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1. When does left-invertible imply invertible?

Question
If A is an algebra with identity 1, and a, b ∈ A satisfy ab = 1, must we
have ba = 1?

The immediate response is: of course not! However, there are some
interesting noncommutative examples where the answer is yes.

CI + K(X), for any Banach space X. [Fredholm alternative]

VN(G) where G is discrete. [Kaplansky/Montgomery, 1960s]

(Key to proof: there is a faithful, finite trace on VN(G).)

We say that a unital algebra with this property is directly finite. In
operator-algebraic contexts this is often just called “finite”.

Unital subalgebras of directly finite algebras are themselves directly finite.
In particular, ℓ1(G) is directly finite for any group G.
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2. An application to certain “algebraic dynamical systems”

See: Deninger (JAMS , 2006); Deninger–Schmidt (ETDS , 2007).

G a discrete group, acting on T
G by shifts; f ∈ ZG some fixed

element.

Get Xf ⊆ T
G which is a closed G-subset, hence an action

αf : G → Aut(Xf ).

αf is expansive if and only if ρf : ℓ∞(G) → ℓ∞(G) is injective.

Here ρ• is the right regular representation of G on ℓ∞(G)

For G amenable there is a sensible definition of (topological) entropy
for αf . But how can we calculate it? [DS] obtain a formula for the
entropy under the following extra assumptions:

G is countable and residually finite (e.g. integer Heisenberg group);

f is invertible in ℓ1(G).

How does injectivity of ρf relate to invertibility of f?
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Theorem (C., CMB , to appear)

Let f ∈ ℓ1(G). If ρf : ℓ∞(G) → ℓ∞(G) is injective, it is surjective.

(Since the left and right regular representations are conjugate, the same
remains true if we replace ρ• by the left regular representation λ•.)

Outline of the proof.

Define Rf : ℓ1(G) → ℓ1(G) by Rf (h) = h ∗ f . We can identify
R∗

f : ℓ∞(G) → ℓ∞(G) with ρf .

If R∗

f is injective, then Rf has dense range; the range therefore

contains an invertible element u. That is, there exists h ∈ ℓ1(G)
such that h ∗ f = u.

We have u−1 ∗h ∗ f = δe. Since ℓ1(G) is directly finite, this means
f is invertible in ℓ1(G). Therefore Rf , and hence ρf , are invertible.
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3. Injective operators with closed range

Question
Let T : X → X be a bounded operator on a Banach space. If T is
injective with closed range, is it invertible?

Again: the answer is obviously ‘no’ in general; but there are interesting
cases where the answer is ‘yes’.

Examples

Normal operators on Hilbert space.

Scalar+compact operators on Banach spaces.

Elements of VN(G) acting as operators on ℓ2(G) or A(G), where G

is a discrete group; see C. (IEOT , 2010).

Elements of CI + C∗

r(G) acting as operators on L2(G) or A(G),
where G is a unimodular group (C., in preparation).
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4. Two warning examples

An example on L
2(G) with G not discrete

VN(SL(2, R)) contains isometries which are not unitaries: regarded as
operators on L2(SL(2, R)), these are inj. with closed, proper range.

An example on ℓ
1(G) with G discrete

Due to Willis (JAusMS , 1986). Let G be a discrete group which
contains a non-abelian free subgroup on generators a and b. Put

f = δe + e2πi/3δa + e−2πi/3δb .

Then λf : ℓ1(G) → ℓ1(G) is left-invertible in B(ℓ1(G)), but not
invertible.



5. Some results for ℓ
p(G)

We consider the left regular representation λp : G → B(ℓp(G)), where
1 ≤ p < ∞.

Question

If f ∈ ℓ1(G) and λp(f) is injective with closed range, is it surjective?

The answer turns out to be yes if G has polynomial growth (=virtually
nilpotent). This follows from recent results of Tessera (preprint,
arXiv 0801.1532).

More precisely, it is a special case of Tessera’s results that if λp(f) is
injective with closed range for some p ∈ [1,∞), then f is left-invertible
in ℓ1(G). We then invoke direct finiteness to deduce that f is actually
invertible in ℓ1(G), so that λp(f) must be an invertible operator.

http://arxiv.org/abs/0801.1532
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It is not clear that Tessera’s methods will extend to, say, discrete solvable
groups. We do however have the following result.

Theorem (C., IEOT , 2010)

Let G be a discrete amenable group and let f ∈ ℓ1(G); let 1 ≤ p < ∞.
Suppose that λp(f) is left-invertible in B(ℓp(G)). Then it is invertible as
an operator on ℓp(G).

Main ideas of proof.

We know there exists T : ℓp(G) → ℓp(G) with Tλp(f) = I.

By averaging over the right action of G on ℓp(G), we can WLOG
assume that T commutes with right translations; that is,
T ∈ CVp(G), the algebra of right G-module maps on ℓp(G).

By results of Herz (TAMS , 1971; AIFG , 1973), since G is
amenable, CVp(G) embeds into CV2(G) = VN(G) and is therefore
directly finite.

Thus λp(f) is invertible in CVp(G).
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Caesura: weighted group algebras

The existing proofs that ℓ1(G) is directly finite do not seem to generalize
well to the case of weighted group algebras.

We do at least have the following: if G is an amenable discrete group,
and ω is a weight on G, then ℓ1(G,ω) is directly finite.

The proof uses an averaging argument to reduce to the case where
infx∈G ω(x) > 0, and then uses the known result for the unweighted
case. See C. (CMB, to appear) for details.

In contrast, I believe the following question is still open.

Question

Let ω be a weight on F2, the free group on two generators. Is ℓ1(F2, ω)
always directly finite?



6. Why care about directly finite C∗-algebras?

Theorem (C., IEOT , 2010)

Let X be a Banach space and let A be a closed, unital subalgebra of
B(X). Suppose A is bicontinuously isomorphic to a directly finite
C∗-algebra. Then, whenever a ∈ A is injective with closed range, it is
automatically surjective.

Outline of proof.

It turns out it is enough to prove the case where A is a directly finite
C∗-algebra acting on itself by left multiplication.
Let a ∈ A and suppose a is injective but not surjective as an operator
A → A, x 7→ ax.

Clearly a is not invertible in A. Therefore, since A is directly finite, a∗a

cannot be invertible in A. Hence 0 ∈ Sp(a∗a) ⊆ [0, ‖a‖2].

We can now construct an explicit sequence (yn) ⊂ C∗(a∗a) such that
‖yn‖ = 1 for all n while ayn → 0.
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7. Direct finiteness for non-unital algebras

We say that an algebra A is said to be quasi-directly finite (qdf for short)
if, whenever a, b ∈ A satisfy a + b = ab, we have a + b = ba.

If A has an identity, then it is qdf iff it is dir. finite.

A is qdf iff A ⊕ C1 is dir. finite.

One small but useful fact: if A has a dense right ideal which is qdf, then
it is itself qdf.

Question

Let A be a C∗-algebra and suppose it has a dense ∗-subalgebra which is
qdf. Must A be qdf?



8. A criterion in terms of traces

Proposition (C., in preparation)

Let A be a C∗-algebra which has a densely-defined, positive, faithful
trace. Then A is q.d.f.

Examples

K(H) where H is a Hilbert space. [we already knew this]

VN(G) where G is a SIN group. [trace is globally defined]

C∗

r(G) where G is unimodular. [use the Plancherel weight]

C∗

r(G) for some non-unimodular, solvable Lie groups.

By way of context, we mention that VN(G) supports a weak*-densely-
defined, faithful, positive trace for any connected group G: this is due
to Dixmier (ASENS , 1969) and Pukanszky (ibid., 1972).
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9. Results for unitary representations of CCR groups

Let G be a CCR or liminal group: that is, every continuous unitary irrep
π : G → U(Hπ) satisfies π(f) ⊆ K(Hπ) for all f ∈ L1(G).

Examples

Compact groups; abelian groups; nilpotent connected Lie groups;
semisimple connected Lie groups (e.g. SL(2, R)).

Theorem (C., IEOT , 2010)

Let θ : G → B(Hθ) be a continuous unitary repn of G, and let C∗

θ(G)
denote the norm closure of θ(L1(G)) in B(Hθ). Then C∗

θ(G) is qdf.



10. A group G for which C∗
r(G) is not qdf

The following example is taken from work of Rosenberg (PacJM,
1976), but may well have been known earlier.

We take G to be the affine group of C; this is a 4-dimensional,
connected, solvable Lie group.

There is a faithful unitary representation σ : G → B(H) and f ∈ L1(G),
such that I + σ(f) is injective and has range of codimension 1.

It follows that there exists b ∈ C∗(G) = C∗

r(G) such that I + σ(b) is a
left inverse to I + σ(f), but not a right inverse. Since σ is faithful, this
means that C1 + C∗(G) is not directly finite.

Question

For which connected, solvable groups is C∗

r(G) qdf?
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