(T) → C(T) with ıµ : C(T) → M(T),
the second map being the obvious pairing.

Two examples without point derivations

Example 5. Let A(T) :=
{
f ∈ C(T) :

∑
n∈Z |f̂(n)| < ∞

}
, equipped with the obvious norm.

Then Der(A(T),M) = 0 for every symmetric bimodule M .

Proof. Let D ∈ Der(A(T),M). Then D(zn) = nzn−1 · D(z) for all n ∈ Z. In particular
n ‖D(z)‖ = ‖D(zn)‖ ≤ ‖D‖ for all n ≥ 1, so D(z) = 0. Hence D(zn) = 0 for all n ∈ Z and
by continuity D = 0.

[In fact: Der(A,X) = 0 whenever A is an amenable CBA and X is a symmetric Banach

A-bimodule.]

A proof which gives something stronger. For this algebra:

I∆ ∼= {f ∈ A(T× T) : f(p, p) = 0 for all p ∈ T}.

This is the vanishing ideal for a closed subgroup K ⊂ T× T. General theory now tells us I∆
has a b.a.i., hence (I∆)

2 = I∆ by Cohen’s factorization theorem.
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Example 6. AC[0, 1] = {f ∈ C[0, 1] : f ′ ∈ L1[0, 1],
∫ t

0 f
′(s) ds = f(t)∀, t}, equipped with the

norm ‖f‖AC := |f(0)| + ‖f ′‖1. Note that Der(AC[0, 1],Ct) = {0} for all t ∈ [0, 1]. [This is

compensated by “vestigial differentiability” of functions in AC[0, 1].]

Given h ∈ L∞[0, 1], put

D(f, g) =

∫ 1

0
f ′(t)g(t)h(t)dt (f, g ∈ AC[0, 1]).

This defines an element of Der(AC[0, 1]).

In fact, these are the only ones.

(Possibly folklore; see also Blackmore, 1997.)

The same calculations also show Ω̃AC[0,1]
∼= L1[0, 1], with the module action given by

pointwise product. This module has atypically good properties: it is relatively flat in
AC[0, 1]-mod. (C.–Gourdeau–White, unpublished observation)

Remark. We can identify AC[0, 1] with L1(S)
♯
for a suitable semigroup S. (Note that S is

far from cancellative!)

[S is the set [0, 1] with the “product” (x, y) 7→ max(x, y). Then L1(S) becomes a Banach
algebra:

(a ∗ b)(t) :=

[∫ t

0

a(s) ds

]
b(t) + a(t)

[∫ t

0

b(s) ds

]

The Gelfand transform L1(S) → C0((0, 1]) is given by G(a)(t) =
∫ t

0
a(s) ds. This is injective

and the unitization of its range is AC[0, 1].]

This perspective on AC[0, 1] allows one to compute its simplicial cohomology in higher
degrees:

HHn(AC[0, 1]) ∼= HHn(L1(S)) = {0} for all n ≥ 2

(PhD thesis of D. Elliott, 2011; following strategy from work of Gourdeau–White.)

Examples with a different flavour

Example 7. Let A(D) denote the disc algebra. Determining Der(A(D)) is now much harder
than in previous examples. . . but it has been done.

Theorem 8 (C.–Heath, 2010). Der(A(D)) is isomorphic as a Banach space to the Hardy
space H1.

[Although H1 is an A(D)-module in a natural way, this isomorphism does not respect

the A(D)-module structure!]

Corollary of the proof. Let V = {f ′ : f ∈ VMOA}, equipped with the norm pushed
forward from VMOA. Then V ∈ A(D)-mod and V ∼= Ω̃A(D) in A(D)-mod.
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Remark. The “canonical derivation” A(D) → V is just given by usual differentiation of
functions. The hard part is to show that V is an A(D)-module!

Example 9. A+(T) := {f ∈ A(T) : f̂(n) = 0 ∀n < 0}. To understand derivations (and
higher-degree cohomology), easier to work with ℓ1(Z+), where the algebra structure comes from

es ∗ et := es+t (s, t ∈ Z+).

There is a well-known parametrization of Der(ℓ1(Z+)) (various authors/folklore). [e.g.
Bade–Dales; Grønbæk] The same arguments show that Ω̃ℓ1(Z+) is isometrically isomorphic
to ℓ1(N) with the following action of ℓ1(Z+):

z · δn =
n

n+ 1
δn+1 (n ∈ N).

General property for Ω̃ of tensor products. Ω̃A⊗̂B
∼= Ω̃A ⊗̂B ⊕A ⊗̂ Ω̃B.

Since ℓ1(Zk
+)

∼= ℓ1(Z+) ⊗̂ . . . ⊗̂ ℓ1(Z+) we get a description of Ω̃ℓ1(Zk
+
).

Aside: compact and weakly compact derivations?

Finite-rank derivations can be decomposed as combinations of derivations into one-dimensional
bimodules. No such structure theorem seems to exist for (weakly) compact derivations.

Compact or weakly compact derivations have not attracted much systematic study, even
within the restricted class of semigroup algebras.

In several natural cases we know enough about Der(L1(S), L∞(S)) to give explicit char-
acterizations of compact and weakly compact derivations: e.g. ℓ1(Z+) (C.+Heath, 2010) or
L1(R+) (C.+Pedersen, in preparation).

Work in progress with Pedersen considers the cases ℓ1(Q+) and L1([0, 1],max).

4 Recent results on some Fourier algebras

Background on Fourier algebras

[One of the equivalent proper definitions was given in FG’s talk yesterday]

The bluffer’s guide (short version). Given a locally compact group G, its Fourier
algebra A(G) is a semisimple CBA with Gelfand spectrum G.

A(G) encodes information about the group structure (unlike C0(G)) and there is a natural
way to identify A(G)∗ with the group von Neumann algebra VN(G).

Disclaimer about c.b. derivations. Dercb(A(G),VN(G)) = 0 for every locally compact
group G. (Spronk, 2002; see also Samei, 2005)
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The intuitive idea

To obtain/characterize derivations on certain function algebras:

• define them on dense subalgebras, using hindsight/guesswork;

• check they extend by continuity, using norm estimates.

For the norm estimates, identify these algebras with the Gelfand transforms of certain L1(S).

In some cases we can apply an analogous philosophy to Fourier algebras. This is not a
recipe for guaranteed success, merely a set of guiding heuristics!

A(G) as something like vector-valued L1

For a wide class of connected groups G, the left regular representation disintegrates as a direct
integral of irreducible unitary representations:

λG
∼=

∫
⊕

Ĝ

σ dν(σ)

The measure ν is called the Plancherel measure for G.

For p ∈ [1,∞], let B⊕
p (Ĝ, ν) denote the space of ν-measurable operator fields (Tσ) on∫

⊕
Hσ dν(σ), such that σ 7→ ‖Tσ‖(p) belongs to Lp(Ĝ, ν).

[If G is abelian, B⊕
p (Ĝ) ≡ Lp(Ĝ).]

If G is unimodular, we have an “(operator-valued) Fourier transform”

F : L1(G) → B⊕

∞(Ĝ, ν)

and an “inverse Fourier transform”

Ψ : B⊕

1 (Ĝ, ν) → Cb(G).

Both are injective; they are mutually inverse when restricted to appropriate domains.

The actual formulas are

F(h)σ := σ(h) =

∫

G

h(x)σ(x) dx

and

Ψ(T )(x) :=

∫

Ĝ

Tr(Tσσ(x)
∗) dν(σ).

[One can verify by hand that
∫
G
h(x−1)Ψ(T )(x) dx =

∫
Ĝ
Tr[σ(h)Tσ] dν(σ).]

Ψ gives an isometric (but not completely isometric!) isomorphism from B⊕

1 (Ĝ, ν) onto
A(G).

Heuristics.
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• Consider a densely-defined derivation ∂ : A(G) ⊃ dom(∂) → A(G). For instance, take
a (weighted) partial derivative.

• This transfers to a densely-defined linear map ∂̂ : B⊕

1 (Ĝ, ν) ⊃ dom(∂̂) → B⊕

1 (Ĝ, ν).

• Since ∂Ψ = Ψ∂̂, we “formally” have F∂ = ∂̂F .

• For certain G (where we know the representation theory) we can arrange that (F∂h)σ =
Dσ(Fh)σ, i.e. ∂̂ is just a (densely-defined) multiplication operator on B⊕

1 (Ĝ, ν).

• By choosing a suitable pairing ĵ : B⊕

1 → B⊕
∞, try to arrange things so that ĵ∂̂ extends

to a bounded linear map B⊕

1 → B⊕
∞.

So can we actually make this work?

Sometimes you eat the bar, sometimes the bar eats you

The following cases come from work (some published, some in progress) with M. Ghandehari.
(In all cases the original densely-defined operator ∂ has a very simple form.)

• YES for SU(2) (and other compact connected Lie groups)

• YES for Heisr, the reduced Heisenberg group

• We can also do something similar for Aff (the connected component of the real ax + b
group), but F and Ψ have to be modified since this group is non-unimodular.

• SORT OF for Heis, the (real) Heisenberg group. The naive approach only gives a

bounded linear map from A := B⊕

1 (Ĥeis) into some vector-valued Lp-space W . . . but

we can use the fusion rules for Ĥeis to show that W is the dual of a Banach A-module.

• MAYBE for Euc(2), the 2-dimensional Euclidean motion group. We would need more
complicated versions of what was done for Heis.

Comments on the literature.

• The case of SU(2) is originally due to Johnson (1994), who used a different approach.

• The cases of Aff and Heisr were originally worked out by C.–Ghandehari (2014) using
a related but slightly different perspective to the one of this talk. (We worked with
coefficient functions of irreducible representations: this roughly corresponds to looking
at extreme points in the unit ball of B⊕

1 .)

• The case of Heis was worked out in C.–Ghandehari (2015), using the approach previ-
ously described.

Advertisement. Recent work of Lee–Ludwig–Samei–Spronk (preprint 2014/5?) has
extended the ideas in Johnson’s original approach to handle Aff, Heis, and several other key
examples. Their strategy is to show that density of (I∆)

2 in I∆ would imply certain sets in
G×G have “local spectral synthesis”, and then develop techniques to rule this out.
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Some future projects

• Let S : A(G) → A(G) be the “check map”, i.e. S(f)(x) := f(x−1). For which D ∈
Der(A(G),VN(G)) is D◦S completely bounded? This appears to work for the particular
derivations that we have found on A(SU(2)) and A(Aff) and A(Heisr).

• We can get cyclic derivations on A(SU(2)) and A(Aff) and A(Heisr). What about
A(Heis)?

• How much can we say about Ω̃A(G)? (Even the case SU(2) is not fully understood!)
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