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July 2007

Building on work of

[GJW] F. Gourdeau, B. E. Johnson, M. C. White. The cyclic and

simplicial cohomology of ℓ1(N). (Trans. AMS, 2005)

[GLW] F. Gourdeau, Z. A. Lykova, M. C. White. A Künneth formula
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Why ℓ1(Zk
+)?

We can think of ℓ1(Zk
+) as the completion, in the natural

ℓ1-norm, of the polynomial ring C[z1, . . . , zk] in k commuting

indeterminates.

C[z1, . . . , zk] and its “infinitely-generated” versions are

fundamental objects for developing commutative algebra and

algebraic geometry. They are also important in Hochschild

(co)homology, both as examples that are completely worked out

and as the basis for more advanced theoretical tools.

This provides both incentives and challenges to develop partial

analogues of what is known for C[z1, . . . , zk] in the Banach-

algebraic setting.

At present it seems we can make more progress for ℓ1(Zk
+)

than for, say, its uniform algebra completion.
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Hochschild homology and cohomology (1)

Fix a Banach algebra A and a Banach A-bimodule M . Let

• Cn(A, M) = M b⊗A
b⊗n (the space of continuous n-chains)

• Cn(A, M) = {bounded n-linear maps A× . . .×A→ M}

(the space of continuous n-cochains)

These assemble into complexes of Banach spaces: the

Hochschild chain complex

0← C0(A, M) �
d0 C1(A, M) �

d1 C2(A, M) �
d2 . . .

and the Hochschild cochain complex

0→ C0(A, M)
δ0

- C1(A, M)
δ1

- C2(A, M)
δ2

- . . .

dn and δn are the Hochschild boundary and coboundary

operators, respectively, in degree n. In calculations we usually

suppress the indexing subscript or superscript.
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Hochschild homology and cohomology (2)

Elements of Ker dn−1 are n-cycles; elements of Im dn

are n-boundaries; and the vector space of n-cycles modulo

n-boundaries, which we denote by Hn(A, M), is the nth

Hochschild homology group of A with coefficients in M .

Elements of Ker δn are n-cocycles; elements of Im dn are

n-coboundaries; and the vector space of n-cocycles modulo

n-coboundaries, which we denote by Hn(A, M), is the nth

Hochschild cohomology group of A with coefficients in M .

In general the homology and cohomology groups are complete,

seminormed spaces.

Example.

• 1-cocycles are the same as continuous derivations;

• 1-coboundaries are the same as inner derivations;

• hence H1(A, M) is the space of continuous derivations

modulo inner ones.
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Extra structure in the commutative setting

In this talk A is commutative and unital, and M is a

symmetric A-bimodule (that is, am = ma for all a ∈ A and

m ∈M). Under such conditions:

• each Cn(A, A) is a left Banach A-module, in a natural way;

• the boundary operators dn : Cn+1(A, A) → Cn(A, A) are

Banach A-module maps;

• AHom (C∗(A, A), M) ∼= C∗(A, M).

Informally, “homology with coefficients in A controls cohomology

with coefficients in M .”

Remark. It follows that ifHn(A, A) is a Banach space (i.e. if

dn has closed range) then it may be regarded as a left Banach

A-module. We shall see in this talk that this can happen, and

that it can be useful.
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Results for ℓ1(Z+)

In the purely algebraic setting one can use the machinery of

derived functors (Tor and Ext) to show that the polynomial

ring R = C[z1, . . . , zk] has trivial homology and cohomology in

degrees ≥ k + 1, for arbitrary coefficients. The method also

allows us to compute the lower-degree groups for various choices

of coefficient module.

Unfortunately the argument fails if we move from R to its

ℓ1-completion ℓ1(Zk
+). Indeed the second cohomology of ℓ1(Z+)

is in general non-zero: for instance

H
2
(ℓ

1
(Z+), ℓ

1
(Z+)) ∼= H

1
(ℓ

1
(Z+), ℓ

1
(Z/Z+))

and the right-hand side is an infinite-dimensional Banach space.

However, H2(ℓ1(Z+), ℓ1(Z+)′) = 0 [DD]. This was

extended to H3 by Gourdeau and White, and later to all higher

degrees:

Theorem 1. [GJW] Hn(ℓ1(Z+), ℓ1(Z+)′) = 0 for all n ≥ 2.

Remark. It follows by duality that Hn(ℓ
1(Z+), ℓ1(Z+)) = 0

for all n ≥ 2, and that H1(ℓ
1(Z+), ℓ1(Z+)) is a Banach space.
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A closer look at H1(ℓ
1(Z+), ℓ1(Z+)) (1)

Let A be the Banach algebra ℓ1(Z+).

Lemma 1. [GLW] H1(A, A) is isomorphic (as a seminormed

space) to ℓ1(N).

The proof in [GLW] starts as follows: let

q : C1(A, A)→ ℓ
1
(N)

be the bounded linear map defined by q(1 ⊗ 1) = 0 and

q(z
k
⊗ z

l
) =

l

k + l
z

k+l
(k + l ≥ 1);

then it suffices to prove that q is surjective and has kernel

B1(A, A).

In fact one can show that the complex

0 � ℓ1(N) �
q
C1(A, A) �

d
C2(A, A)

has a continuous linear splitting. The argument in [GLW] is

explicit but fiddly. We can repackage more concisely.
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A closer look at H1(ℓ
1(Z+), ℓ1(Z+)) (2)

Proof. Surjectivity is easy: if we let B(zN) := 1 ⊗ zN then

qB = id. It remains to find a bounded linear map

T : C1(A, A)→ C2(A, A)

such that Bq + dT = id.

We first construct auxiliary (bounded linear) maps

S : C1(A, A)→ C2(A, A) and H : C1(A, A)→ C1(A, A)

which fit into a diagram

ℓ
1
(N) �

q

B
- C1(A, A) �

d
C2(A, A)

C1(A, A)

H
6

S

-

where qB = id and (id −Bq)H = dS.

By construction we will have ‖2id−H‖ ≤ 1, so that H

is invertible as a bounded linear operator on the Banach space

C1(A, A). Hence id−Bq = dSH−1, as required.
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A closer look at H1(ℓ
1(Z+), ℓ1(Z+)) (3)

S and H are given by the following formulae: for j, k ∈ Z+

with j ≤ k, let

S(zk ⊗ zj) := 1 ⊗ zj ⊗ zk + zj ⊗ zj ⊗ zk−j

H(z
k
⊗ z

j
) := 2zk ⊗ zj + z2j ⊗ zk−j

and

S(zj ⊗ zk) := 1 ⊗ zk ⊗ zj − zj ⊗ zk−j ⊗ zj

H(z
j
⊗ z

k
) := 2zj ⊗ zk − z2j ⊗ zk−j

One checks by direct computation that (id − Bq)H = dS, as

claimed earlier, and this completes the proof. 2

Remark. Dualizing this argument gives another proof that

H2(A, A′) is a Banach space. Indeed, the maps B, S and H

(or rather their duals) were discovered while studying alternative

proofs that δ1 : C1(A, A′)→ C2(A, A′) has closed range.
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The Harrison summand

Let B be a unital commutative C-algebra and M a

unit-linked, symmetric B-module (such as B itself).

In degree 2, we can split any 2-cochain in C2(B, M) as

the sum of a symmetric and an anti-symmetric part. In fact

we get a corresponding splitting of the spaces of 2-cocycles,

2-coboundaries and hence of H2(B, M).

Theorem 2. [Barr, 1968] There exists a sequence (en)n≥1,

where each en is an idempotent in the group ring QSn, such that

the corresponding linear maps on Cn(B, M) and Cn(B, M)

assemble into chain maps

e∗ : C∗(B, M)→ C∗(B, M)

e
∗
: C
∗
(B, M)→ C

∗
(B, M)

The image of e∗ is the Harrison chain complex (and, dually,

that of e∗ is the Harrison cochain complex).

Remark. (e2T )(a1, a2) = 1
2T (a1, a2) + 1

2T (a2, a1).

All this carries over to the Banach algebraic setting.
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Intermission

Some history of Harrison (co)homology:

• Harrison (gave the original definition);

• MacLane (gave the current definition);

• Barr (showed that we get a summand and not just a

subcomplex);

• Gerstenhaber & Schack (generalized this splitting into the so-

called Hodge decomposition of Hochschild (co)homology).

In the purely algebraic setting (in characteristic zero) Harrison

cohomology is isomorphic to the “categorically correct” coho-

mology theory for commutative algebras (this is again due to

Barr).

Remark. The proof of this isomorphism relies casually but

crucially on knowing the Hochschild cohomology of polynomial

rings in arbitrarily many variables (and its Hodge decomposition).

Attempts to reconstruct this argument in the Banach-algebraic

setting run aground once we realize that we don’t know how to

calculate H∗(ℓ1(Z∞+ ), ℓ1(Z∞+ )).
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An idea on the way to the bank

Let M be a unit-linked, symmetric Banach A-bimodule, and

let eΩ[A] denote the Banach A-module H1(A, A).

Theorem 3. [YC]

• For every n, the inclusions HarHn(A, M) →֒ Hn(A, M)

and HarHn(A, M) →֒ Hn(A, M) are isomorphisms.

• For every n ≥ 1 there are isomorphisms of seminormed spaces

Hn(A, M) ∼= Tor
A
n−1(M, eΩ[A])

H
n
(A, M) ∼= Ext

n−1
A (eΩ[A], M)

Thus for certain choices of M , we have another angle of

attack: try to find tractable resolutions of M by flat A-modules

(or coresolutions by injective ones).

Remark. If we consider the last isomorphism in Theorem 3 and

restrict to the case n = 1, we get

Der(A, M) ∼= AHom(eΩ[A], M)

This is no coincidence: eΩ[A] is isomorphic to the Banach

module of differentials of A (cf. work of Runde, Glasgow

Math. J. 1992).
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Harrison for ℓ1(Zk
+)

Let k ∈ N and let R denote the Banach algebra ℓ1(Zk
+).

Let R = C[z1, . . . , zk]. It is known (by indirect means) that

HarHn(R, R) = 0 for all n ≥ 2.

Combining this with the fact that the groups Hn(R,R)

are Banach spaces, and using some approximation arguments, we

have the following result.

Lemma. HarHn(R,R) = 0 for all n ≥ 2.

As for degree 1: the results of [GLW] show that H1(R,R)

is a Banach space, and so eΩ[R] is a (unit-linked) Banach

R-module.

Theorem 4. Let N be a unit-linked, symmetric R-bimodule.

Then

HarHn(R, N) ∼= Tor
R
n−1(

eΩ[R], N)

HarH
n
(R, N) ∼= Ext

n−1
R (eΩ[R], N)

for all n ≥ 2.

– Typeset by FoilTEX – 12



Kähler und Künneth

We may identify R with the k-fold tensor power A
b⊗k. From

this perspective, eΩ[R] can be expressed in terms of A and eΩ[A],

using a kind of ‘product rule for differentials’.

The precise formulation is as follows.

Proposition. There is an isomorphism of R-modules

eΩ[R] ∼=

kM

i=1

A
b⊗i−1 b⊗eΩ[A]b⊗A

b⊗k−i

The proof boils down to showing that

eΩ[B1 b⊗B2] ∼= eΩ[B1]b⊗B2 b⊗B1 b⊗eΩ[B2]

for commutative unital Banach algebras B1, B2 that satisfy

certain (strong) side conditions. Note that this is a module

version of the known isomorphism of Banach spaces

HH1(B1 b⊗B2) ∼= HH1(B1)b⊗B2 ⊕B1 b⊗HH1(B2)

which is the Künneth formula of [GLW] in degree 1.
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Enfin

Theorem 5. [YC]

HarH
n
(R, N) ∼= Ext

n−1
R (eΩ[R], N)

∼=

kM

i=1

Ext
n−1
R

“
A

b⊗i b⊗eΩ[R]b⊗A
b⊗k−i

, N
”

∼=

kM

i=1

Ext
n−1
A

“
eΩ[A], N[i]

”

∼=

kM

i=1

HarHn(A, N[i])

∼=

kM

i=1

H
n
(A, N[i])

Here N[i] denotes the A-module with the same underlying

Banach space as N , where the generator z of A acts on N as

the ith generator zi of R.
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