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Synopsis of proportionality, the symmetric Metropolis- jumps to explore the main support of the
Hasting random-walk algorithm constructs a  target.

e Forall unimodal spherically symmarkov chain with stationary distribution(.)
metric targets X the limit- as follows: starting at a point from the sup-
ing optimal acceptance rate f@ertofr(.)and uiing symmetric proposal den-
a Metropolis-Hastings randorfiy 4 ) = A" r(y/)
walk is < 0.234. 1. Propose a jumg* sampled fromy(.). e This suggests there may be aptima_d

scale parametex* for the proposal dis-

e The (in)equality is characterised 2. Accept this proposal with probability  tribution, such that the target is explored

by the limiting behaviour of a = min(1,7(x + y*)/m(x)). If the as efficiently as possible.
proposal is accepted write + x + y*

e If A >> [ then many proposed updates
will lie outside the main support of the
target and (probably) be rejected.

‘X(d) ‘ ' elseleavex unchanged. This optimal scaling has been explored for cer-
. — tain classes of dimensional target as — oo.

e This extends to elliptically sym- 3. Storex andgoto1. A single component of the random walk is ex-
metric targets subject to them not _ o amined with time sped up as dimension in-
being too anisotropic. The Goldilocks Principle creases and the speed of the resulting diffu

. _ uppose that the target distribution chan§é®n is maximised (see for example Roberts e
The Metropolis-Hastings random wa ticeably on a length scale al. (1997) and Roberts and Rosenthal (2002))

For many classes of target (ds— oc) the
Given ad-dimensional target distribution(x) e If A << [ then proposed jumps will ususcaling is optimised whe@3.4% of the pro-
calculatable at any point up to a constant ally be accepted but it will take manposed jumps are accepted.

Exact forms in finite dimension whereF; 4(.) is the one dimensional margingjuence of rescaling factors, (d) such that
We examine limiting behaviour for a class distribution function of the/-dimensional tar- X(d)| ko (d) =5 1.

targets via exact forms for expected accemtX(®).

tance rate and squared jumping distance at : ; , £~ (d) . 12
tionarity in finite dimensiond. In the defi- §ﬁh§r|cally symmetric R'VS _ €.9. 'f2X has densityx exp(—3 [[") then
nitions below, X and X' are two consequeIhe figure shgws the marginal r_adlal denspx(d)| ~ X2 and\X(@\ Jd? Ly o1,

tive realisations from the chain at equilibriurl;&- the density of X'|) for spherically sym-

and the first expectation is with respect to th8}etric Gaussians in 2 and 10 dimensions. | . straightforward to show that if

joint law. The second expectation is with \X(d)| [k (d) 4 1 then any single compo-

repect to the joint law ofX and theproposed °7 /\ A .

neF;t valueX*J. eprop 1 nent ofX () satlsﬂes% XU = N(0,1).
_ 1 , 5 A 1

[ — _ [ [

Sa = i “X X| ] =77 Thus asd — oo, Fjjq (—3A[Y]) becomes
dq = Ela(X,X7)] iR P <_M_k}:d_)> wherep = —d;/zk?‘é)d—)/\_

If the target isunimodalandspherically sym- | \ B ! ’

metricthen B e

, T Here and in the theorems that follo®(.) de-
a(\) = 2E |F —lA Y Many sequences of distributions increasstes the distribution function of &7(0,1)
@a(A) q | F'1)d Y| . ; . . . . q .
2 ing in dimension show a narrowing of theariable, X(?) is an element in a sequence

_ 2)\2 ) 1 peak relative to its distance from the omf spherically symmetric unimodal targets and
Sa(A) = TEq Y™ Fuyg _5/\ Y| gin. We formalise this behaviour via a s& (% is an element in a sequence of proposals
Limit results for optimal scaling More generally, an application of Jensen’s in-
Theorem 1 If ‘X(d)| J ke (d) 2, 1 and equality gives If the elliptical shape of the target were known
|Y(d)‘ Jky(d) ™5 1 then it would be natural to explore it using a similar
Theorem 2 If |X®|/k,(d) = W then elliptically symmetric proposal. Scaling can
aq(p) — 2®(—p) (1) @oo(p*) < 0.234. be optimised for both spherical and elliptical
a2 _ 5 proposals with the elliptical proposal more
msd(“) = 2p7e(-p) () Elliptically symmetric targets efficient.
Differentiating (2) gives the optimump* — [heéorem3 For an elliptical target Theorem‘ls'heorem 4 Asd — oo the ratio of the optimal
T ivs . 2.38 ky(d) 1 and 2 still hold provided SR
1.19 from which A" ~ 27 745 efficiencies is
2
Substituting into (1) gives the limiting ac- ﬁ -0 effe /effspn =02 /v?
ceptance rate at the optimal scaling as !
Qoo := limy_y oo ag(p*) = 0.234 wherev; is the inverse of the scale parametéee ratio of the arithmetic mean of the square:

along theit" axis. of thev; to their harmonic mean.



