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Summary

We present a class of spherically symmetric random variables defined by the property that
as dimension increases to infinity the mass becomes concentrated in a hypersherical shell,
the width of which is negligible compared to its radius. We provide a sufficient condition for
this property in terms of the functional form of the density, and then show that the property
carries through to equivalent elliptically symmetric distributions, provided that the contours
are not too eccentric, in a sense which we make precise. Individual components of such
distributions possess a number of appealing Gaussian-like limit properties; in particular that
the limiting one-dimensional marginal distribution along any component is Gaussian.
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1 Introduction

Any spherically symmetric random variable can be represented as a mixture of spherical
“shells” with distribution function proportional to 1yfx|>r;. We consider a class of the
spherically symmetric random variables for which as dimension d — oo the effective range
of the mixture of “shells” becomes infinitesimal relative to a typical scale from the mixture.
We then generalise this class to include a subset of the corresponding elliptically symmetric
random variables. This offers a relatively rich class of random variables, the components of
which are shown to possess appealing Gaussian-like limit properties.



Specifically we consider sequences of spherically symmetric random variables {Xy} which
satisfy

X
cither 12l 2y (1)

Td

X- m.s.

or [1Xd] — 1, (2)

rd
for some positive sequence {ry}. Here and throughout this article ||-|| refers to the Eu-
clidean norm. The set of such sequences includes, for instance, the sequence of standard

2 m.s.

d-dimensional Gaussians, for which |[Xg4|| /d*/? ™% 1; indeed the Gaussian-like limit prop-
erties of the whole class arise from this fact. More generally, we provide a sufficient condition
for (2) for sequences of random variables with densities of the form

Ja(xa) o< exp [=g([[xal])] (3)

We then consider elliptically symmetric random variables, which are obtained by a sequence
of (potentially) random linear transformations of spherically symmetric random variables
satisfying either (1) or (2) and show that the properties (1) and (2) are unaffected by the
transformation provided that the eccentricity of the elliptically symmetric random variable
is not too extreme, in a sense which we make precise. Finally we show Gaussian-like limiting
behaviour for individual components of a random variable from this class, both in terms of
their marginal distribution, and in terms of a their maximum.

Section 2 presents the main results, which are briefly summarised and placed in context in
Section 3; proofs are provided in Appendix A.

2 Results

Our first result provides a class of densities and associated scaling constants that satisfy (2).

Theorem 1 Let {X,} be a sequence of spherically symmetric random variables with density
given by (3). Let g € C? satisfy

2
(r %) g(r) =00 as r— oo, (4)
and let rq be a solution to p
re g(r)=d.

Then there is a sequence of solutions which satisfies rqg — oo, where rq is unique for suffi-
ciently large d. Elements of this sequence and Xy together satisfy (2).



The class of interest therefore includes the exponential power family, which has densities
proportional to exp(—|[x||*) (a > 0), and ry = (d/a)'/?; indeed the class includes any
density with polynomial exponents. However it does not include, for example, the log-normal
density proportional to ||x||™ exp (—0.5(||x|| — )?).

Theorem 1 requires ¢ € C2. Other functional forms can also lead to the desired convergence,
although not necessarily with ry — oo; for example g(r) = 1<13.

We next show that (1) and (2) continue to hold after a linear transformation is applied to
each Xy, providing that the resulting sequence of elliptically symmetric random variables is
not too eccentric.

Theorem 2 Let {X,} be a sequence of spherically symmetric random variables and {rq} a
sequence of positive constants. Further let {T4} be a sequence of random linear maps on R?
which are independent of {X4}. Denote the eigenvalues of T4Tq by g1 > Aa2-++ > Aga > 0,
and set By = Zle Aai- If

A
BL; 250 (5)
then
X d/?||T,;X
Tq Bd Td
X m.s d1/2 T X m.s
! d||;>1¢w;> 1. (7)

The class of elliptically symmetric random variables therefore includes, for example, densities
of the form exp(— (x!Ax)*) (a > 0), for symmetric A for which the sum of the eigenvalues
is much larger than their maximum.

Our final theorem demonstrates that even if the weaker condition (1) is satisfied by a spher-
ically symmetric sequence, then any limiting one-dimensional marginal distribution is Gaus-
sian; it also provides a slightly weaker result for elliptically symmetric sequences as well as
a limiting bound on the maximum of all of the components.

Theorem 3 Let the sequence of spherically symmetric random variables {X4} and the se-
quence of positive constants {rq} satisfy (1), and let the sequence of d-dimensional linear

maps, { T4}, satisfy (5).

1. For any sequence of unit vectors {ey}, which may be random, but is independent of

{Xd}; 12
d
—Xd *€q i) N(O, 1)

rq



2. For any sequence of random unit vectors {eq} which is independent of {X4} and {T4},
and the d* of which is distributed uniformly on the surface of a d-sphere,

d D
B (TaXa) - €a — N(0,1).
d Td

3. Denote the it component of Xq as Xa,. Then

d'/? )
(2logd)'/2 ry max Xa; — 1.

It should be noted that the first part of Theorem 3 is not simply a standard consequence of
the central limit theorem. Rather it results from the fact that the standard d-dimensional
Gaussian satisfies condition (1), and hence any other sequence which satisfies (1) becomes in
some sense “close” to a d-dimensional Gaussian as d — 00; close enough that the marginal
one-dimensional distributions start to resemble each other.

The resemblance to a standard multivariate Gaussian is sufficient for a similar deterministic
limit on the maximum of all of the components (Part 3); however the well known limiting
Gumbel distribution for the maximum of a set of independent Gaussians (see Section A.3)
is not shared by all members of this class.

3 Discussion

It is well known (e.g. [1]) that any given spherically (or elliptically) symmetric random vari-
able can be represented as a mixture of Gaussians; the marginal distribution of any given
component is therefore also a mixture of Gaussians. Further, [2] show that for a sequence
of independent and identically distributed components, the marginal one dimensional distri-
bution along all but a vanishingly small fraction of random unit vectors becomes closer and
closer to Gaussian as dimension d — oo.

In a sense we have presented an intersection of these two ideas: a class of spherical and
elliptical distributions for which the limiting marginal distribution is in fact Gaussian; not a
mixture. Moreover the maximum component size is bounded in proportion to (logd)'/?, in a
similar manner to the maximum component size of a high dimensional Gaussian. A sufficient
condition for the functional form has been provided, and this is satisfied, for example, by
the exponential power distribution.

The Gaussian-like limit properties are fundamental to results in [3] and [4] where it is shown
that if the proposal distribution for a random walk Metropolis algorithm is chosen from this
class then some aspects of the behaviour of the algorithm can become deterministic and, in
particular, that the optimal acceptance rate approaches a known fixed value as d — oo.
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A  Proofs of results

A.1 Proof of Theorem 1

It will be helpful to define R, := ||Xy4||, and Uy := log Ry, and to transform the problem to
that of approximating a single integral:

b log b
P(R € (a,b)) x / dr ' exp [—g(r)] = /1 du exp [ud — g (e")]. (8)

Here and elsewhere for clarity of exposition we sometimes omit the subscript, d.

Theorem 1 is proved in three parts.

e We first show that for d > d, (for some d, > 0), the density o exp [ud — g (e*)] attains
a unique maximum in [u,,00) for some fixed u, € R. We will denote the value at
which this maximum occurs as uy. The required sequence of scalings will turn out to
be rq = exp(ug).

e Convexity arguments are then applied to show that

Xdl o, |
Td

e [t is then shown that for any fixed £ > 0
1

rk

E[IXdl"] - 1.
d

Applying this with £ = 1 and k& = 2 provides the requried result.

A.1.1 Existence of an unique maximum in [u,, co0)

Define n(u) := g (e*). Clearly n: R — R and n € C?; also Condition (4) is equivalent to

lim 7" (u) = oo, 9)

U—00

Hence we may define
uy = inf{u:n"(u') > 1V u > u}.

Lemma 1 Subject to Condition (9), 3 d. such that for all d > d, there is a solution ug > u,
to the equation n'(u) = d which is unique in [u,,o0). Moreover ug — 0.

b}



Proof: For u > u,, n'(u) > n'(u.) + u — u.. Let d, be the first positive integer greater than
7' (us) then clearly there is a solution to '(u) =d V d > d..

If there are two such solutions, u’ and «” with v/ > u” > wu, then we obtain a contradiction
since

77,(“/) B 77/(“”) _ n//(u///>

u = u

0=

for some v € [/, u"].
)

Next consider successive solutions, u, and ug. 1 for d > d, and again apply the intermediate

value theorem:

1 _ n/(ud-i-l) - U/(Ud) _ n//(u/) > 0’

Ud+1 — Uqg Ud+1 — Ud

for some ', since v’ > u,. Therefore ugyq > ug and the sequence {uy : d > d,} is monotonic
and therefore must approach a limit. Suppose that this limit is finite, u4 — ¢. Then since
n' is continuous, 1’ (ug) — 1'(c) < oco. This contradicts the fact that n'(uy) = d and hence
ug — 00. Since 1" (u) — 0o as u — oo the proof is complete.

A.1.2 Convergence in probability

Lemma 2 Let {X4} be a sequence of spherically symmetric random variables with density
given by (3). If g € C? and satisfies (4) then there is a sequence rq — oo such that

Xl o, |
Td

In proving Lemma 2 we consider the log-density (up to a constant) of Uy:

a(u) = ud —n(u). (10)

Note that Condition 9 implies that ¢/)(u) — —oo as u — oo, and ¥/j(u) < —1 ¥V u > u,.

We now assume d > d, and consider the integral [°°_du exp[tg(u)]. This integral must be
finite for all d greater than some d,,, since otherwise {R;} cannot be an infinite sequence
of random variables. For a given ¢ € (0,1), the area of integration is partitioned into five
seperate regions:

o R = (—o0, u.J;
o R\ = (uy, uq+log(l—0)];

o RV = (ug+log(1 - 4), ud;



. Rid) = (ug, uq+log(l+9)];

e and Réd) = (ug + log(1 4 6), o0).

It will be convenient to define the respective integrals

19 = /(d) du explipg(u)], (i=1,...,5). (11)
Ri
Note that (145) exp(an)
exp(uq
Iéd) + IAEd) x / dr f.(r)
(1-6) exp(uq)

where f,.(r) is the density of R. The required convergence in probability will therefore be

proven if we can show that by taking d large enough, each of I 1(d), 12([1) and [, éd) can be made

arbitrarily small compared with either [?Ed) or I id).

The next three propositions arise from convexity arguments and will be applied repeatedly
to bound certain ratios of integrals.

Proposition 1 Let ¢ : [u,,00) — R have " (u) < 0. For any ug, u; € [uy, 00),
/u1 du e?™ > ew(ul)& (ew(uo)—w(ul) . 1) .

0 Y(uo) — Y(u1)

Proof: Define the interval K := [ug, u;] if u; > ug, and [uy, uo] otherwise. By the concavity

of ¢,
Y(u) > P(uy) + —¢(u1) — w(u())(u —u;) VYVue K.
Uy — Up
Hence " ”
‘/ @6w02¢m>/ miwpvwa—wwww_uﬂ‘
ug uQ U1 — Uo

The result follows on evaluating the right hand integral.

Proposition 2 Let 9 : [u,,00) = R have " (u) < 0. For any ug, uy € [u, 00) with u; > ug

and ¥ (ug) > ¥(uq),

o0

du ¥ < gblw) U1 T Yo

u (uo) — (ur)’

Proof: By the concavity of v,
4 P(u1) — (uo)

U1 — Ug

P(u) < Pur) + ' (ur)(u —ur) < P(u)

(u—ul) Vue [Ul,OO).



Hence

/OO du e?® < e¥(u) /Oo du exp [M(u — uy)

u1 ul Uy — Ug

Since ((uy) — ¥ (ug))/(ur — up) is negative, the result follows on evaluating the right hand
integral.

The proof for the following is almost identical to that of Proposition 2 and is therefore
omitted.

Proposition 3 Let ¢ : R — R have ¥"(u) < 0. For any up,u; € R with u; < wy and
Y(uo) > (),

ul _
du ¥ < gpw)__ Yo7
/_oo V(o) — P (u1)

Corollary 1

T ﬁ T < exp [¢ (ug + log(1 4 6)) — P(uq)] .

Proof: Set uy = ug and uy; = ugq + log(1 4 0)) in Propositions 1 and 2 to obtain

% > exp [Y(ug) — ¥ (ug + log(1 +9))] — 1.

But
I 1

L+1; 141/

and so the result follows.

Corollary 2

2 12 T < exp [¢ (ug + log(1 —98)) — ¥(ug)].
Proof: Define ()
o U U > Uy
wc(u) T { ¢(u*) — (u* — u)¢,(u*) U < Us.

By definition, ¢.(u) : R — R, and ¢"(u) < 0V u € R. Let

I = /R du exp [ (w)]

and note that ¢’(u,) > 0 since ¢"(u) < 0V u > u,, and ¢'(uq) = 0 with ug > u,. Hence
J R, du exp|e(u)] exists.



Set ug = ug and u; = ug + log(1 — ¢§) in Propositions 1 and 3 to obtain

I3
Lo+ 1o

> exp [¢(ua) — ¥(uq +log(1l — )] — 1.
But
I - Lo+, 1
L+l = Le+L+1I; 1+13/(1+ 1))

and so the result follows.

We now consider Il(d) and use the fact that [, du explig(u)] must exist for all d > d..
(for some d,. > 0) for {R,} to be an infinite sequence of random variables. Also note that
a(u) — Yr(u) = (d — k)u, which is an increasing function for d > k.

Corollary 3 If [l(k) < 00 for some k > 0 and if for all d > k, ¥4(u) —Yx(u) is an increasing

function of u then
7@ o) )
L < L

9+~ g

Proof: By the monotonicity of ¥y — ¥,

1@ = / " V=) ) < pvatu) v 8

—00

By Proposition 1 with uy = ug and u; = u,

I I dalwa)=palus) _ 1) > gbale) (yy —u,
PEe Ya(ug) — Yalus) (€ )ze (ua — ),

where the last statement follows since for x > 0, e* > 1 + z.
The result follows from combining the two inequalities.

We next combine Corollaries 1, 2, and 3 to prove the sufficent condition for the required
convergence in probability. We show that if Condition 9 is satisfied, then

19+ 1%+ 119
19+ 1+ 1+ 19 + 1

—0 asd— oo. (12)

By Lemma 1 wug — oo as d — oo, and so from Corollary 3

i

 ——)
LY+ 1
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Since uy — 00, given some § € (0,d9) and any M > 0, we may choose a dy such that for
all d > dy and all 6, € (0,9),

(log(1 + 6))* 0 (uq +log(1 + 6,)) > M.

Taylor expand ¢, about ug, recalling that ¥/,(us) = 0 and ¥/ (u) = —n"(u):

Ya(uag) — Ya(uqg +log(l+6)) = % (log(1 + 6))* " (uq + log(1 4 6*)) > %M,

for some 6 € (0,6). From Corollary 1 we therefore see that

(d)
g S
194 1t
Similarly, from Corollary 2
L ,
@@ s
I+ 1
But d d d d d d
I+ 19 + 119 i Y i

< +
M+ + 1+ 1+~ 2+ 0+ 0% 10+ 1l
and each of the terms on the right hand side can be made as small as desired by taking d
large enough.

A.1.3 Convergence of k-th moment

Proposition 4 Let ry be the (eventually) unique solution to the equation
rg(r)y=d—1,

If g(r) satisfies (4) then for any fived k > 0

. Tq
lim — = 1.
d—o0 Td-i—k

Proof: Without loss of generality assume that 4,5 > r4. Hence by the Intermediate Value
Theorem, there exists a value r, € [rq, 741x such that

k k ! — ! d
Td4+k > T — Td+kg (Td-l-k) rag (Td) e (’f’ gl(T)) |T* - 00,
Tdtk —Td  Td+k —Td Titk — Td dr
Thus
T -7
d+k d 50,
Td+k

and the result follows.
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Lemma 3 For fized k > 0,

1

%Ed [R¥] — 1.

Proof: Set
I = / dr r"lexp[—g(r)] and I,:= / dr v exp [—g(r)].
0 0

If g(r) satisfies (4) then so does g(r) — klog(r). Therefore, from Lemma 2, given € > 0 and
0 > 0 there is a d; such that for all d > d;,

Tat1(1420)
(1—e)l, < / dr 1" exp [—g(r)] < L.
Tat.(1—20)

Furthermore, by Proposition 4, there is a dy such that for all d > ds,
ra(l —08) < rayr < (14 9)rqg.

Therefore, since the integrand is positive, for all d > max(dy, dz),

ra(1428)(1+6)
1-ah < / dr 19 exp [ g(r)
ra(1-26)(1-3)
ra(1+26) (145
< R4+ 20)F(1 + 6)F e dr ¥ exp [~
< g p[=g(r)].
ra(1-26)(1-3)

Similarly
rq(1428)(1-6)
I, > / dr 1 exp [—g(r)]
rq(1—28)(1+9)
ra(1428)(1=5)
> R —20)F(1 +0)* / dr L exp [—g(r)].
rq(1—28)(1+9)
Applying Lemma 2 again, there is a d3 such that for all d > djs,
ra(1428)(1-46)
(1—e€)l; < / dr v exp[—g(r)] < I.
ra(1-25)(149)

Therefore, for all d > max(dy, ds, d3),

(1—el, < rR1+20*1+0F 1

Iy > rH1 =281 +6)F (1—el.

Hence

(1—=28) (146" (1—¢) < rik % < (14201 +6)k (1 —e)~h.

The result follows since ¢ and € can be made arbitrarily small.
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A.2 Proof of Theorem 2

Any spherically symmetric random variable can be decomposed into a uniform angular com-
ponent and a radial distribution. We may therefore create an invertible map from any d
dimensional spherically symmetric random variable V with a continuous radial distribution
function to a standard d dimensional Gaussian, Z. We will apply the following map: set

1ZI| = Fzy (Firvy (VD) (13)

where where Fv| () and Fjz(-) are the distribution functions of ||V|| and ||Z|| respectively,

and then fix
_1Z]|

v
This mapping is key both to the proofs of both Theorem 2 and of Theorem 3. To simplify
the exposition in both this section and Section A.3 we define

y/ (14)

1
Vd = —Xd. (15)

rq

The following is therefore equivalent to (6).

Lemma 4 Define {V4}, {Ts}, {Aai} and {Ba} as in (15) and the statement of Theorem
2. If (5) holds and ||V4|| == 1 then
d

& VITIT,Vy 2 1.
d

Proof: For some § > 0, let

Ad =Ty % < (53 .
Zi:l Ad,i

For now fix d and Ty € Ay, and suppress the subscript d. Denote the spectral decomposition
of T'T as L'AL, where A = diag(\, ..., ;). We will initially consider the Gaussian Z and
define Z* = LZ; since L is orthonormal it follows that Z* ~ N(0,1,).

Define
B Z!'T'TZ B YAI\V

W B B

12



Then for fixed d,

d
1
Varg [W] = —Varz Z N7z 2
d 2
— 9 Zi:l)‘i 5 <2 ;\1 < 203
<Z?:l )\i> 2is A
Chebyshev’s inequality gives
Val”z [W]

Pz (|W — Ez [W]| > 6)
le. Pz ([W—-1>46) < 24.

52

By (5) there is a dy such that for all d > dy, P (T, ¢ Ag) < d. Thus for all d > d,
Prz (W —1]>9) <P(W —-1]>46|T€ A)+P(T ¢ A) < 36.

Hence W, 25 1. Now

d d
— V!IT/T, Vg = —— |[V4|]> Wa,
By 1 1Z4]|”

and since each of the three terms converge in probability to 1, so does the product.

We now turn to the proof of convergence in mean square, and first show an equivalence of
the expected second moments of the norms.

Proposition 5 For {V.}, {T4}, {Aai} and {Ba} be as defined in (15) and the statement
of Theorem 2,

d
E[||Vall’] = B, HITaVall*].

Proof: For clarity of exposition we suppress the subscript d. Since V is spherically sym-
metric we may without loss of generality consider it with axes along the principle components

of T. Then
ZVW :Z E[V?].

But, again, V is spherically symmetric so thls is

> (] - 530S R[] - HEivIE)

13
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Turning now to convergence in mean square itself, note that by Proposition 5,

( —1)2 ~2[(vall-17] - -2 (|| | -=ivan).

But (2) implies that |[V4|| =% 1, and hence it is sufficient to show that

d1/2
— T,V
Bd daVvd

d1/2
—TdVd

g Bu

d1/2
B ||| 5, Taval | - BV 0 (16)
Now by Lemma 4 and Proposition 5,
dl/2 J1/2 2
‘ FTdVd i} 1 and E ‘ ?TdVd =K |:HVdH2:| — 1
d

We now require Scheffe’s Lemma, which states that for any sequence of random variables
(Y}, i E[Y?] — 1 and Y; % 1 then E[Yy] — 1. Hence E H dl/szVdm ~ 1. Now (2)
also implies that E[||V4||] — 1, and hence (16) is satisfied.

A.3 Proof of Theorem 3

Throughout this section we define Z; and V4 as in Section A.2. We first prove Part 1.

Given 0 > 0, it will be convenient to define the following event:

_ | 1Za]] 1
d'? {[ V]|

—1‘ < 0. (17)

Now for e; independent of V; (and Zy),

Zy| 1 1Z4]] 1
P(d'/?*V,-e; < :IP’Z-<||d )
(d?V4-eq < a) a-eq<a Vi @ )

and so
D(a(l —0)) <P (d'*Vy-eq<a| AY) < ®(a(l +9)).

For any event |
[P (E) = P(E[A)] = P (A9) [P (E]A°) — P (E]A)] < P (A%)
and in particular,
P (d'?Vy-eg<a) —P(d'*Vys-eg<a|A)| <P(AY).
Given € > 0, by (1) we may define dj such that for all d > dy, P (AS) < e. Thus for all d > dy
P(a(l —0)) —e < Py, (d/*Vy-e <a) < ®(a(l+6)) + e

14



By taking d large enough we can make ¢ and e as small as desired. Moreover, since ®(-) is
bounded and monotonic 3 §* > 0 such that |®(a(1+9)) — ®(a)| < € V § with |§| < §*, and
hence

lim P (d'?V,-eq < a) = &(a). (18)

d—o00

To prove Part 2, first note that whereas Zq-e4 ~ N(0,1), (TyZg) - eq ~ N(0,||Tqeq||*), and
S0

d 1 B/”  ||Zd|| 1
P ——=(TyVy) - e; < = P —  (T.Z)-e; < d
. (B”( e ‘) Zd(lleedH( ) 4 S R T e a2 V]

d
1/2
R R 71|
AP |[Taedl] 72 NIVl )

But a unit vector e; chosen uniformly at random can be written as Z%/||Z}|| for some
standard d-dimensional Gaussian Z. Hence by Theorem 2

d1/2 d1/2 T.7Z*
1/2 ||Tded|| = * H d1/2d|| i) L.
5] 7zl B!

We now define the event

B2 Zall 1
A;kl o d || d||

= -1l <é
d/2 || Tqeql| d'/2 || Val| ’

and the proof follows as for Part 1.

In proving Part 3 we require the following standard result (e.g. [5], Theorem 1.5.3). Set

N

ag = (2 logd)_% and by := (2logd)

aq [loglog d + log(4m)] .

N | —

Also let G(+) be the distribution function of a Gumbel random variable, and let 71, ..., Z,
be independent and identically distributed N(0,1) random variables. Then

ag \i=l...d

Galc) =P (i (masx 2, — b)) < c) S Gl(o).

Replacing ¢ with ¢; := [loglog d + log(47)] /2 = ((2log d)'/?~b,) /a4, or with ¢} := —a(2log d)*/?+
[loglogd + log(47)] /2 = ((1 — @) (2log d)'/? — by) /aq (o > 0) gives

< 1/2)
P(izl%z,_(mogd) ) Gle)) — 1

P (max Zi < (1-a)(2logd)'?) ~ Gl(cj) — 0.

15



Choose ¢ in (17) small enough that (1 — §)(2 + €)'/2 > 2172, Then
P <d1/2 max Vii < ((2+¢€)log d)1/2|Ad>

=1
1Zd| 1
— < -
P (s 7 <

>P (magzdvi < (1-6)((2+€)logd)"/?| Ad)

i=1..

((2+¢€)logd)*/? | Ad)

>P (,_ ax Za; < (2logd)"? Ad>

=1

>P (,_% Z4i < (2log d)1/2> P (AY).
Similarly by choosing ¢ in (17) small enough that (1 + )(2 — €)/2 > 2Y/2(1 — a) for some
small o > 0,

P (a2 max Vi > (2~ )logd) 2| Ag) > P (max Zy; > (1 - 0)(2logd)?) — P (45)

i=1..

In each case the first term tends to 1 and P (A5) — 0, proving the desired result.
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