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1. A simple model

A system (e.g., an atom) interacts with a stream of identical particles (e.g., photons).

The configuration of the system is described by an element of B(h).

[More generally, B(h) could be replaced by any concrete von Neumann algebra.]

The configuration of a particle is described by an element of B(k̂), where k̂ := Cω ⊕ k.

Let (ej) be an orthonormal basis for k and let e0 := ω.

[B(h) and B(k̂) are the algebras of observables for the system and a particle, we work in the

Heisenberg picture (observable evolve over time) and the particle is in the vector state ω.]

Interaction

All the particles are assumed to be in the same configuration before they interact with the

system. Hence the interaction can be described by a linear map

φ : B(h)→ B(h⊗ k̂) = B(h)⊗ B(k̂).

[Combining quantum systems corresponds to forming tensor products.]
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1. A simple model

Example

Let

φ : a 7→ U∗τ(a ⊗ I)Uτ [Heisenberg picture],

where τ is the duration of the interaction and Uτ = exp(−iτHtot) is the unitary operator given

by the Hamiltonian

Htot = Hsys ⊗ I + I ⊗ Hpar + Hint.

[The self-adjoint operators Hsys and Hpar represent how the system and particle evolve individually,

whereas Hint describes the interaction between them.]

Dipole interaction

Taking N := dim k <∞, the Hamiltonian for dipole interaction is

Hint =

N∑

j=1

(
Vj ⊗ |ej〉〈ω|+ V ∗j ⊗ |ω〉〈ej |

)
,

where Vj ∈ B(h).

[The particle is an N+1-level atom with ground state ω and excited states e1, . . . , eN; interaction

occurs when the particle moves from an excited state to the ground state or vice versa.]
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2. Repeated interactions

The system now interacts periodically with a stream of particles, as above; after interacting,

each particle ‘moves off’ and does not interfere with its successor.

Having met n particles, the combined system is described by

φ(n) : B(h)→ B(h) ⊗ B(k̂)⊗ · · · ⊗ B(k̂) = B(h⊗ k̂
⊗n);

a 7→ (φ⊗ IB(k̂⊗n−1)) ◦φ(n−1)(a).

(The particles move off to the right in the tensor product B(k̂)⊗ · · · ⊗ B(k̂).)

[Boundedness conditions must be imposed on φ (which hold if φ is ∗-homomorphic).]

This gives a family of maps [a quantum random walk]

φ(n) : B(h)→ B(h⊗ Γ) (n > 1),

where Γ :=
⊗∞

m=0 k̂(m) (with k̂(m) := k̂ for all m) is toy Fock space.

[This tensor product is taken with respect to (ω(m))
∞
m=0 (with ω(m) := ω for all m).]
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2. Repeated interactions

Toy Fock space Γ :=
⊗∞

n=0 k̂(n) is a discrete-time version of Boson Fock space.

If I ⊆ R+ then the Boson Fock space F(I) is the completion of the linear span E of the

exponential vectors {ε(f ) : f ∈ L2(I; k)}, with 〈ε(f ), ε(g)〉 := exp〈f , g〉.

The splitting

Γ = Γn) ⊗ Γ[n :=

n−1⊗

m=0

k̂(m) ⊗
∞⊗

m=n

k̂(m)

corresponds to the continuous tensor-product structure

F(R+) ∼= F([0, t[)⊗F([t,∞[);

ε(f ) 7→ ε(f |[0,t[)⊗ ε(f |[t,∞[).

(The space splits into past and future.)

Proposition

There is a natural co-isometry Dτ : F → Γ such that D∗τDτ → IF strongly as τ → 0+.

[Split F(R+) into F([0, τ [)⊗ F([τ, 2τ [)⊗ · · · and embed k̂(m) into F([mτ, (m + 1)τ [).]
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2. Repeated interactions

In the limit, the maps |ej〉〈ek | on B(k̂) give quantum noises Λjk on F :

〈ε(f ),Λjk(t)ε(g)〉 =

∫ t

0

f(j)(s)g(k)(s) ds〈ε(f ), ε(g)〉 ∀ t > 0,

where f (0) = g(0) = 1, f(j) = 〈f , ej〉 and g(k) = 〈ek, g〉 for j , k 6= 0.

Relation to classical stochastic processes

Let X = (Xt)t>0 be an RN-valued process.

1. If X is classical Brownian motion, there exists an isometric isomorphism UW : L2(Ω)→ F
such that

U∗W (Λj0 + Λ0j )(t)UW = X
(j)
t (j = 1, . . . , N).

2. If X is a standard compensated Poisson process (so that P(X
(j)
t + t = n) = e−ntn/n!)

there exists an isometric isomorphism UP : L2(Ω)→ F such that

U∗P (Λj0 + Λjj + Λ0j )(t)UP = X
(j)
t (j = 1, . . . , N).
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2. Repeated interactions

Quantum stochastic integrals

If (Ft)t>0 is a process of operators in h⊗F which is

(i) adapted:

Ftuε(f |[0,t[) ∈ h⊗F([0, t[) and Ftuε(f ) = [Ftuε(f |[0,t[)]⊗ ε(f |[t,∞[)

for all t > 0

and (ii) locally square-integrable:

∫ t

0

‖Fsuε(f )‖2 ds <∞

for all t > 0

then the quantum stochastic integral (
∫ t
0 Fs dΛjk(s))t>0 exists, is adapted and locally square-

integrable and satisfies

〈uε(f ),

∫ t

0

Fs dΛjk(s)vε(g)〉 =

∫ t

0

f(j)(s)g(k)(s)〈uε(f ), Fsvε(g)〉 ds

for all t > 0.
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2. Repeated interactions

A limit theorem

If the linear maps

φ = φ(τ) =

[
φ00 φ0×
φ×0 φ××

]
: B(h)→ B(h⊗ k̂) =

[
B(h) B(h⊗ k; h)

B(h; h⊗ k) B(h⊗ k)

]

and ψ : B(h)→ B(h⊗ k̂) are such that, as τ → 0+,
[

(φ00(a)− a)/τ φ0×(a)/
√
τ

φ×0 (a)/
√
τ φ××(a)− a ⊗ Ik

]

→ ψ(a)

then, as τ → 0+,

Kφ
t (a) := D∗τ

(
φ(n)(a)⊗ IΓ[n

)
Dτ ∀ t ∈ [nτ, (n + 1)τ [

converges to kψt (a) strongly on h⊙E , where

kψt (a) = a ⊗ IF +
∑

j,k

∫ t

0

kψs (ψ(a)kj ) dΛjk(s) (⋆)

and ψ(a) =
∑

j,k ψ(a)kj ⊗ |ej〉〈ek |.
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2. Repeated interactions

The scaling

Knowing the classical interpretation of the noises Λjk makes the scaling in the previous theorem

plausible: if B and P are Brownian motion and a compensated Poisson process then

(dBt)
2 = dt and (dPt)

2 = dPt,

so

dPt = dBt/
√

dt = dt/dt.

Propaganda

In the same way that studying classical random walks leads naturally to Brownian motion (e.g.,

Donsker’s invariance principle) the above shows that studying quantum random walks leads to

quantum stochastics.
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3. Dilations

Example

If

φ : a 7→ exp(iτHtot)(a ⊗ I) exp(−iτHtot),

where Htot = Hsys ⊗ I + I ⊗ Hpar + Hint,

Hpar =

N∑

j=0

µj |ej〉〈ej | and Hint =
1√
τ

N∑

j=1

(
Vj ⊗ |ej〉〈ω|+ V ∗j ⊗ |ω〉〈ej |

)
,

then Kφ → kψ, where

ψ(a) :=

[
i [a,Hsys]− 12{a, V ∗V }+ V ∗(a ⊗ I)V iV ∗(a ⊗ I)− iaV ∗

−i(a ⊗ I)V + iV a 0

]

and

V : h→ h⊗ k; u 7→
N∑

j=1

Vju ⊗ ej .



11

3. Dilations

Reduced dynamics

If Tt : B(h)→ B(h) gives the reduced dynamics of the system, so that

〈uε(0), kψt (a)vε(0)〉 = 〈u, Tt(a)v〉

then (⋆) shows that Tt = exp(tL), where

L : a 7→ i [a,Hsys]− 12{a, V ∗V }+ V ∗(a ⊗ I)V. [Lindbladian]

This is irreversible: the generator contains second-order dissipative terms, coming from the

system-particle interaction.

A quantum dynamical semigroup on the C∗ algebra A ⊆ B(h) is a family (Tt)t>0 ⊆ B(A)

such that:

(i) T0 = I and Tt+s = Tt ◦Ts for all s , t > 0;

(ii) each Tt is completely positive [Tt⊗ IB(Cn) ∈ B(A⊗B(Cn)) is positive for all n > 1];

(iii) ‖Tt‖ 6 1 for all t > 0.

[Technical continuity conditions are also required.]
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3. Dilations

Above we obtained a quantum dynamical semigroup on B(h) by compressing a larger object.

One can ask if the converse is possible: given a QDS, can one dilate it to something ‘better’ ?

Theorem

If (Tt)t>0 is a quantum dynamical semigroup on A ⊆ B(h), where A is a von Neumann algebra

or a separable unital C∗ algebra, then there exists a family of ∗-homomorphisms

kψt : A → B(h⊗F) (t > 0)

which satisfy the QSDE (⋆) and are such that

〈uε(0), kψt (a)vε(0)〉 = 〈u, Tt(a)v〉 (⋆⋆)

for all t > 0.

Proof

Using results of Christensen and Evans, we can write down the Lindbladian of the semigroup,

then find maps φ(τ) (given by unitary conjugation as above) which converge to a generator ψ

such that (⋆⋆) holds. The convergence of Kφ to kψ is in the strong-operator topology, which

means the ∗-homomorphic property of the quantum random walk transfers to the limit.
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4. Future directions

Other states

The construction of our model relies upon ω, which corresponds to the particles being in the

ground state. A more realistic model might have particles in the Gibbs state

ρβ :=
1

tr(e−βHpar)
e−βHpar,

where β > 0 is the inverse temperature.

(If Hpar =
∑N

j=0 µj |ej〉〈ej |, where µ0 < µj for j = 1, . . . , N, then ρβ → |e0〉〈e0| as β →∞.)

At the cost of introducing more noise, this scenario can be incorporated into our previous set-up:

use the GNS construction to get ρβ as a vector state on B(K̂), where K̂ := B(k̂).

The number of quantum noises increases from (dim k̂)2 − 1 = (N + 1)2 − 1 to (dim K̂)2 − 1 =

(N+ 1)4−1. However, Attal and Joye have shown that, for dipole interaction, only 4N of these

noises remain in the limit.

This result is expected to hold in much greater generality and establishing this is a matter of

current interest.
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4. Future directions

Unbounded generators

Many models involve Hamiltonians which are unbounded; finding dilations of quantum dynamical

semigroups with such generators is an interesting problem.

Matsui introduced a class of semigroups on UHF algebras of the form
⊗

g∈Zd
MN(C)(g)

where MN(C)(g) := MN(C) for all g ∈ Zd .

It is hoped that techniques based on those above will give similar results for dilations of these.

Steve Wills of UCC and I are at the beginning of a project investigating this approach.
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