The cyclotomic polynomials

Notes by G.J.O. Jameson

1. The definition and general results

We use the notation e(t) = ¢*™. Note that e(n) = 1 for integers n, e(3) = —1 and

e(s+1t) =e(s)e(t) for all s, t.

Consider the polynomial ™ — 1. The complex factorisation is obvious: the zeros of the

polynomial are e(k/n) for 1 <k <mn, so
s k
"= —e(2)]. 1
eI ()] R

One of these factors is  — 1, and when n is even, another is x + 1. The remaining factors

can be combined in pairs of the form

[z — e(k/n)][x — e(—k/n)] = 2% — 2z cos ? +1

to give the factorisation into linear and quadratic real factors.

We will describe a constructive factorisation into polynomials with integer coefficients,

and then present some applications to number theory. We write (a, b) for the ged of a and
b, and
E,={k:1<Ek<n, (k,n)=1}.

By definition, the number of members of £, is Euler’s ¢(n). The cyclotomic polynomials ®,,

are defined for all n > 1 by
k
o, = — — 1. 2
@ =TI [o-e (%), )

kE€En
(This is the usual notation; be careful to distinguish ®,, and ¢(n)!)

It is clear that ®,, is a monic polynomial (with, apparently, complex coefficients) of

degree ¢(n). We note some elementary cases:

n=1 FE; = {1}, hence ®i(z)=2z—1.

n=2: FE,={1}and e(3) = —1, hence ®y(z)=z+ 1.

n=4: E;={1,3}and e(}) =1, hence ®y(z) = (z —i)(x+1i) =2"+1.
1.1. For prime p,

P —1

z—1

Q,(z) = =1l+z+-+aP



Proof. Consider the factorisation of 2? — 1 given by (1) (with n = p). To obtain ®,(z),

remove the factor x — 1 corresponding to k = p. [

Let n > 3. Denote by E the members k of E, with k& < 7. Then E,, consists of the
pairs (k,n — k) with k € E; (note that in ¢ E,). Hence ¢(n) is even and E has 1¢(n)
members. Since e[(n — k)/n] = e(—k/n), we have the following factorisation of @, (z) into
quadratic real factors:

2rk
P, (z) = —e(k —e(—k/n)] = ?—2wcos — +1). 3
(z) kg [z —e(k/n)][z — e(=k/n)] kg*(x zeos—— +1) (3)

We deduce some properties of ®,(z) as a function of a real variable.
1.2. For alln > 3,
(i) ®,(x) has real coefficients;
(i)  ®n(0) =
(111)) D,(x) >0 for all real x;
(i) Pn(z
(v) forallz >0, (z—1)°M < ®,(z) < (x+1)%".

) is strictly increasing for x > 1;

Proof. (i) and (ii) are obvious. For —1 < a < 1, write f,(z) = 2? — 2az + 1. Then
falz) = (x —a)*>+ (1 — a?®) > 0 for all z, and is strictly increasing for z > 1: hence (iii) and
(iv). Also, (z — 1)* < fu(z) < (x + 1)? for all > 0: hence (v). O

1.3 PROPOSITION. Let n > 2. Let ¢(n) =m and ®,(x) =Y " c.a”. Then:
(i)  ®,(x) =2"P,(1/x) for x #0,

(i)  Cmr =c for 0 <r <m.

Proof. This is trivial for n = 2, so assume n > 2. Write cos(27k/n) = a;. By (3),

" P, (i) =11 »* (1 - % + %) = [ @ — 202 + 1) = @, ().

keE; keE:

Hence Y 7" jca” => " jea™ " =3 emopa” for all z # 0, s0 ¢y = ¢, for each r. O
We now explain how the cyclotomic polynomials provide a factorisation of ™ — 1.

1.4 LEMMA. Let n = nid. Then

= [[{lz —e(k/n)] : 1 < k <n, (k,n) =ni}.

Proof. By definition, ®4(x) = [[,cp,[v — e(r/d)]. Now r/d = (ni7)/n and (r,d) =1
iff (nyr,n) = ny; also, r < d iff nyr < n. Writing k = nyr, we see that ®4(x) equates to the
stated product. O



1.5 THEOREM. For alln > 1,

2" — 1 =[] ®al2). (4)

din
Proof. Every k such that 1 < k < n has (k,n) = n; for some divisor ny of n. When d

runs through the divisors of n, so does n; = n/d. Hence

1.6 COROLLARY. Forn > 2,
[[{®a(@) :dln,d>1} =142+ 2",

Proof. In (4), divide both sides by ®;(z) = x — 1. The statement follows by continuity
at x = 1. O

It follows at once from (4) that if m divides n, then
" —1

[[{®a(z) : din, d fm} = —— -

A typical deduction (which will be generalised by later results) is:

(5)

i

1.7. For prime p,

yp_l p—1
Op(w) =" —p =1H+y+ - +y"

where y = . In particular, ®g(zx) =22 +1.

Proof. In (5), take m = p*~! and n = p*. The only divisor of n that is not a divisor of

m is p*. The statement follows. [

Example. Let p, q be distinct primes. By 1.5, 2P — 1 = &1 (2) D, (2) P, () Ppy(x). With

1.1, this gives
(P4 —1)(x — 1)

) = (6)

Bl = G D 1)

In particular,
_aP+1

Byle) = T = a et

1.8 THEOREM. For alln, ®,(x) has integer coefficients.

Proof. Assume that @, (z) has integer coefficients for all » < n. By (4), 2" —1 =
®,(2)gn(x), where

gy = ] @ule).

dln,d<n

3



Write ®,(z) = > ¢,a” (where m = ¢(n)) and g,(xz) = >._ " a,z®. By the induction
hypothesis, each ay is an integer. Also, ap = ¢,(0) = —1. If any of the coefficients ¢, are
not integers, let ¢, be the first one that is not. Then the coefficient of 2* in the product
D, (z)gn(x) is coag + crag—1 + - - - + cx—1a1 — ¢k, which is not an integer. But this product is

2™ — 1, so this is a contradiction. O

Alternative proof. By the division algorithm in Z[z], since g,(x) is monic, there are
polynomials ¢(z), r(x), with integer coefficients, such that 2" — 1 = ¢(x)g,(x) + r(x) and
either = 0 or degr < deg g,. So ¢,(z)[P,(z) — ¢(x)] = r(z), hence @, (z) = ¢(z). O

Hence ®,(a) is an integer when a is an integer. Also, for positive integers a and n > 2,
®,,(a) = ?,(0) =1 mod a.

Note. Tt can be shown that ®,(z) is irreducible in Z[z], so that (4) is the complete
factorisation of z™ — 1 in this ring (e.g. [vdW, p. 160-161]). This is important in Galois

theory, but not for the topics considered here.

1.9 LEMMA. If n is odd, then the elements {n + 2r : r € E,} (considered mod 2n)

comprise Fsy,.

Proof. Suppose that (r,n) = 1 and that d divides n + 2r and 2n. Then d is odd, since
n + 2r is odd, so d divides n. Hence d|2r, so d|r. So d = 1. Hence (n + 2r,2n) = 1. If
n + 2r = n+ 2s mod 2n, then r = s mod n, so the elements n + 2r (r € E,,) are distinct

mod 2n. Since ¢(2n) = ¢(n), the statement follows. O
1.10. If n > 3 is odd, then ®o,(x) = ,(—x).

Proof. Recall that e(1 4 t) = —e(t). By the Lemma,

ous(e) = I [o- e ("52)| = TL [+ (%))

TGEn

Since ¢(n) is even, this equals [] . [~2 —e(r/n)] = ®,(—2). O
Alternatively, one can give an induction proof of 1.10, using 1.5.

Mébius inversion of (/). The expression in (6) can be extended to general n. Recall that
the Mobius function p is defined by u(1) = 1, p(n) = (=1)* if n is square-free with k prime
factors and p(n) = 0 for other n. The Mébius inversion theorem states: if 5, = > djn @ for
allm > 1, then o, = de Bap(n/d) for n > 1. By applying this to loga, and logb,, we
deduce: if a, > 0 and b, =[], aa for all n, then a, = [, b5 for all n. So (4) can be

inverted as follows:



1.11 THEOREM. For alln > 1 and x # +1,

@, (x) = [J = 1. @

din

Proof. This follows in the way just stated for x > 1, since then ¢ — 1 > 0 for each d.
The statement can be rewritten in the form ®,(z)Q(x) = P(z), where P(x) and Q(z) are
polynomials. Since it holds for = > 1, it holds for all real z. O

A variant, valid also when z = 1, is as follows: let f,(z) =1+ xz+---+2"! (n > 2)

and fi(x) = 1. By Mébius inversion of 1.6, with ®,(z) replaced by 1, we have for n > 2:

Du(w) = [ fala) oo,

d|n

We can now show that once ®,, is known for square-free values of n, it can be derived

for other n by a simple substitution.

1.12 THEOREM. Let n = p’flp?...pfr. Write pips...p, = ng and ny = n/ng.
Then ®,(z) = &, (™).

Proof. The divisors of ng are the numbers d = H;:1 pjj , with each €; in {0,1}. Denote
this set of divisors by d. Then

®,,(2) = H(Id _ 1)#(“0/‘1)'

deD

The divisors e of n that have u(n/e) # 0 are the numbers []_, p;’ with a; > k; — 1 for each
j. These are exactly the numbers nyd (d € D), and n/nid = ny/d. Hence

() = [[(@m! = 1)/ = @, (@), O

deD
1.13 COROLLARY. If p is prime and does not divide m, then

).

Proof. Let mp*~! = n, mpk = n’ and write n = ngn, and n’ = njn} as in 1.12. Then

k—1

CI)mpk (:L') = (Pmpk—l ([Ep) = q)mp(l’p

ny = no and nf = pny. By 1.12) &, (z) = ®,(2P). The second equality follows by iteration,

or similarly. O

In particular, @4, (z) = ®5,,(z?) (and so is an even function) for any m.

1

Ezample. Let p, q be distinct primes. Then ®,(x) = ®p(y), where y = 2P
particular, ®x () = (y? +1)/(y + 1). Also, ®or,(x) = (y? +1)/(y + 1), where y = =

In
2’671
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With the results now at our disposal, we can write down ®,,(x) for a selection of values

of n:

n D, (x) n D, (x)

1 x—1 9 aS+22+1

2 x+1 10 a2*—a23+22—2+1
3 2+ax+1 12 2t —22+1

4 2?41 16 28+1

5 a1 18 ab—a23+41

6 22—2x+1 20 28 —ab+at—2%+1
8 zt+1 72 M —z241

Ezample. The factorisation of 25 — 1 given by (4) is
(z—1D(xz+1)(@@*+z+1)(2" —z+1).

To determine @, (z) when n has two or more odd prime factors, one has to calculate

coefficients, as in the following example.

Ezample. Determine ®5(x). Denote it by S5, c,a”. By (6),
(cgz® + cra” + -+ 1z +co)(2® — 1)(2° — 1) = (2 — 1)(z — 1).

Equating coefficients, we find ¢co =1, ¢y = =1, ¢ =0, cs3=cy=1, ¢4 =c¢; =—1. By 1.3,
cs—r = ¢.. Hence

Pis(r) =08 —2" +2° — 2 + 2% — 2+ 1.

Another deduction from 1.11 is the following identity, which turns out to be very useful:

1.14 PROPOSITION. If p is prime, p does not divide m and k > 1, then for all z,

q)m(xpk)

(I)mpk (JJ) = ka_l).

Proof. Write mp* = n. The divisors j of n with u(n/j) # 0 are the numbers dp* and
dp*=1 for divisors d of m. So ®,(x) = P(z)P,(x), where

k

Pi(w) = [T =1 = @ (a7

dlm

)7

Po(w) = JJ (" = 1ypom/a =

dlm (I)m(xpkil) ’

since p(pm/d) = —p(m/d). The statement is a polynomial identity, valid for all real z. O



1.15. Forn > 2,

[ p if n=7p"(p prime, k > 1),
(1) = { 1 otherwise.

Proof. The statement for n = p”* is clear from 1.7. Otherwise, n can be expressed as
mp® with p fm and m > 1, k > 1. By 1.14,

We sketch two alternative proofs, both illuminating.

Proof 2. By 1.12, it is enough to show that ®,,(1) = 1 for n of the form p;ps . .. pg, where
k > 2. Assume this for lower values of k. By 1.6, [, 4o1 ®a(1) = n. Now @, (1) = p;,
and by hypothesis, these are the only proper divisors d of n with ®4(1) # 1. So the stated
product is p1ps ... pp®, (1) = nd, (1), hence &,,(1) = 1. O

Proof 5. By the variant of 1.11, ®,(1) =[], d“™ ) 50 log ®,(1) = > dn H(n/d)logd.
A well-known convolution identity equates this to the von Mangoldt function A(n), defined

by: A(p*) = logp for prime p and A(n) = 0 for other n. OJ
Since ®,,(x) is strictly increasing for > 1, it follows that ®,(x) > 1 for all x > 1.

Recall that @, (z) = 2™®,(1/z). By differentiation, one finds that @/, (1) = im®,(1).

1.16. For integers a > 1 andn > 2, ®,(a) is odd unless n = 2k and a is odd.

Proof. 1f a is even, then ®,(a) is odd, since it is congruent to 1 mod a. If a is odd,
then ®,,(a) = ®,(1) mod 2. By 1.15, ®,(1) is odd except when n = 2*. O

We now restate identity (7) in a more specific form, concentrating on square-free n: let
n = pip2...DPk, Where p; < py < ... < pg, with £ > 2 and p; > 3 (for p; = 2, then apply
1.10). Let D, E respectively be the set of products of even and of odd numbers of the p,.
Then D and E each have 2*~! members, because Zfzo(—l)’” () = (1= 1)k = 0. Let

r

Py =Tl -1, Q@ =IJw -1

deD ecE

Then ®,(x) equals P(z)/Q(x) if k is even and Q(x)/P(zx) if k is odd.
We can deduce some information about the first (and last) few coefficients:

1.17. Let n = pips ... px as above, and let ®,(x) = > c,a”. Then co =1 and:



(1) if k is even, thenc; = =1, ¢, =0 for2<r <py, ¢, =1, ¢cp41 =—1;
(i) if k is odd, then ¢, =1 for 1 <r <p; and ¢, = ¢p,+1 = 0.

Proof. Let D' = D \ {1}. The smallest element of D’ is p1ps, so

P(z)=(x—1) H(xd— 1) =1—xz—a"” +p(z),

deD’

where p(z) is composed of higher powers of . The two smallest elements of E are p; and

pa, s0 Q(x) =1 — aPr — aP2 + g(x), where ¢(z) is composed of higher powers.

If k is even, then &, (x)Q(z) = P(z). By equating coefficients, we obtain the values

stated for r < py, also ¢, =cp =1 and ¢y, 41 =1 = —1.

If k is odd, then ®,(x)P(z) = Q(x). For 1 < r < p;, we see that ¢, — ¢,_1 = 0, so

¢ =co= 1. Also, ¢, —¢p,—1 = —1,50 ¢, =0, and ¢y, 41 — ¢y, = 0. H
Recall from 1.3 that ¢,,_, = ¢,. So, for example, for even k, ®,(z) is of the form

R A C I PR Ly N

The results on ¢; can be summarised in the form ¢; = —u(n), since 1.12 shows that
c¢1 = 0 when n is not square-free. Also, it follows from the original definition that ¢, =
— > kem, €(k/n), so our statement is equivalent to », . e(k/n) = u(n), a special case of

the “Ramanujan sum”.

Note. From the examples seen so far, one might be led to suppose that the coefficients
in ®,,(x) are always 1, 0 or —1. However, none of these examples have more than two distinct
prime factors. For n = 3 x 5 x 7 = 105, by solving for coefficients as above, one finds that

Cr = —2.
Inequalities for ®,(x).

Recall from 1.2 that for n > 3, &, () lies between (x — 1)?™ and (z + 1)*™. With
1.14, this gives the following inequality, which looks rather special, but is just what is needed

for the proof of Zsigmondy’s theorem in Section 2.

1.18. Let n = mp®, where p is prime, k > 1 and p does not divide m. Let x > 2 and

$(m) ¢(m)

p_ 1 P

Y <P, (r) < v .
y+1 y—1

Further, ®,(x) > [yP~2(y — 1)]¢0™).

k—1

y=aP . Then




Proof. By 1.14,

C Du(y)
Now (y — 1)?™ < ®,,(y) < (y + 1)?™ and similarly for y?. The first statement follows.
The second statement is derived by noting that y? — 1 > y?~2(y* — 1). O

We now investigate the comparison between @, (z) and ™, where m = ¢(n). (Any
readers who are more interested in the number-theoretic applications can omit this and move
on to section 2.) By 1.2, ®,(z) < (z+1)™. We will show that (for x > 2) this bound can be
improved to ™ or [z/(x — 1)]z™, depending on whether the number of prime factors of n is
even or odd. Since ®,(x)/z™ = ®,(1/x), the statement ®,,(z) < 2™ for x > 2 is equivalent
to @,(x) < 1for 0 <z < %, and it is rather neater to prove the statement in this second
form. We will apply the following simple Lemma to the P(z) and Q(x) introduced above.

1.19 LEMMA. If 1 < nj; <ng < ...<ng, where k > 2, then for 0 <z <1,

™

(1—1:”1)(1—:6"2)...(1—55”’“)>1—1_x.

Proof. 1t is elementary that if 0 < a; < 1 for each j, then (1—ay)(1—aq)...(1—ax) >
1 —(a; +ag+ -+ ag). Hence the stated product is greater than

™

Il—a™ —a™— g™ >1—ag"(l+z+a®+--)=1- U

1—a
1.20 PROPOSITION. Suppose that n has k distinct prime factors. Write ¢p(n) = m.

If k is even, then 1 — 2 < ®,(z) <1 for 0 <z < 5 and

(z —Da™ ! < d,(x) < 2™ for x> 2.

If k is odd, then 1 < ®,(z) <1/(1 —z) for 0 <z < 5 and

xm—l—l

r—1

" < dpy(x) < for x> 2.

Proof. We prove the statements for 0 < x < %: the statements for z > 2 then follow,
by the identity &, (z) = 2™®,(1/x). Also, if we can prove the statements for square-free n,
the statements for other n then follow, by 1.12 (in fact, 1 — = can be replaced by 1 — 2™ in
the notation of 1.12). So let n = pyps...px, where p; < po < ... <pp. If k=1, s0n=7p
(say), then ®,(z) = (1 —aP)/(1 — x), and it is clear that the stated inequalities hold (and
that the upper inequality is asymptoticaly optimal). So we assume that k& > 2.

Let D, E, P(z), Q(z) be as in 1.17, but we now write P(z) in the form [],. (1 — z%).
Recall that ®,,(x) is P(z)/Q(z) if k is even and Q(z)/P(z) if k is odd. The stated inequalities
follow if we can show that 1 —z < P(z)/Q(z) < 1for 0 <z < 3.

9



Since 1 € D, we have P(z) < 1 — z. Meanwhile, the smallest member of E is p; > 2,

so, by the Lemma,

$2

Qz) >1—

1—x

Hence for 0 < x < %,

so P(z) < Q(x).

Also, Q(z) < 1 — zP*. Apart from 1, the smallest member of D is pips, so, by the

Lemma,
l‘plp2

P(x)>(1—x) <1— 1
So we will have P(x) > (1 — 2)Q(x) if 27?2 < zP (1 — z), or 2”1 < 1 — 2. Now
p1(pa — 1) > 4, so it is sufficient if 2* < 1 — 2, which is satisfied when 0 < z < % (and in fact
when = < 0.724). O]

)zl—x—xmpz.

— X

Note. For k = 2, it is easily seen from (6) that 1 — 2 < &, (z) < 1 for all z in (0, 1).
However, in general the inequalities comparing ®,,(x) with 1 do not extend to (0,1). Indeed,
for any k > 2 (even or odd), we have ®,(1) =1 and ®/ (1) > 0, so that ®,(x) < 1 on some
interval (1 — 4, 1). Meanwhile, for n =210 = 2 x 3 X 5 x 7, calculation (from (7), assisted by
1.10) shows that ®,(0.9) > 1.

In particular, 27! < ®,(2) < 2™ if k is even and 2™ < ®@,,(2) < 2T if k is odd. One
can deduce a fact that is quoted sometimes: ®,(2) > n for all n except 1 and 6. This is not
really a natural comparison, and we will leave it aside. However, we include the following
weaker statement, which can serve as an alternative to 1.18 for the purpose of Zsigmondy’s

theorem:

1.21. Let n > 2 and let p be the largest prime factor of n. Then ®,(2) > p, with strict

inequality except when n = 6.

Proof. 1t is enough to prove the statement for square-free n. For then if n = ngn; as
in 1.12 (with ny > 1), it follows that ®,(2) = ®,,(2™) > ®,,(2) > p, since D, () is strictly
increasing. If n = p (prime), then ®,(2) = 2P — 1 > p. So assume that n = pips ... pg, with
k > 2 and p the largest p;. Then ¢(n) > p — 1, so ®,(2) > 272, which is greater than p if
p > 5. This leaves only the case n = 2 x 3 = 6, and we note that ®4(2) = 3. O]

10



2. Prime factorisation of ®,(a) and number-theoretic applications

We now consider the prime factorisaton of ®,,(a). We show that it is closely connected
to the order of a modulo these primes. If (a,p) = 1, the order of a mod p, denoted by
ord,(a), is the smallest n > 1 such that " = 1 mod p. Recall: if ord,(a) = n and r is
any positive integer such that a” = 1 mod p, then r is a multiple of n. By Fermat’s little

theorem, if p is prime and ord,(a) = n, then n divides p — 1, so p =1 mod n. .

It is not hard to determine orders using modular arithmetic. As a background to the

following results, we record the values of ord,(2) and ord,(3) for primes p < 41:

P 3 5 7 11 13 17 19 23 29 31 37 41
ordy(2) 2 4 3 10 12 8 18 11 28 5 36 20
ordy3) — 46 5 3 16 18 11 28 30 18 8

Example. There is no prime p such that ord,(2) = 6. For then p would have to divide
26 —1 =63 = 32 x 7. However, ords(2) = 2 and ord;(2) = 3.

We shall see, as an application of cyclotomic polynomials, that this example is quite
exceptional (Zsigmondy’s theorem, below). We now start describing the connection. Note

first that prime factors of ®,(a) do not divide a, since ®,(a) = 1 mod a.
2.1. If p is prime and ord,(a) = n, then p divides ®,(a).

Proof. Then p divides a™ — 1 and does not divide a? — 1 (so does not divide ®4(a)) for
any d < n. Since a" — 1 =[], ®a(a), it follows that p divides ®,(a). O

As a first application, we have the following estimate:

2.2. Let a > 2 and let N(n,a) be the number of primes p such that ord,(a) = n. Then
1 1
N(n,a) < 2Wloga+ 1
log(n + 1)
Proof. Let these primes be py, pa, ..., pr. Then p; > n+1 for each j, and pips ... pr <
®,(a). By 1.20, ®,(a) < 2a®™. So (n+1)¥ < 2a®™ hence klog(n+1) < ¢(n)loga+1. O

Without cyclotomic polynomials, one would obtain a similar estimate with n replacing

¢(n), since clearly p1ps...pp < a™ — 1.

Primes p with ord,(a) = n are called Zsigmondy factors of ®,(a) (they are also called
primitive prime factors of a™ — 1). Note that they satisfy p = 1 mod n. We now show that
non-Zsigmondy prime factors of ®,(a) can occur. We will make repeated use of the following

elementary lemma on congruences;

11



2.3 LEMMA. Suppose that p is prime and a = 1 mod p. Then:
(i) (a?—=1)/(a—1)=1+a+---+a’"" is a multiple of p;
(ii) a? =1 mod p?;
(iii) Ifp>3, thenl+a+---+a’'=p mod p* (so is not a multiple of p*).

Proof. (i), (ii). 1+a+---+a” ! = p mod p, so is a multiple of p. Also, a? —1 =
(a—1)(1+a+---+aP™"), in which both factors are multiples of p.

(iii) Let a = kp+ 1. By the binomial theorem, a” = 1+ rkp mod p?. Hence (since p— 1
is even),

p—1 p—1
Zar5p+kp2r:p+%k(p—1)p25p mod p?. 0J
r=0 r=0

Recall that ®,(a) = 1+ a + --- + a~! for prime p. So if @ = 1 mod p (so that
ord,(a) = 1), then p itself is a factor (but not a Zsigmondy factor) of ®,(a). This remark

can be generalised, as follows:

2.4 PROPOSITION. Suppose that p is prime and ord,(a) = m. Let n = mp*, where
k> 1. Then p divides ®,(a). However, if n > 3, then p* does not divide ®,,(a).

Proof. We use (7). Let D be the set of divisors d of m with p(m/d) # 0. The divisors
j of n with u(n/j) # 0 are dp* and dp*~! for d € D. Now (m,p') = 1, so m divides dp’ only
when d = m. Hence when d < m, p does not divide a®" — 1. By (7), ®,(a) is of the form
P —1 H fd((l)
b—1 a(

b
a
deD. d<m I )

where b = ™" ™" and the terms fa(a), gq(a) are not multiples of p. Now b = 1 mod p, so by
2.3(1), (b —1)/(b—1) is a multiple of p. So p divides ®,(a).

By 2.3(iii), if p > 3, then p? does not divide (b* — 1)/(b — 1), so p? does not divide
®,,(a). This statement also holds when p = 2 and n > 2: then m = 1, so n = 2* for some
k>2 and ®,(a) = a® ' 4+ 1. Now r2 =1 mod 4 for odd r, so ®,(a) = 2 mod 4. O

Note 1. For p, m, n as in 2.4, m divides p — 1, so p is the largest prime factor of n.
Note 2. The second statement in 2.4 fails forn =2 (sop =2, m =1): ®y(7) =8 = 2°.

Note 3. Under the hypotheses of 2.4, p divides ®,,,-(a) for 0 < r < k, so p* divides

a" — 1 (however, this can be proved quite easily without cyclotomic polynomials).
Note J. By a well-known result in number theory, if m divides p—1, then the condition
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ord,(a) = m is satisfied by exactly ¢(m) values of @ mod p. For example, ords(a) = 4 if a is

congruent to 2 or 3 mod 5.

We now establish a very striking fact: non-Zsigmondy prime factors of ®,(a) only
occur in the way described in 2.4, so that for a given n, there is at most one such factor, the
largest prime factor of n. Consider first the special case n = p. Let ¢ be a non-Zsigmondy
prime factor of ®,(a). Then o = 1 mod ¢, so ord,(a) divides p. By assumption, it is not p,

so it is 1, hence a = 1 mod ¢. Hence
Py(a)=1+a+---+a"" =p modgq.

Since ®,(a) is a multiple of ¢, it follows that ¢ = p: the only possible non-Zsigmondy factor

of ®,(a) is p itself, and it is a factor exactly when a = 1 mod p.

This reasoning can be adapted without too much trouble to the general case. The neat

version given here is due to Roitman [Roi.

2.5 THEOREM. Let n > 2, a > 2. Let p be the largest prime factor of n, and let

n=mp*. Then:

(i) pis a prime factor of ®,(a) iff ord,(a) =m (in which case m divides p —1);
(i1) all other prime factors q of ®,(a) have ord,(a) =n (hence ¢ =1 mod n).

Proof. We prove the statements together. Let ¢ be a prime factor of ®,(a) with
ord,(a) = s < n. Then a” = 1 mod ¢, so s divides n. Also, s divides ¢ — 1. Let r be a prime
factor of n/s, and write n/r = h. Then s divides h, so a” = 1 mod ¢q. Write a" = ¢. By (5),

®,,(a) divides
a"—1 " —1
ah—1 c¢—1

which is congruent to r mod ¢, since ¢ = 1 mod ¢. But it is a multiple of ¢, so r = ¢. So

=l+ct- -+

q is the only prime factor of n/s, hence n = s¢® for some k > 1. Since s divides ¢ — 1, this
shows that ¢ is the largest prime factor of n, so ¢ = p and s = m. So p is the only possible
non-Zsigmondy factor of ®,,(a), and if it is one, then ord,(a) = m. The converse was shown
in 2.4. ]

Ezample. Since ®4(a) = a* + 1, the case n = 4 in 2.5 reproduces the well-known fact

that any odd prime factor of a? + 1 is congruent to 1 mod 4.

2.6 COROLLARY. If q is a prime factor of ®,(a), then the following statements are
equivalent: (i) ord,(a) =n, (i) q does not divide n, (iii) g =1 mod n. O

2.7 COROLLARY. For k > 1, every prime factor q of ®,,(kn) is congruent to 1 mod n.
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Proof. Since ®,,(kn) =1 mod kn, ¢ does not divide n. By 2.6, ¢ =1 mod n. O
This corollary has a pleasant application to prime numbers:
2.8. For every n > 2, there are infinitely many primes congruent to 1 mod n.

Proof. First, let p; be a prime factor of ®,(n). Then p; = 1 mod n. Having found
primes pq, po, . .., pr congruent to 1 mod n, let N = npp,...p,, and choose a prime factor
q of ®,(N). Then ¢ = 1 mod n, and ¢ /N, so ¢ # p; for each j. O

Probably the most important application of cyclotomic polynomials is the next result,

usually known as Zsigmondy’s theorem, though in fact it was first proved by Bang in 1886.

2.9 THEOREM. For every a > 2 and n > 3 except the case a = 2, n = 6, there exists
at least one prime q such that ord,(a) = n. Equivalently, there is a Zsigmondy factor of
D, (a).

Proof 1, using 1.21. Assume, for a particular ¢ and n, that there is no such ¢. Let p
be the largest prime factor of n. By 2.5 and 2.4, p is the only prime factor of ®,(a) and p?
does not divide ®,,(a), so in fact ®,(a) = p. In 1.21, we saw that if a = 2, this only occurs

when n = 6. Since ®,, is strictly increasing, it never occurs with a > 3. O

Proof 2, using 1.18. Assume there is no such ¢. Again, it follows that ®,(a) = p;

further, n = p*m, where m divides p — 1.
If p =2, then n = 2%, where k > 2, so ®,(a) = a?’ " +1 > 2, a contradiction.

Now suppose that p > 3. By 1.18, ®,(a) > 0P, where b = a?" . So we require
b*=2 < p. For p > 5, this does not occur for any b > 2. For p = 3, it occurs only for b = 2,
which implies that « = 2 and k = 1. Also m is 1 or 2, so n is 3 or 6. However, ®3(2) = 7,
which is not a factor of 3 (or we can just note that ord;(2) = 3). So a =2, n = 6 is the only

case in which there is no Zsigmondy factor. O

Note on the case n = 2: This case is easily handled. To have ord,(a) = 2 for some
prime ¢ > 2, we require ¢ to divide a®> —1 = (a+1)(a— 1) but not a — 1, hence ¢ must divide
a + 1. Clearly, such a ¢ exists provided that a is not of the form 2% — 1.

Zsigmondy (in 1892) established a more general version of the theorem in which a” — 1

is replaced by a™ — b™.

Let us call a number pure (not a standard term) if it is of the form mp*, where p is

prime and m divides p — 1, and impure otherwise. Clearly, if n is impure, then for all a,
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every prime factor of ®,,(a) is a Zsigmondy factor. Many numbers are impure, for example
any of the form p’¢*, where p < ¢ and p/ does not divide ¢ — 1 (e.g. 12, 15, 28, 36).

Some examples of pure numbers are those of the form p*, 2p*, 4.5%. For n = p*, the
condition ord,(a) = m equates to a = 1 mod p, and for n = 2p¥, it equates to a = —1 mod

p. Rather simpler proofs of 2.4 and 2.5 can be given for these two cases.

We illustrate these facts by the first few values of ®¢(a) = a®> — a + 1. In accordance
with the remarks above, 3 is a prime factor exactly when a = 2 mod 3, and all other prime

factors are congruent to 1 mod 6.

a Dg(a) a Dg(a) a Dg(a)

1 1 5) 21=3x7 9 73

2 3 6 31 10 91 =7x13
3 7 7 43 11 111 =3 x 37
4 13 8 57 =3 x19 12 133 =7x19

For further illustration, we list the values of ®,(2) and ¢,(3) (in factorised form) for

selected small values of n. We record the largest prime factor of n, denoted as before by p.

n p ®,(2) 0,(3) n p ®,(2) ®,(3)

2 2 3 22 10 ) 11 61

3 3 7 13 11 11 23 x 89 23 x 3851

4 2 5) 2 x5 12 3 13 73

5) ) 31 112 14 7 43 o547

6 3 3 7 15 5) 151 4561

7 7 127 1093 16 2 257 2 x 17 x 193
8 2 17 2 x 41 18 3 3x19 19x37

9 3 73 57 20 5 5x41 5 x 1181

Note from the example ®5(3) = 11% that Zsigmondy factors, unlike non-Zsigmondy

factors, can appear squared.

Ezample. To find ®45(2) and factorise it: By 1.12, ®45(x) = Pg(2®) = 2'9—2%+1, hence
$45(2) = 65281. Any prime factors must be congruent to 1 mod 48. The first candidate is
97, and we find that 65281 = 97 x 673.

Write @7 (a) for @, (a) with any non-Zsigmondy factors removed. In other words, if
n = mpk > 3 and p divides ®,(a), then ®%(a) = ®,(a)/p, otherwise ®*(a) = ®,(a). This is
not a new polynomial, since (for a given n), the division by p occurs only for certain values
of a. All prime factors ¢ of ®}(a) have ord,(a) = n, so that ¢ = 1 mod n. Hence ®(a) =1

mod n, and if m # n, ® (a) and @} (a) have no prime factors in common, so are coprime.
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Application to pseudoprimes

m=1 =1 mod

Fix a > 1. We write F'(a) for the set of positive integers m such that a
m. By Fermat’s theorem, F'(a) includes all primes that are not divisors of a. Note that if
m € F(a), then (a,m) = 1. A composite member of F(a) is called an a-pseudoprime. We

denote the set of such numbers by PS(a).

If, for some n, we know that m divides a™ — 1 and m = 1 mod n, then m € F(a), since
a" =1 mod m and m — 1 is a multiple of n. These conditions are satisfied by m = ®%*(a)

(and its divisors), so we have:

2.10. For alla > 2 andn > 2, we have O (a) € F(a), sois in PS(a) if it is composite.

The same applies to any composite divisor of ®(a). O

In particular, if p is prime and does not divide a — 1, then by 2.5, ®;(a) = ®,(a) =
(a? —1)/(a — 1), and this number belongs to F'(a). Similarly for ®q,(a) = (a? +1)/(a + 1)
if p does not divide a 4+ 1. These facts were observed by Cipolla in 1904.

For readers familiar with the notion, we mention that ®(a) is actually a strong a-

pseudoprime if composite, since a has the same order n modulo each of its prime factors.
The following further result was also noted by Cipolla in the case n = p.
2.11. Ifn > 3 is odd, then @} (a)®3, (a) € PS(a) except in the case a =2, n = 3.

Proof. By (4), the stated product divides a** — 1. Now ®%(a) = 1 mod n and is odd
(by 1.16), so @} (a) = 1 mod 2n. By 2.9, both factors are greater than 1. O

Example. The cases n =5, 7, 9 give the 2-pseudoprimes 11 x 31, 43 x 127, 19 x 73.

Of course, it follows that there are infinitely many a-pseudoprimes for each a > 2. We
now describe a refinement in which the number of prime factors is specified. It was first

proved for the case a = 2 by Erdos in 1949.

With « fixed, write m(p) = ord,(a). Consider a square-free number n = pips ... py.
Write n/p; = r;. Clearly, n € PS(a) if and only if "' = 1 mod p;, equivalently, m(p;)
divides n — 1, for each j. Further, this condition is equivalent to m(p;) dividing r; — 1 for

each j, since m(p;) divides p; —land n —1=p;r; — 1= (p; — )r; + (r; — 1).

2.12 PROPOSITION. For every a > 2 and k > 2, there are infinitely many square-free

a-pseudoprimes with k prime factors.
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Proof. First we prove the case k = 2. Let p (> 3) be a prime not dividing a — 1 or
a + 1. Choose prime factors ¢; of ®,(a) and g of ®y,(a). By 2.5, ¢ = 1 mod p, hence also
mod 2p, and ¢ = 1 mod 2p. Further, q;¢, divides a®” — 1, so q1q2 € PS(a). Since m(q;) = p,

a different such pseudoprime is obtained for each p.

Now assume the statement for a particular k. Taken = ¢1¢2 ... ¢ € PS(a). Then m(g;)
divides n — 1 for each j. By Zsigmondy’s theorem, there is a prime g with m(q) = n — 1.
Then n — 1 divides ¢ — 1, so m(q;) divides gn — 1 = g(n — 1) 4+ (¢ — 1). So by the criterion
stated above, gn € PS(a). Also, ¢ > n, from which it is easily seen that a different choice

of n will generate a different gn. This proves the statement for k£ + 1. |
Application to Wieferich primes

Fix a > 2. If p is prime and not a divisor of a, then by Fermat’s little theorem,
a’~! = 1 mod p. How many primes satisfy the stronger condition that a?~! = 1 mod p??
This is equivalent to p? being a-pseudoprime. For a = 2, such primes are known as Wieferich
primes, and they do not occur frequently: computation has shown that there are only two
less than 10%, namely 1093 and 3511. For a = 3, it is easily seen that the condition is satisfied
by p = 11, but the second example is 1,006,003 [Rib, p. 347]. It has not been proved that
there are infinitely many Wieferich primes, or even (despite their apparent preponderance)

that there are infinitely many non-Wieferich primes.

Without offering any progress on these questions, we show how they can be rephrased
in terms of cyclotomic polynomials. We need the following lemma, which is well-known in

the context of pseudoprimes:
2.13 LEMMA. If p is prime, a?~' =1 mod p* and ord,(a) = n, then a™ =1 mod p*.

Proof. Then a = a? mod p?, so a® = a”® mod p?. But ¢" = 1 mod p, so by Lemma
2.3, @’ = 1 mod p?. O

2.14. Suppose that p is prime and not a divisor of a. Let ordy(a) = n. Then the
following statements are equivalent:
(i) aP~*=1mod p?,
(i) p* divides ®,(a).
Proof. If (ii) holds, then a™ = 1 mod p?. But n divides p — 1, so (i) holds.
Conversely, assume (i). Then, by the Lemma, p? divides a” — 1. Since ord,(a) =n, p

does not divide ®4(a) for any d < n. Since a" — 1 = [],,, ®4(a), it follows that p* divides
D, (a). O
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Hence all the Zsigmondy factors of ®,(2) (for any n) that do not appear squared are

non-Wieferich primes. From our table of values, we see that these include, for example,
11, 13, 17, 19, 23, 31, 41, 43, 73, 89, 127, 151, 257.

To show that there are infinitely many non-Wieferich primes, it would be sufficient to show

that there are infinitely many values of n for which such factors occur.
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