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2 N. MAZZA

1. Essentials

1.1. Toolbag.

Throughout these notes, p denotes a prime number and all groups are finite unless otherwise specified.

The results in the present section are “well-known”, and most of their proofs can be found in any
textbook listed in the bibliography.

Notation 1.1. We use the following standard notation, and we suppose that these concepts are
known. Let G be a group.

(i) For a group G and x ∈ G, we write |G| and o(x) for the orders of G and of x. The
exponent of G is the smallest positive integer exp(G) such that xexp(G) = 1 for all x ∈ G.
In particular, the exponent of G divides |G|.

(ii) For x ∈ G, we set 〈x〉 for the cyclic group generated by x and CG(x) for the centraliser of
x in G.

(iii) We write (H < G) H ≤ G, and (H / G) H E G, if H is a (proper) subgroup of G,
respectively a (proper) normal subgroup of G. For short, we let 1 denote the trivial group
and also the multiplicative identity of any group.

(iv) For x, y ∈ G and H ≤ G, we set xy = y−1xy, yx = yxy−1, and likewise for the conju-
gate subgroups Hy = y−1Hy and yH = yHy−1 of H. Also, NG(H) and CG(H) are the
normaliser and centraliser of H in G. Hence, we let Z(G) = CG(G) denote the centre of G.

(v) For x, y ∈ G, we set [x, y] = x−1y−1xy = x−1 xy for their commutator . Likewise, for
subgroups H,K of G, the commutator subgroup [H,K] is the subgroup of G generated by
all [h, k] with h ∈ H and k ∈ K. Recall that [H,K] 6= {[h, k] | h ∈ H, k ∈ K} in general.
We call [G,G] the derived subgroup of G, and it can also be denoted G′, or G2.

(vi) For any groups G,H, we let Hom(G,H) and Aut(G) be the sets of group homomorphisms
G → H and of groups automorphisms of G, respectively. Hence, a subgroup H of G is
characteristic in G if ϕ(H) = H, for all ϕ ∈ Aut(G). We writeH char G ifH is characteristic
in G. In particular, Z(G), Φ(G), [G,G] are characteristic subgroups of G, for any finite
group G.

(vii) Sylp(G) denotes the set of Sylow p-subgroups of G.
(viii) Suppose that G is a p-group. For any positive integer d, we define two characteristic

subgroups of G by considering elements of G of order pd, and the elements of G which are
pd-th powers :

Ωd(G) = 〈x | xp
d

= 1〉 and fd(G) = 〈xp
d

| x ∈ G〉 .
We call them omega-d of G and agemo-d of G. In the literature, we may sometimes find
the notation Gp

d

or fd(G) instead of fd(G).

Although it is known that [G,G] 6= {[a, b] | a, b ∈ G}, a counterexample to this statement is hard to
find. Here, we quote examples taken from Rotman [Rot95, 2.43].

Example 1.2. The first example is due to P. J. Cassidy (˜ 1979). Let k be a field, and consider
the polynomial ring R = k[x, y] in 2 variables x and y. Regard S = k[x] and T = k[y] as subrings of
R, and hence set

G =

A(a, b, c) :=

1 a c
0 1 b
0 0 1

 ∣∣∣∣ a ∈ S , b ∈ T , c ∈ R


Then, G is a group (for the multiplication). Indeed,

A(0, 0, 0) = I3 ∈ G
A(a, b, c)A(d, e, f) = A(a+ d, b+ e, c+ f + ae) ∈ G

A(a, b, c)−1 = A(−a,−b, ab− c) ∈ G
We claim that

[G,G] = {A(0, 0, c) | c ∈ R}.
Indeed, by linearity, if

c =
∑
i,j

µijx
iyj ∈ R then A(0, 0, c) =

∏
i,j

[
A(µijxi, 0, 0) , A(0, yj , 0)

]
,

which shows that [G,G] = {A(0, 0, c) | c ∈ R}.
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We want to show that A(0, 0, c) is not a commutator for some c ∈ R (the previous argument says
that it is a product of commutators). Note that for every commutator A(0, 0, c) in [G,G], there are
a, a′ ∈ S and b, b′ ∈ T such that

c = ab′ − a′b.

Now, c = x2 + xy + y2 ∈ R does not have such a decomposition ab′ − a′b, which says that A(0, 0, c)
is not a commutator, despite being an element of [G,G]. To prove this latter claim, set a = αix

i

and a′ =
∑
i α

′
ix
i in S. Then, we have equations

α0b
′ − α′0b = y2

α1b
′ − α′1b = y

α2b
′ − α′2b = 1

Now, R = k[x, y] is an infinite dimensional vector space over k, with basis all monomials xiyj . But
the three equations above lead to a contradiction, since the linearly independent set {1, y, y2} is in
the subspace spanned by the 2 vectors b, b′.

Observe that this example works for a finite or infinite field, giving thus both finite and infinite
groups counterexamples to [G,G] being the set of commutators in the elements of G.

We also record that using databases of small groups, Rotman found that the smallest group giving
another counterexample has order 96, with commutator subgroup of order 32, whereas there are 29
commutators.

Earlier, Carmichael had found a counterexample of order 256 as a subgroup of S16 the symmetric
group on 16 letters. Then, the derived subgroup has order 16, and Carmichael exhibited a particular
element of [G,G] which is not a commutator.

Exercise 1.1. Prove the following assertions.

(a) Let G be a finite p-group. Then Ωd(G) 6= {x | xpd

= 1} in general.
(b) Let G be a finite p-group. Then fd(G) 6= {xpd | x ∈ G} in general.

Definition 1.3.

(i) A p-group is a group of order a power of p. A p′-group is a group of order not divisible
by p.

(ii) A p-group G is elementary abelian if G is an abelian p-group of exponent at most p.
(iii) The rank of an elementary abelian p-group E is the integer rankE given by |E| = prankE .

That is, rankE is the dimension of E viewed as Fp-vector space.
(iv) If G is a p-group, the rank of G is the maximum of the ranks of the elementary abelian

subgroups of G.
(v) The p-rank of an arbitrary finite group G is the rank of a Sylow p-subgroup of G.

The following properties of p-groups are assumed to be known.

Proposition 1.4. Let G be a p-group.

(i) Z(G) > 1.
(ii) Every nontrivial normal subgroup of G intersects Z(G) nontrivially.
(iii) If |G| ≤ p2, then G is abelian.
(iv) Every maximal subgroup of G has index p and is normal in G.
(v) G is nilpotent. In particular, H < NG(H) for any proper subgroup H of G.
(vi) H char K E G =⇒ H E G and H char K char G =⇒ H char G.
(vii) For any H ≤ G, the mapping

c : NG(H)/CG(H) −→ Aut(H)

gCG(H) 7−→
(
cg : H → H

h 7→ cg(h) = gh

)
is an injective group homomorphism.

Let us point out that properties (vi) and (vii) hold for arbitrary finite groups.
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The proof of the first item above is a consequence of the class equation. Recall that if a group G
acts on a finite set X, then for any x ∈ X,

|G : CG(x)| = |G · x| where CG(x) = {g ∈ G | g · x = x} and G · x = {gx | g ∈ G}
denote respectively the stabiliser of x in G, and the G-orbit of x. Since CG(x) is a subgroup of G,
we have that the orbits have size dividing the order of G. Now, taking X = G a finite p-group and
the action given by conjugation, we get that Z(G) is precisely the set of orbits of length 1. Since
there is at least one such orbit (because 1 ∈ Z(G)), and since X = G is the disjoint union of the
orbits and has cardinality a multiple of p (in fact a power of), we must have at least p − 1 other
fixed points, i.e. orbits of size 1. Whence the assertion.

Exercise 1.2.

(i) Let G be a group such that G/Z(G) is cyclic. Prove that G is abelian.
(ii) Prove items (vi) and (vii) in Proposition 1.4 for an arbitrary finite group G.

Notation 1.5. In view of the above item (vii), we write

HomG(H,K) = {g ∈ G | gH ≤ K} and call it the (G-)transporter of H in K.

In particular, if |H| > |K| then HomG(H,K) = ∅, whereas if |H| = |K|, then either HomG(H,K) =
∅, or HomG(H,K) is a set of group isomorphisms (i. e. H and K are G-conjugate). Note also that
AutG(G) is the set of inner automorphisms of G.

In Section 6, we list several “well-known facts” about finite groups. Here is a selection of results
which we record apart.

Lemma 1.6. [Isa08, Lemma 4.6]

Let G be a finite group and A an abelian normal subgroup of G such that G/A is cyclic. Let x ∈ G
such that xA generates G/A. Then

[G,G] = {[a, x] | a ∈ A} ∼= A/A ∩ Z(G) .

In particular, the product of two commutators of G can be expressed as a commutator of weight 2
(see Definition 1.18 below) of the form [a, x] for some a ∈ A.

Proof. Choose x ∈ G such that G/A = 〈xA〉, and define

θ : A→ A by θ(a) = [x, a] for all a ∈ A.

Note that θ is well-defined since [x, a] = (a−1)xa ∈ A for all a ∈ A. Moreover, θ is a group
homomorphism:

θ(ab) = [x, ab] = [x, b][x, a]b = [x, b][x, a] = θ(a)θ(b)
where the second equality is given by a commutator identity (see Section 6), and the third one holds
because both b and [x, a] are in A which is abelian. As θ(a)−1 = θ(a−1) ∈ im(θ) and 1 = θ(1) ∈ im(θ),
we have that im(θ) is a subgroup of A. Also,

ker(θ) = {a ∈ A | [x, a] = 1} = CA(x) .

We claim that CA(x) = A ∩ Z(G) : first, note that “≥” is clear. For the converse, let g ∈ G and
write g = xea for some integer e and some a ∈ A. For any c ∈ CA(x), we have

cg = c(xea) = (cx)e ca = xea = g showing that CA(x) ≤ CG(g), for any g ∈ G.

Thus, CA(x) = CA(G) = A ∩ Z(G). Finally, by the isomorphism theorem, we have

A/ ker(θ) ∼= im(θ) , that is, A/A ∩ Z(G) ∼= im(θ).

Now, we still need to show that im(θ) = G′. Since clearly im(θ) ≤ G′, it is enough to prove that
im(θ) E G and that the factor group G/ im(θ) is abelian. We observe that

im(θ) ≤ A ≤ NG(im(θ)) and x(θ(a)) = x[x, a] = [xx, xa] = θ(xa) ∈ im(θ) .

So, x ∈ NG(im(θ)), which implies that G = 〈x,A〉 = NG(im(θ)), i.e. im(θ) E G. Next, write
· : G → G = G/ im(θ) for the natural projection map. The equality 1 = [x, a] = [x, a] holds for

all a ∈ A and thus 〈x〉 and A centralise each other in G. Since both are abelian and generate G, we
conclude that G is abelian, as required. �

Exercise 1.3. A group G is quasiquaternion if G = CD with both C and D cyclic, C E G and
C ∩D = Z(G).
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(i) Prove that generalised quaternion and semi-dihedral 2-groups are quasiquaternion.
(ii) Suppose that G/Z is quasiquaternion with Z ≤ G′ ∩ Z(G). Prove that Z = 1.

Recall from [Hup67, Satz I.14.9] the presentation of a generalised quaternion 2-group Q2n of order
2n ≥ 8 and a of a semi-dihedral 2-group S2n of order 2n ≥ 16 :

Q2n = 〈x, y | x2n−1
= 1 , x2n−2

= y2 , yx = x−1〉 and

S2n = 〈x, y | x2n−1
= y2 = 1 , yx = x2n−2−1〉 .

The Three-Subgroup lemma is a celebrated result which is often useful. We give here the version
found in [Gor80, Theorem 2.2.3]. It introduces also the notation of iterated commutators (see
Definition 1.18) :

[x, y, z] = [[x, y], z] for any x, y, z ∈ G for any group G (left associativity).

Lemma 1.7.

Let G be a finite group, let H,K,L ≤ G, and let x, y, z ∈ G.

(i) (Hall-Witt identity) [x, y−1, z]y[y, z−1, x]z[z, x−1, y]x = 1.
(ii) (Three-Subgroup lemma) If [H,K,L] = 1 and [K,L,H] = 1, then [L,H,K] = 1.

Proof. The Hall-Witt identity is a routine calculation left as an exercise. For the Three-Subgroup
lemma, suppose that [H,K,L] = [K,L,H] = 1. Pick any h ∈ H, k ∈ K and l ∈ L. Then,
[h, k−1, l]k = [k, l−1, h]l = 1 by assumption. Thus, the Hall-Witt identity yields [l, h−1, k]h = 1, and
thereferore [l, h−1, k] = 1 too. Since this holds for any h ∈ H, k ∈ K and l ∈ L, we conclude that
[L,H,K] = 1. �

In fact, the Three-Subgroup lemma as stated above is equivalent to a result of P. Hall (by replacing
G with G/N).

Lemma 1.8. [Hup67, Hilfsatz III.1.10 (b)]

Suppose that N E G. If [[A,B], C] ≤ N and [[B,C], A] ≤ N , then [[C,A], B] ≤ N . In particular, if
A,B,C E G then [[C,A], B] ≤ [[A,B], C][[B,C], A].

We end this section with the following observation.

Lemma 1.9. Let p be an odd prime. Assume A and B are subgroups of exponent p of a p-group G,
such that A ≤ NG(B) and such that [B,A] ≤ CB(〈A,B〉). Then 〈A,B〉 has exponent p.

Proof. Let a ∈ A and b ∈ B. Set z = [b, a], so that abz = ba and z ∈ CB(〈A,B〉). Then, for any
nonnegative integer n, we have that (ab)n = anbnzd, with d = n(n−1)

2 . Hence, for n = p, the equality

reads (ab)p = apbpz
p(p−1)

2 = 1. Since A ≤ NG(B), any element of 〈A,B〉 can be written as x = ab
for some a ∈ A and b ∈ B. Consequently, xp = 1 for all x ∈ 〈A,B〉. �

Exercise 1.4. Prove that the assumption [B,A] ≤ CB(〈A,B〉) in Lemma 1.9 is necessary.

1.2. Frattini subgroup.

The Frattini subgroup is a characteristic subgroup defined for any finite group. The relationship
between a group and its Frattini subgroup are comparable to that of an algebra and its Jacobson
radical. In this section, we review the tip of the iceberg of its properties, and refer to [Hal59, 12.2],
to [Gor80, 5.1, 6.1], to [GLS96, 2], and to [Hup67, III.3] for further developments.

Definition 1.10. Let G be a finite group. The Frattini subgroup of G is the intersection Φ(G) of all
the maximal subgroups of G. We set Φ(1) = 1. The Frattini factor group is the factor group G/Φ(G).

The Frattini subgroup provides useful information, or rather “non-information”.

Theorem 1.11. Let G be a finite group and let x1, . . . , xn ∈ G. Then,

G = 〈x1, . . . , xn〉 ⇐⇒ G = 〈Φ(G), x1, . . . , xn〉 .

In other words, the Frattini subgroup of G is spanned by the “non-generators” of G.
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Proof. Suppose that G = 〈Φ(G), x1, . . . , xn〉. Let G0 = 〈x1, . . . , xn〉, and suppose that G0 < G.
Thus, G0 ≤M < G for some maximal subgroup M of G. But Φ(G) ≤M by definition, which says
that G = 〈G0,Φ(G)〉 ≤M < G; a contradiction. Therefore, G0 = G.

The converse is obvious. �

Now, suppose that G is a finite group and N a subgroup of G, or Q a homomorphic image of G.
We want to compare Φ(G), Φ(N) and Φ(Q). The answer we give is taken from [Hup67, III.3].

Theorem 1.12. Let G be a finite group, and let N,H ≤ G with N E G.

(i) Suppose that N and H are proper subgroups of G. If G = HN , then N 6≤ Φ(G) .
(ii) Suppose that N ≤ Φ(H). Then N ≤ Φ(G). In particular, Φ(N) ≤ Φ(G).
(iii) Let ϕ be a group homomorphism with domain G. Then, ϕ

(
Φ(G)

)
≤ Φ

(
ϕ(G)

)
. In particular,

if ϕ is the projection map G→ G/N , then Φ(G)N/N ≤ Φ(G/N). Moreover, if N ≤ Φ(G),
then Φ(G)N/N = Φ(G/N).

Remark 1.13. With the same assumptions as in Theorem 1.12, we point out that if H < G then
Φ(H) need not be contained in Φ(G). Also, the inclusion Φ(G)N/N ≤ Φ(G/N) may be proper.
Indeed, let us consider the example of a semi-direct product

G = 〈x, y | x5 = y4 = 1 , yx = x2〉 ∼= C5 o C4 .

Take N = 〈x〉 ∼= C5 and H = 〈y〉 ∼= C4. Then

Φ(G) ≤ N ∩H = 1 and so Φ(G) = 1 and Φ(G/N) ∼= Φ(H) = 〈y2〉 ∼= C2 .

Thus, Φ(H) 6≤ Φ(G) and Φ(G)N/N = 1 < Φ(G/N) .

Proof. For (i), suppose that N is a normal subgroup of G contained in Φ(G) and that G = HN .
Then, we have

G = HN = HΦ(G) , which implies G = H by Theorem 1.11.

By contrapositive, if G = HN with H < G and N / G, then N 6≤ Φ(G).

For (ii), suppose that N 6≤ Φ(G). Thus there is a maximal subgroup M of G such that N 6≤M . By
maximality of M , we have G = NM . Since N ≤ H by assumption, we apply Dedekind’s identity
(see Lemma 1.14 below), which implies that

H = H ∩NM = N(H ∩M) .

Moreover, from N ≤ Φ(H), this equality gives H = H∩M , so that H ≤M . But then, N ≤ H ≤M ,
a contradiction. Therefore, we must have N ≤ Φ(G), as required.

For part (iii), let N = ker(ϕ), and recall that the maximal subgroups of ϕ(G) ∼= G/N are in 1 − 1
correspondence with the maximal subgroups of G containing N . Thus,

Φ
(
ϕ(G)

) ∼= Φ(G/N) =

 ⋂
M/N max in G/N

M/N

 =

 ⋂
M max in G

N≤M<G

M

N
/
N

≥

( ⋂
Mmax in G

M

)
N/N = Φ(G)N/N ∼= ϕ(Φ(G)) ,

as required.

�

We recall Dedekind identity , which is often useful.

Lemma 1.14. [Hup67, Hilfsatz I.2.12 (c)] Suppose that A,B,C are subgroups of a group G such
that A ≤ C ≤ AB. Then,

C = C ∩AB = A(C ∩B) .

Note that in the statement of the lemma, AB need not be a subgroup of G.
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Proof. Clearly, C = C ∩ AB and C ≥ A(C ∩ B) . The only inclusion to prove is C ≤ A(C ∩ B).
Thus, pick any c ∈ C. By assumption, C ≤ AB, and so there are a ∈ A and b ∈ B such that c = ab.
Turning around this equality, we get b = a−1c, and since A ≤ C, we see that b ∈ C ∩ B. Hence,
c = ab ∈ A(C ∩B), as required. �

In the case when G is a p-group, then the Frattini subgroup gives us more information.

Theorem 1.15. (Burnside Basis Theorem)

Let G be a p-group and set G = G/Φ(G) for the Frattini factor group of G. Then, G is elementary
abelian. Moreover, if |G| = pr, then G can be generated by r elements, whose image under the
natural quotient map generate G.

Proof. Let M be a maximal subgroup of G. Since M has index p in G, we have G/M ∼= Cp, and so
the p-th power of each x ∈ G is in M , and G′ ≤M too. This holds for every maximal subgroup of G,
and so xp ∈ Φ(G), for every x ∈ G and G′ ≤ Φ(G). Therefore, the factor group G is elementary
abelian. Moreover, by Theorem 1.11, the image under the natural projection G→ G of a minimal
set of generators for G is a minimal set of generators for G. Since G is elementary abelian, a minimal
set of generators has r elements, where r is the rank of G. �

From Burnside Basis theorem, we obtain a characterisation of the Frattini subgroup of a p-group in
terms of other characteristic subgroups of G.

Theorem 1.16. Let G be a p-group. The following hold.

(i) Φ(G) = 〈[G,G],f1(G)〉. Thus, Φ(G) is the smallest normal subgroup of G such that the
factor group is elementary abelian.

(ii) If p = 2, then Φ(G) = f1(G).
(iii) Suppose that H ≤ G, then Φ(H) ≤ Φ(G). If H E G, then Φ(G/H) = Φ(G)H/H.

Proof. For (i), note that if M is a maximal subgroup of G, then M E G and G/M ∼= Cp. Thus,
M ≥ [G,G]f1(G), for all maximal subgroups of G, whence Φ(G) ≥ [G,G]f1(G) too. Conversely,
we need to show that if N is a normal subgroup of G such that the factor group G/N is elementary
abelian, then Φ(G) ≤ N . Hence, let us pick such an N and regard the factor group G = G/N as an
Fp-vector space. Let {x1, . . . , xn} be a basis of G. Hence,

G = 〈x1, . . . , xn, N〉 > 〈x1, . . . , x̌i, . . . , xn, N〉 for all 1 ≤ i ≤ n ,

where the symbol x̌i means that we remove the element xi from the set. The strict inequality
implies that xi /∈ Φ(G) for all i, by the contrapositive of Theorem 1.11. Therefore, we must have
that Φ(G) ≤ N , as required. The statement follows by taking N = [G,G]f1(G).

For (ii), we need to prove that every commutator is a product of squares. Thus, write

[x, y] = x−1y−1xy = x−1y−2xx−2xyxy = (xy)−2x−2(xy)2

as required.

For (iii), we already have the inclusion Φ(G)H/H ≤ Φ(G/H) from Theorem 1.12 (iii). To prove the
converse, we note that

(G/H)
/
(Φ(G)H/H) ∼= G

/
Φ(G)H

is elementary abelian. Whence Φ(G/H) ≤ Φ(G)H/H by the characterisation of Φ(G/H) in (i) as
the smallest normal subgroup of G/H with elementary abelian factor group. �

Exercise 1.5. Let G be a finite group. Prove that if G/Φ(G) is cyclic, then G is cyclic.

Remark 1.17. A celebrated result about local subgroups bears the name of Frattini, though it does
not refer to the Frattini subgroup. Namely the Frattini argument : let G be a finite group and H
a normal subgroup of G. Then

G = NG(P )H for any P ∈ Sylp(H).

Exercise 1.6. Prove the Frattini argument.



8 N. MAZZA

1.3. Series of groups and Hall’s counting principle.

P. Hall seminal paper [Hal34] is still one of main sources of results, and it contains an impressive list
of commutator identities and properties. P. Hall based his work on the analysis of certain central
and normal series of a finite p-group. Thus, let us survey a few of these fundamental notions.

Definition 1.18. Let G be a group.

(i) Let a, b, c ∈ G. We define the iterated commutators [a, b, c] = [[a, b], c], and for all n ≥ 2,
we set [a, b;n] = [[a, b;n− 1], b], where [a, b; 1] = a. In particular, [a, b; 2] = [a, b].

(ii) Given variables x1, x2, . . . ∈ G, the weight of a commutator [x1, x2, . . . , xw] in the variables
x1, x2, . . . is the integer w. In particular, if x1, . . . , xn are a fixed set of generators for G,
then each generator is a commutator of weight 1.

(iii) A normal series of G is a sequence

G = H0 ≥ H1 ≥ · · · ≥ Hn = 1 with Hi E Hi−1 for all 1 ≤ i ≤ n, for some n ∈ N.

The factor groups Hi/Hi−1 are the factors of the series, and its length is the integer n.
(iv) A composition series (or a chief series) of G is a series

G = H0 ≥ H1 ≥ · · · ≥ Hn = 1 with Hi maximal in Hi−1 for all 1 ≤ i ≤ n.

That is, every factor Hi/Hi−1 is a simple group. The factors in a composition series are
called composition factors (or chief factors).

(v) The derived series of G is the normal series of G defined recursively by θ0 = G, θ1 = [G,G]
and θk = [θk−1, θk−1], for all k ≥ 2. A group whose derived series converges to 1 is solvable.
The composition factors of a solvable group are thus all of prime order.

(vi) A central series is a normal series where Hi/Hi−1 ≤ Z
(
G/Hi−1

)
for all 1 ≤ i ≤ n. Not all

finite groups have a central series (e.g a nonabelian simple group). A group G which has a
central series is nilpotent. We distinguish two particular central series of G :
(a) The lower central series, or LCS for short, is the central series of G defined by the

commutator subgroups:

G1 = G , G2 = [G,G] and Gk = [Gk−1, G] = [G,G; k] for all k ≥ 2 .

(b) The upper central series, or UCS, defined as the series of G starting with Z0 = 1, Z1 =
Z(G) and successively, Zk(G) is the unique normal subgroup of G containing Zk−1(G)
and such that Zk(G)/Zk−1(G) = Z(G/Zk−1(G)). If there is no confusion, we simply
write Zk instead of Zk(G), and we call it the k-th centre of G.

An essential fact about any nilpotent group G is that the LCS of G converges to 1 if and only if so
does its UCS. Then both series have same length, which we call the nilpotence class (or simply the
class) of G. That is, the class of G is the integer n such that Gn 6= 1 = Gn+1. The nilpotence class
of a finite group is the smallest length of any central series, which also means that both the LCS and
the UCS are the more “efficient” central series. Note also that a group is abelian if and only if it is
nilpotent of class 1.

Roughly speaking, nilpotent groups are “the easiest groups” to consider, after the abelian ones, in
the sense that they are the direct products of their Sylow p-subgroups, and their proper subgroups
are properly contained in their normalisers. The motivation for mentioning apart the LCS and UCS
of a nilpotent group is that the groups in the series are characteristic subgroups. We refer to [Gor80,
§ 2.3] and [Khu98, § 2.3] for further developments on nilpotent groups (not necessarily finite).

In particular, all finite p-groups are nilpotent, and therefore, the LCS of a p-group G is strictly
decreasing. It follows that, if |G| = pn, then G has at most class n − 1, in which case, we say that
the group has maximal class. These groups are discussed in [Hup67, § III.14].

Next are Hall’s counting principle and the results in [JK75] that have been obtained from it.

Theorem 1.19. [Hal34, Theorems 1.41 and 1.51]

Let C be a class of proper subgroups of a p-group G. For each subgroup H of G, let n(H) be the
number of elements of C contained in H. Then,

n(H) ≡
∑
M<G

|G:M |=p

n(M) (mod p) .
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In particular, the number of subgroups of order pm of a p-group of order pn is congruent to 1
(mod p), for every integers 1 ≤ m ≤ n.

Theorem 1.20. [JK75, Theorem and Corollary]

Let p be an odd prime and G a p-group. Let C be any of the following classes of p-groups:

• elementary abelian subgroups of order pk for some fixed k ≤ 5;
• abelian subgroups of order pk for some fixed k ≤ 5;
• abelian subgroups of fixed index p or p2.

Suppose that C 6= ∅. Then the number of elements of C (in G) is congruent to 1 (mod p), except in
the index p2 case, where the number can also be exactly 2. It follows that:

(i) if G E X for a p-group X, then there are elements of C which are normal in X; and
(ii) if p > 2 and X is a p-group containing an abelian subgroup of index p3, then X has a

normal subgroup of index p3.

1.4. Regular p-groups.

Another useful concept for finite p-groups due to P. Hall: regularity.

Definition 1.21. Let G be a finite p-group. We say that G is regular if

∀ x, y ∈ G ∃ k ∈ N and s1, . . . , sk ∈
(
〈x, y〉

)′ such that (xy)p = xpypsp1 . . . s
p
k ,

where (〈x, y〉)′ is the derived subgroup of 〈x, y〉.

One thing to keep in mind is that most p-groups are regular. An instance of a non-regular p-group
is the wreath product Cp o Cp (see Section 6). To support this claim, the next theorem suggests
that we need to look for irregular p-groups among “very large” and “complicated” p-groups.

Theorem 1.22. [Hup67, § III.10]

The p-group G is regular whenever at least one of the following conditions holds:

(a) G has class less than p;
(b) |G| ≤ pp;
(c) G′ is cyclic;
(d) G has exponent p;
(e) G has no normal subgroup of exponent p and order ≥ pp−1.

Assume now that G is regular.

(i) If x, y ∈ G have order at most pn, then (xy)p
n

= 1.
(ii) For all x, y ∈ G and for all nonnegative integer n, there is z ∈ G, depending on x and y,

such that xp
n

yp
n

= zp
n

.
(iii) |G/Ωn(G)| = |fn(G)|, and moreover

Ωn(G) = {x ∈ G | xp
n

= 1} and fn(G) = {xp
n

| x ∈ G}. (See Notation 1.1).

To the above list (a)-(e), let us add the following observations, taken from [Hal59, § 12.4] (section
in which regular p-groups are thoroughly discussed).

(f) G is regular if any subgroup of G generated by two elements is regular.
(g) If G is regular, then every subgroup and factor group of G is regular.
(h) If G is regular, then the order of a product x1 . . . xl of elements of G cannot exceed the

order of all of the xi’s.

Note that item (h) is the iterative version of (i).

Exercise 1.7. Prove that Cp o Cp is irregular.

2. Automorphisms of p-groups

Most of the references for the results on automorphisms of p-groups stated below can be found
in [Gor80, Hup67, Khu98].
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2.1. Finite groups and their automorphism groups.

As noted in the construction of the external semi-direct product (Definition 6.7), whenever G is a
subgroup of the group of automorphisms of a group V , then we may form the external semi-direct
product H = V o G. Explicitly, the elements of H have the form (x, ϕ), with x ∈ V and ϕ ∈ G.
Given (x, ϕ) and (y, ψ) ∈ H, the product is (x ϕy, ϕψ) in H. Hence, we set ϕy = ϕ(y), as it is the
natural way to define this conjugation, according to the principles of the semi-direct product. Now,
let us consider what happens with these “mixed” commutators: for x ∈ V and ϕ,ψ ∈ G, we have

[x, ϕ] = x−1xϕ = x−1ϕ−1(x) as xϕ = ϕ−1(x) .

Then, we may for instance check that the equality [x, ϕψ] = [x, ψ][x, ϕ]ψ holds in H :

[x, ψ][x, ϕ]ψ = x−1ψ−1(x) ψ−1
(
x−1 ϕ−1(x)

)
= x−1ψ−1

(
ϕ−1(x)

)
= x−1(ϕψ)−1(x) = [x, ϕψ] .

This “passage to the inverse” of the map, i.e. xϕ = ϕ−1(x) explains why it is sensible to use the right
action of maps instead of left one (with then composition reading left to right, e.g. [Gor80]). The
convention in our notes is that maps act on the left , as above, so that the order of a composition
reads right to left with the map applied first to an element adjacent to the left of that element.
On the other hand, when considering a semi-direct product V o G with V an elementary abelian
p-group, we can also regard V as a right FpG-module.

Exercise 2.8. Check the equality [xy, ϕ] = [x, ϕ]y [y, ϕ], in H = V oG as above.

2.2. Linear transformations.

Since elementary abelian p-groups are also Fp-vector spaces, the groups of automorphisms of such
p-groups are groups of invertible linear transformations, i.e. Aut(V ) ∼= GLn(p), for any elementary
abelian p-group V of order pn. Conversely, given any Fp-vector space V and a group G of invertible
linear transformations of V , then we may form the external semi-direct product V oG.

The translation between the additive vector space structure and the multiplicative group structure
of V works as follows: for v ∈ V and g ∈ G we have in terms of groups

[v, g] = v−1g−1vg which becomes [v, g] = −v + vg

in additive notation. According to Definition 6.7, the element vg ∈ V is the image of v under the
automorphism g ∈ Aut(V ). Hence, vg in the group V o G corresponds to the element vg in the
FpG-module V . Thus, we have three different expressions for the same element of V , namely

[v, g] = −v + vg = v(g − 1) .

The advantage of using linear algebra, is that questions are often simpler to tackle from the linear
viewpoint, and moreover, we then have a matrix representation of the elements of G once we have
fixed a basis for V , i.e. a set of generators of V .

Definition 2.1. Let V be a finite dimensional Fp-vector space and G a group of linear transforma-
tions of V . The centraliser of V in G is the set

CV (G) = {v ∈ V | vg = v , ∀ g ∈ G} .

In other words, CV (G) = V G is the set of fixed points of V under the action of G.

Exercise 2.9. Let G = SL2(p) and V = F2
p the natural 2-dimensional right FpG-module (row

vectors). Hence, write H = V oG. Calculate

(i) CG(x), where x = (0, 1) ∈ V ;
(ii) CV (g), where g = ( 1 1

0 1 ) ∈ G;
(iii) CV (G) and CG(V ).

2.3. Applications.

An application of this process is the case when V and G are subgroups of some p-group H, with V
elementary abelian, and the action of G on V is given by conjugation. Then, we indeed recover the
centraliser (as subgroup) of G in V . On the other hand, we can consider the centraliser CG(V ) of
V in G, when both are seen as groups. The factor group G = G/CG(V ) also acts on V as a group
of linear transformations, and we clearly have that CV (G) = CV (G).

We start with the following observations (see [Gor80, § 2.6]).
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Lemma 2.2. [Gor80, Lemma 2.6.2]

Let G be a p-group acting on a Fp-vector space V . Suppose that N E G. Then CV (N) is an
FpG-submodule of V .

Proof. Write V additively, and regard it as a right FpG-module. Note that CV (N) 6= ∅, since
0 ∈ CV (N). Let v, w ∈ CV (N). For any n ∈ N , we have

(v − w)n = vn− wn = v − w and so v − w ∈ CV (N).

Now, for any g ∈ G we also have that

(vg)n =
(
v(gn)

)
g = vg

since gn ∈ N and v ∈ CV (N). Thus, vg ∈ CV (N) for all v ∈ CV (N) and all g ∈ G, i.e. CV (N) is a
FpG-submodule of V . �

Fixed points often provide some useful information. But do they always occur?

Lemma 2.3. [Gor80, Lemma 2.6.3]

Suppose that G is a p-group and V a nontrivial FpG-module. Then CV (G) 6= {0}.

Proof. By induction on |G|. If G = 1, the claim trivially holds. Hence, we may suppose that |G| ≥ p.
Pick a maximal subgroup M of G. By induction, |CV (M)| > 1, and by Lemma 2.2, CV (M) is a
FpG-module. Note that gp ∈ M for all g ∈ G. Since (X − 1)p = Xp − 1 ∈ Fp[X], we must have
that the minimal polynomial of the action of any g ∈ G on CV (M) divides (X − 1)p. So, if we pick
any g ∈ G −M , there is an eigenvector v ∈ CV (M) for the eigenvalue 1 determined by the linear
transformation of g on CV (M). Since M is maximal in G and g /∈ M , we have that G = 〈M, g〉.
Moreover, 0 6= v ∈ CV (M) is fixed by g, and thus v is fixed by G. �

2.4. Automorphisms.

In this section, we discuss results which relate the structure of a finite group and its automorphism
group. Additional useful consequences arise in the case of finite groups of prime power order.
Furthermore, some of the following classical theorems involve the Frattini subgroup of a finite group,
complementing in some sense Section 1.2.

Theorem 2.4. [Hup67, Satz III.3.17]

Let G be a finite group, and suppose that G can be generated by d elements. Then |Aut(G)| divides
the product |Aut(G/Φ(G))| |Φ(G)|d.

Proof. Fix a set {x1, . . . , xd} of generators of G. Consider the map θ : Aut(G) → Aut(G/Φ(G))
which sends every automorphism α ∈ Aut(G) to the induced automorphism α of G/Φ(G). Note
that θ is well-defined since Φ(G) char G. Set K = ker(θ). That is,

K = {α ∈ Aut(G) | g−1α(g) ∈ Φ(G) ∀ g ∈ G}
Consider all the ordered sets M = {y1, . . . , yd} with yi = xizi for some zi ∈ Φ(G). Note that
|M| = |Φ(G)|d, and any element of M is a set of generators of G. Now, the morphisms in K act on
M dividing it into disjoint orbits, say T1, . . . , Tk. By the class equation, each orbit Ti has cardinality
|K : Ki|, where Ki is the stabiliser of Ti in K. Since the elements of Ti are ordered sets, this means

Ki = {α ∈ K | α(yj) = yj ∀ 1 ≤ j ≤ d and ∀ {y1, . . . , yd} ∈ Ti}.
Thus, every morphism in Ki fixes a complete set of generators of G, which is saying that Ki = 1,
and so |Ti| = |K| for all 1 ≤ i ≤ k. Consequently, we have k|K| = |M| = |φ(G)|d, and we record
from it that |K| divides |φ(G)|d. Now, note that θ is surjective, and therefore, the isomorphism
theorem gives that

|Aut(G)|
|K|

= |Aut(G/Φ(G))| , whence |Aut(G)| divides |Aut(G/Φ(G))| |φ(G)|d .

�

Exercise 2.10. Let G be a p-group of order pn, and set |G/Φ(G)| = pd. Prove that the order of
Aut(G) divides

pd(n−d)(pd − 1)(pd − p) · · · (pd − pd−1) .
You may use without proof that |GLd(p)| = (pd − 1)(pd − p) · · · (pd − pd−1).
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Here is another useful technical lemma which applies to arbitrary finite groups.

Lemma 2.5. [Khu98, Lemmas 2.11, 2.12]

Let G be a finite group and ϕ ∈ Aut(G). Suppose that N is a normal subgroup of G such that
ϕ(N) = N . Set · : G→ G = G/N for the quotient map, and ϕ ∈ Aut(G) for the automorphism
of G induced by ϕ.

(i) |CG(ϕ)| ≤ |CG(ϕ)|.
(ii) Suppose that the orders of ϕ and |N | are coprime. Then CG(ϕ) = CG(ϕ).
(iii) Let x ∈ G. Then |CG(x)| ≤ |CG(x)|. Moreover, if the orders of x and N are coprime then

CG(x) = CG(x).

Proof. (i) Consider the external semi-direct product H = Go 〈ϕ〉. Note that N E H. Hence,
we also write · for the projection map H → H = H/N . Set ϕG for the G-conjugacy class
of ϕ in H. By the class equation (page 4), we have

|CG(ϕ)| = |G|
|ϕG|

. Similarly, in G, we obtain |CG(ϕ)| = |G|
|ϕG|

. (∗)

Now, the projection map · induces a surjection ϕG → ϕG, and since this map has kernel N ,
there are at most |N | elements of H mapping to the same element in ϕG. Thus, we get the
inequality |ϕG| ≤ |N | |ϕG|. Substituting in (∗) above yields

|CG(ϕ)| ≥ |G|
|N | |ϕG|

=
|G|
|ϕG|

= |CG(ϕ)|.

(ii) Since · is a surjective group homomorphism, the inclusion CG(ϕ) ⊆ CG(ϕ) holds. To
prove the reverse inclusion, let us proceed inductively on o(ϕ). Note that the claim trivially
holds if ϕ = Id. So, assume that ϕ 6= Id. Pick any x ∈ CG(ϕ), and let z ∈ G be any element
such that z = x. We need to prove that we can choose some y ∈ CG(ϕ) such that y = x.
Now, the assumption says that the coset zN = xN of H/N is ϕ-stable, whence the action
of ϕ on this set splits it into a disjoint union of orbits of lengths dividing the order of ϕ.
If this order is prime, then it does not divide |N |, which forces the existence of some fixed
point y ∈ xN . That is, y ∈ CG(ϕ) and the assertion holds. Assume now that the order
of ϕ is composite, say mn with both m,n > 1, then by induction, CG(ϕn) = CG(ϕn). Since
x ∈ CG(ϕ), we have in particular that x ∈ CG(ϕn). Therefore, there is some y1 ∈ CG(ϕn)
such that y1 = x. That is, y1 ∈ CG(ϕn) and yϕ1 = ϕ−1(y1) ∈ y1N (because x is fixed by ϕ).
It follows that [y1, ϕ] ∈ N ∩ CG(ϕn), which also says that y1(N ∩ CG(ϕn)) is fixed by ϕ in
the factor group CG(ϕn)/N ∩CG(ϕn). So, by induction, because ϕ has order less than mn
in CG(ϕn), we know that there is some y ∈ CG(ϕ) such that y = x, as required.

(iii) Apply the first two parts in the case that ϕ is the conjugation by x.

�

From now on, we focus on automorphisms of finite p-groups, and we start with a famous result
attributed to William Burnside.

Theorem 2.6 (Burnside). [Gor80, Theorem 5.1.4]

Let G be a p-group and ϕ an automorphism of G of order coprime to p. Suppose that the induced
automorphism ϕ of G/Φ(G) is the identity. Then ϕ is the identity on G.

Proof. Let H = Φ(G) and · : G → G = G/H for the quotient map. Set |G| = pr+m, where
|G| = pr and |H| = pm. By Theorem 1. 1.15 (Burnside basis theorem), any subset X of G generates
G if and only if the image X generates G Since G is elementary abelian of rank r, any minimal
generating set of G has r elements. Pick such an ordered set X = {x1, . . . , xr} ⊂ G. Note that
{x1h1, . . . , xrhr} also generates G, for any choices of h1, . . . , hr ∈ H. Thus, altogether, there are
(pm)r = pmr minimal sets of generators of G mapping to the ordered generating set X. Let MX be
the collection of all these minimal generating sets {x1h1, . . . , xrhr} of G.

Let Y = {y1, . . . , yr} ∈ MX . The assumption on ϕ implies that ϕ fixes each coset yiH = xiH, and
so we have that ϕ(yi) = xihi, for some hi ∈ H for all 1 ≤ i ≤ r. That is, ϕ acts as a permutation on
the set MX . Since ϕ has order coprime to p, every orbit also has p′ length. We claim that if ϕ is not
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the identity, then each ϕ-orbit has length exactly the order of ϕ. Indeed, suppose that there is some
orbit O of length s ≤ o(ϕ). Then ϕs fixes every element in O, and thus ϕs fixes every element yi in
each set {y1, . . . , yr} contained in O. Now, every element of G is a word in the yi’s and thus every
element of G is also fixed by ϕs. Since we assume that ϕ is not the identity, it forces s = o(ϕ),
as claimed. It follows that the permutation on M defined by ϕ divides M into disjoint subsets,
each of cardinality o(ϕ). But M contains pmr elements, whereas o(ϕ) is coprime to p, which forces
o(ϕ) = 1, i.e. ϕ = Id. �

There is much to say about p′-automorphisms of p-groups, and we take a brief glance at these
results. For reference, properties of automorphisms of p-groups are thoroughly investigated in [Gor80,
5.2,5.3], in [GLS96, 11], in [Hup67, III.19], and in [Khu98].

We start with the following observation, adapted from [GLS96, Lemma 11.2].

Theorem 2.7. Let A be a p′-group of automorphisms of an abelian p-group G.

(i) The Frattini factor group G/Φ(G) is isomorphic to Ω1(G) as FpA-modules.
(ii) G = [G,A]× CG(A).

Recall that a normal series of G is a chain

G = K0 ≥ · · · ≥ Kn = 1 with Ki E Ki−1 for all 1 ≤ i ≤ n.

We say that a subgroup A of Aut(G) stabilises the series if:

(i) ϕ(Ki) = Ki for all 0 ≤ i ≤ n, and for all ϕ ∈ A, and if
(ii) A acts trivially on each factor Ki/Ki+1.

In particular, A is also a subgroup of automorphisms of each factor Ki/Ki+1. Now, regarding this
in the semi-direct product H = GoA (see Definition 6.7), we can consider commutators

[x, ϕ] = x−1ϕ−1(x) as in Section 2.1.

Suppose that A stabilises a normal series of G as above. Let 1 ≤ i ≤ n and set · : Ki−1/Ki

for the projection map. For any g ∈ Ki−1 and ϕ ∈ A, we have g = ϕ(g) = ϕ(g), or equivalently,
[g, ϕ] = 1, i.e. [g, ϕ] ∈ Ki. Thus, if A stabilises the normal series G = K0 ≥ · · · ≥ Kn = 1 of G, then
A ≤ Aut(Ki) and [Ki, A] ≤ Ki+1 for all 0 ≤ i < n. Conversely, if A ≤ Aut(Ki) and [Ki, A] ≤ Ki+1

for all 0 ≤ i < n, then A acts trivially on each factor of the normal series, and so A stabilises it.
From this observation, we can prove the following.

Theorem 2.8. [Gor80, Theorem 5.3.2, Corollary 5.3.3]

Let A be a group of automorphisms of a p-group G. Suppose that A stabilises a normal series of G.

(i) If A is a p′- group, then A = 1.
(ii) If A 6= 1, then A is a p-group.

Proof. Suppose that A stabilises the normal series G = K0 ≥ · · · ≥ Kn = 1 of G. We proceed by
induction on the length n of the series. If n = 0, then A = 1 and both assertions hold. Assume that
n ≥ 1 and that A is a p′-group. Then, A is also a group of automorphisms of K1 which stabilises
the normal series K1 ≥ · · · ≥ Kn = 1 of K1. So, by induction, A acts trivially on K1. Moreover,
[G,A] ≤ K1, or equivalently,

ϕ(x) = xy for some y ∈ K1, for all x ∈ G and all ϕ ∈ A.

Note that in the above equality ϕ(x) = xy, the element y ∈ K1 depends on x. It follows that
ϕ2(x) = ϕ(xy) = ϕ(x)ϕ(y) = xy2, and more generally, ϕs(x) = xys for all s ∈ Z. In particular, this
holds for s = o(ϕ), yielding then

x = ϕs(x) = xys whence ys = 1.

Since s is coprime to p, this forces s = 1, i.e. ϕ = 1; so that A = 1 as well, and (i) follows. For
the second part, note that from (i), a group of automorphisms of G which stabilises a normal series
does not have any nontrivial p′-morphism, saying that it must be a p-group, whence (ii). �

Changing the “side” in a semi-direct product G o A with A ≤ Aut(G), we now consider the
centraliser CG(A) = {g ∈ G | ϕ(g) = g , ∀ ϕ ∈ A} of A in G, that is, the subgroup of G on which
A acts trivially. With this notation, here is a result of Thompson.
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Theorem 2.9. [Gor80, Theorem 5.3.4]

Let A,B ≤ Aut(G), with A a p-group and B a p′-group centralising each other, i.e. forming a direct
product A×B. If CG(B) = CCG(B)(A), then A = 1.

Note that the assumption CG(B) = CCG(B)(A) means that A acts trivially on CG(B).

Here is a similar result which shows the use of studying the automorphism group of a finite p-group
in order to obtain some useful information.

Theorem 2.10. [Gor80, Theorems 5.3.5, 5.3.6, 5.3.7]

Let A be a p′-group of automorphisms of a p-group G. The following hold:

(i) G = CH, with C = CG(A) and H = [G,A]. In particular, if H ≤ Φ(G), then A = 1.
(ii) [G,A,A] = [G,A]. In particular, if [G,A,A] = 1, then A = 1.
(iii) Suppose that there exists a non-identity morphism ϕ ∈ A such that CH(ϕ) = H, for every

proper A-invariant normal subgroup H of G, i.e. ϕ acts trivially on each such H. Then,
(a) Φ(G) = G′ is a central subgroup of G.
(b) G/G′ is an irreducible FpA-module and ϕ acts nontrivially on G/G′.
(c) Either G is elementary abelian, or G has nilpotence class 2, with Φ(G) = G′ = Z(G)

elementary abelian and ϕ acts trivially on G′.

In the theorem, part (iii)(b), saying that G/G′ is an irreducible FpA-module means that G/G′ does
not contain any nontrivial proper subgroup which is A-invariant. A subgroup H of G is A-invariant
if ϕ(H) = H for any ϕ ∈ A and for any A ≤ Aut(G).

3. Lie ring of a p-group and Lazard correspondence

The main references for this section are [Gor80, § 5.6], [Khu98, ch. 5–10], and also [Gla07].

3.1. Lie rings.

We start with a brief introduction to Lie rings and their by-products.

Definition 3.1. A Lie ring is a non-associative ring without multiplicative identity element. If L is a
Lie ring, we write + for the addition making L into an abelian group, and [ , ] for the non-associative
multiplication, which we call Lie bracket. Moreover, L must satisfy

(1)
[x, x] = 0 the anticommutative law and

[[x, y], z] + [[y, z], x] + [[z, x], y] = 0 the Jacobi identity, for all x, y, z ∈ L .

Let R be an associative ring with a multiplicative identity element 1. If the Lie ring L is also a (left)
R-module, i.e. if L satisfies

r[a, b] = [ra, b] = [a, rb] for all a, b ∈ L and all r ∈ R ,

then L is a Lie R-algebra. In particular, every Lie ring is a Lie Z-algebra.

For short, we write [x, y, z] instead of [[x, y], z] for any x, y, z ∈ L, which we iterate ad libitum in a
similar fashion to commutators in groups. Hence, we call a formal expression of the form [x1, . . . , xn]
a Lie monomial (in x1, . . . , xn).

(i) A Lie ring L is free with free generators {xi : i ∈ I} (where I is an abelian group) if L
is the set of formal linear combinations of the Lie monomials in the xi’s, and if two such
expressions are equal if and only if one can be obtained from the other by applying the
axioms of Lie ring given in (1).

(ii) A Lie subring of L is a subgroup of L which is closed for [ , ]. The Lie subring of L
generated by some subset X ⊆ L is denoted 〈X〉 and is formed by all linear combinations of
the Lie monomials in the elements of X. In order to avoid confusion with the Lie subring,
we write +〈X〉 for the additive subgroup of L spanned by the set X.

(iii) An ideal of L is a subgroup X of L such that [X,L] ⊆ X. By the anticommutativity law, an
ideal of L is necessarily 2-sided. The ideal generated by X is written id〈X〉, to distinguish
it from the subring and the subgroup defined above.
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(iv) For n ∈ Z, we set nX for the set {nx | x ∈ X}. Then,

+〈nX〉 = n +〈X〉 and id〈nX〉 = n id〈X〉 whereas 〈nX〉 ⊆ n〈X〉 .
For subsets A,B of L, we write [A,B] = +〈[a, b] | a ∈ A , b ∈ B〉.

Remark 3.2. Let A and B be Lie subrings of a Lie ring L. The subgroup [A,B] need not be a Lie
subring of 〈A,B〉. However, if A and B both are ideals of L, then [A,B] is an ideal of L too.

Exercise 3.11.

(i) Let L be a free Lie ring on free generators {x, y, z}. Set A = 〈x, y〉 and B = 〈z〉. Prove
that [A,B] is not a Lie subring of L.

(ii) Let L be a free Lie ring and A,B ideals of L. Prove that [A,B] is also an ideal of L.
(iii) Let L be a Lie ring. Consider the underlying abelian group structure (L,+) of L and

hence the group H = EndL of endomorphisms of (L,+). Define [ϕ,ψ] = ϕψ − ψϕ for all
ϕ,ψ ∈ H, where ϕψ is the composition of maps (i.e. the multiplication in H). We say
that ϕ ∈ H is a derivation if ϕ([a, b]) = [ϕ(a), b] + [a, ϕ(b)] for all a, b ∈ L. Let D be the
set of all derivations of L. Prove that (H,+, [ , ]) is a Lie ring and that (D,+, [ , ]) is a
Lie subring of it.

Like for groups, we define the LCS of a Lie ring using the Lie bracket instead of the commutators.
That is,

L1 = L and inductively, Li = [Li−1, L] for all i ≥ 2.
Note that each Li is an ideal of L. Thus, a Lie ring L is nilpotent of class c if there is a positive
integer c such that Lc+1 = 0 6= Lc. If so, then in particular [x0, . . . , xc] = 0 for any xi ∈ L, for all i.
Otherwise, if Li 6= 0 for all i ≥ 1, then L is not nilpotent.

Notation 3.3. L is I-graded if there is an abelian group I such that L has a direct sum decomposition
L = ⊕i∈ILi of additive subgroups Li subject to the conditions [Li, Lj ] ⊆ Li+j for all i, j ∈ I.
Remark 3.4. Let us compare:

• A group G is nilpotent of class c if Gc+1 = 1 6= Gc, where Gc+1 is the c+ 1-st term in the
LCS of G. In particular, the commutators of weight greater than c are all 1.

• An algebra A over some ring R is nilpotent of class c if any product of c+ 1 elements of A
is 0, and there is a nonzero product involving c elements of A.

• A Lie ring L is nilpotent of class c if Lc+1 = 0 6= Lc. In particular, [x0, . . . , xc] = 0 for any
x0, . . . , xc ∈ L.

Moreover, any associative ring R (not necessarily unital) can be made into a Lie ring by defining
the Lie bracket as follows:

[r, s] = rs− sr for all r, s ∈ R.
So, is there any relationship between the notions of nilpotence class of a ring and its induced Lie
algebra? And what about the notion of nilpotence class of a group? We shall come back to these
questions in Sections 3.2 to 3.5 below.

3.2. The Lie ring associated to a p-group.

Suppose that G is a p-group. Then, using the LCS G = G1 ≥ G2 ≥ G3 ≥ . . . of G, there is a
natural way to associate a Lie ring to G. It should be noted that this holds in a broader generality
(in particular in the study of nilpotent groups), but we only will use it in the case of p-groups.

Definition 3.5. Let G be a p-group with LCS G = G1 ≥ G2 ≥ G3 ≥ . . . . The associated Lie ring
L(G) of G is the abelian group

L(G) =
⊕
i≥1

Gi/Gi+1 with Lie bracket [xGi, yGj ] = [x, y]Gi+j for all i, j ≥ 2 .

We write Li(G) for the factor group Gi/Gi+1 for all i ≥ 1.

By Lemma 3.7 below, L(G) is a Lie ring, and as such, L(G) is homogeneous of characteristic p, that
is, L(G) is a Lie ring of the form L(G) = ⊕ni=1Li, where each Li is a p-group (here Li = Li(G)) and
[Li, Lj ] ⊆ Li+j for all i, j.

The binary operation giving the group structure in the abelian factors Li(G) is written additively,
so that by definition, we have for any homogeneous elements xiGi+1, yiGi+1 ∈ Li(G) for any i,

xiGi+1 + yiGi+1 = (xiyi)Gi+1 ∈ Li(G) ,
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and we extend this rule in each homogeneous component Z-linearly to the whole ring L(G).

Let us start by checking that this definition makes sense. Recall that the groups in the LCS are
defined inductively, i.e. G1 = G and Gi = [Gi−1, G] = [G,G; i] for all i ≥ 2.

Notation 3.6. Let x, y ∈ G and H ≤ G. We set

x ≡ y (mod H) if y−1x ∈ H .

Lemma 3.7. [Gor80, Lemma 5.6.1]

The binary operation [ , ] defined above is a Lie bracket on L(G).

Proof. We prove the assertion mostly using the multiplicative notation of the group G, and leaving
the translation into the additive notation of L(G) as an exercise. Lemma 6.2 (iv) gives the inclusion
[Gi, Gj ] ⊆ Gi+j for all i, j. It follows that [ , ] is well-defined in the sense that it does not depend
on the choice of representatives of each factor group: say x, x′ ∈ Gi, and y, y′ ∈ Gj , with x ≡ x′

(mod Gi+1) and y ≡ y′ (mod Gj+1). Write x′ = xu and y′ = yv for some u ∈ Gi+1 and v ∈ Gj+1.
Using the first two identities in Lemma 6.2, we have

[x′, y] = [xu, y] = [x, y][x, y, u][u, y] ≡ [x, y] (mod Gi+j+1)

since both [x, y, u], and [u, y] are in Gi+j+1. Similarly, we have

[x, y′] ≡ [x, y] (mod Gi+j+1) so that [x′, y′] ≡ [x, y] (mod Gi+j+1).

Next, we need to prove the bilinearity of [ , ], i.e.

[xx′, y] ≡ [x, y][x′, y] (mod Gi+j+1) for all x, x′ ∈ Gi and all y ∈ Gj ,
and likewise for the second variable (which is left as an exercise). This is again a consequence of
Lemma 6.2, as

[xx′, y] = [x, y][x, y, x′][x′, y] and [x, y, x′] ∈ Gi+j+1.
Finally, we need to prove the Jacobi identity, i.e. for any x ∈ Gi, y ∈ Gj and z ∈ Gk, we must show
that

[x, y, z][y, z, x][z, x, y] ∈ Gi+j+k+1 .

Now, by the Hall-Witt identity (Lemma 1.7), we have

(2) [x, y−1, z]y[y, z−1, x]z[z, x−1, y]x = 1 .

Since Gi+j+k/Gi+j+k+1 ≤ Z(G/Gi+j+k+1), we can omit the conjugations, and are left with the
identity

[x, y−1, z][y, z−1, x][z, x−1, y] = 1
which translates into additive notation as

[[x,−y], z] + [[y,−z], x] + [[z,−x], y] = 0 .

By Lemma 3.8 below, and its translation into additive notation, we thus get the equality

−[x, y, z]− [y, z, x]− [z, x, y] = 0 as required.

�

Lemma 3.8. With the same notation as in Definition 3.5, let x ∈ Gi and y ∈ Gj for some i, j.
Then,

[x, yn] ≡ [x, y]n (mod Gi+j+1) for all n ∈ Z.

Proof. Suppose n ≥ 0 and let us proceed by induction. The result is obvious for n = 0, 1, so we
may assume n > 1 and the congruence true for any positive integer m < n. Using the appropriate
commutator identity in Lemma 6.2, we have

[x, yn] = [x, yn−1y] = [x, y][x, yn−1][x, yn−1, y] ≡ [x, y][x, y]n−1 (mod Gi+j+1)

by induction hypothesis and since [x, yn−1, y] ∈ Gi+j+1. So, the result holds for n ≥ 0. For n < 0,
note that it is enough to prove the case n = −1, which we do henceforth. Then, using the same
commutator identity, we have

1 = [x, 1] = [x, y−1y] = [x, y][x, y−1][x, y−1, y] ≡ [x, y][x, y−1] (mod Gi+j+1)

since [x, y−1, y] ∈ Gi+j+1, and likewise we obtain 1 ≡ [x, y−1][x, y] (mod Gi+j+1), which says that
[x, y−1] = [x, y]−1 as claimed. �



FINITE p-GROUPS IN REPRESENTATION THEORY 17

Remark 3.9. From Lemma 3.7, if every factor group Li(G) = Gi/Gi+1 in the LCS has exponent p,
then L(G) is an algebra over Fp. Indeed, by Definition 3.5, we have p(xGi) = (xp)Gi = 0 in L(G), for
all xGi ∈ L(G). We also record from Lemma 3.8, that the passage from the multiplicative group G
to the additive structure of L(G) yields equalities of the form [x, y]n = n[x, y] = [nx, y] = [x, ny],
where the first term on the left is the usual commutator in G and the three terms on its right are
seen in L(G).

Exercise 3.12.

(i) Prove that two non-isomorphic groups may have isomorphic associated Lie rings.
(Hint: show that both types of extraspecial p-groups of a given order p1+2n have the same
Lie ring structure with underlying abelian group (Z/p)n.)

(ii) Let G be the group of upper triangular n× n matrices with 1’s on the diagonal. Prove
that L(G) is isomorphic to N−, where N− is the Lie ring whose elements are the strictly
upper triangular n× n matrices equipped with the Lie bracket [A,B] = AB −BA.

Next, we want to compare the nilpotence class of G with that of L(G).

Lemma 3.10. [Khu98, Lemma 6.7, Corollary 6.8]

Let G be a p-group with Lie ring L(G) = ⊕i≥1Li(G), where Li(G) = Gi/Gi+1.

(i) L(G) is generated by L1(G). More precisely, every subgroup Li(G) of L(G) is spanned by
the Lie products

[x1, . . . , xi]︸ ︷︷ ︸
i terms

, where xj ∈ L1(G) for all j .

(ii) The k-th term in the LCS of L(G) is ⊕i≥kLi(G).
(iii) L(G) is homogeneous of characteristic p.

Proof. We know that Gi is generated by all commutators of weight i; that is, every x ∈ Li(G)
is the equivalence class of a product of commutators of weight i of G, with the equivalence re-
lation being the congruence modulo Gi+1. So, the claim follows from this observation and the
first part of the proof of Lemma 3.7. For the second part, note that [Gi, Gj ] ≤ Gi+j , whereas
[Gi+1, Gj ], [Gi, Gj+1], [Gi+1, Gj+1] ≤ Gi+j+1. We thus have

[Li(G), Lj(G)] = [Gi, Gj ]/Gi+j+1 ⊆ Gi+j/Gi+j+1 = Li+j(G).

The last part is immediate from the definition of a homogeneous Lie ring of characteristic p. �

In the notation in the above proof, in order to emphasise the difference between inclusion of subgroups
versus that of subsets, we have used “≤” for the subgroups and “⊆” for the subsets.

Now, we obtain a weaker version of [Khu98, Theorem 6.9], which is stated for nilpotent groups
(possibly infinite). See also [Gor80, p. 211].

Theorem 3.11. Let G be a p-group with associated Lie ring L(G) = ⊕ni=1Li(G).

(i) L(G) is nilpotent of class equal to the nilpotence class of G.
(ii) |G| = |L(G)|.
(iii) Every ϕ ∈ AutG(G) induces ϕL ∈ AutL(L(G)), where G is the category of groups and L

that of Lie Fp-algebras.

Proof. By Lemma 3.10, we have L(G)i = ⊕j≥iLj(G) = ⊕j≥iGj/Gj+1, that is, the i-th term in the
LCS of L(G) is the sum of all the ideals Lj(G) = Gj/Gj+1 of L(G) with j ≥ i. So, if Gj = 1,
then L(G)j = 0 too. Conversely, if Gj 6= 1, then L(G)j ⊇ Gj/Gj+1 6= 0, since Gj+1 < Gj (as G is
nilpotent).

For the second part, note that |G| =
∏n
i=1 |Gi/Gi+1| = |L(G)|.

Finally, since every subgroup Gi in the LCS of G is characteristic in G, every automorphism of G
induces an automorphism of Gi, and hence of the factor groups Gi/Gi+1. That is, every automor-
phism of the group G induces a linear transformation of the Lie Fp-algebra L(G), preserving each
factor. �
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From Theorem 3.11 (iii), we infer that in general the order of ϕL divides that of ϕ, and in fact we
often have that o(ϕL) < o(ϕ). Indeed, if ϕ is a nontrivial inner automorphism of G, then ϕL is
trivial. There is however a case in which both automorphisms have same order.

Proposition 3.12. [Gor80, Theorem 5.6.2]

Consider the same notation as in Theorem 3.11. Suppose that ϕ ∈ Aut(G) has order coprime to p.
Then, the induced automorphism ϕL of L(G) has the same order as ϕ.

Proof. By Theorem 3.11, an automorphism ϕ of G induces an automorphism ϕL of L(G) whose
order divides that of ϕ. Hence, let d be the order of ϕL, that is, d is the least positive integer such
that ϕd induces the identity on L(G). Then, d is not divisible by p, and is less or equal to the order
of ϕ. Now, ϕd stabilises the LCS of G. So, by Theorem 2.8, we have that ϕd = Id. That is, ϕ must
have the same order d as ϕL. �

A useful tool in the study of p-groups is the Lazard correspondence, which stems out of the study
of (infinite) nilpotent groups and Lie algebras ([Laz54]). It turns out that Michel Lazard’s results
also apply in the case of finite p-groups, and establish a correspondence between multiplicative finite
p-groups of nilpotence class less than p and Lie algebras also of nilpotence class less than p. Let us
point out that this is a stronger requirement than the equality “xiGi+1 + yiGi+1 = (xiyi)Gi+1 in
some Li(G) for homogeneous elements xiGi+1, yiGi+1 ∈ Li(G)” given in Definition 3.5, and there
are demanding computations which we do not show in the lecture notes, since they are not necessary
for our purposes. Nevertheless, on page 22, we give an example of the Lazard correspondence with
a p-group of nilpotence class 2 (and with p odd for reasons that will shortly become obvious).

A motivation for using this linearisation process is that a several questions on p-groups are easier
to handle when tackled from the linear perspective, and in Section 4 we present useful results using
this approach. Now, in order to study it, we first need to discuss the Mal’cev correspondence, which
relies on the Baker-Hausdorff formula. As this represents a considerable amount of material, we will
only survey the fundamentals necessary to us.

We thus start with a few notions and we fix the notation which we use until the end of Section 3.

Let A be a non unital free associative nilpotent Q-algebra of class c. We define the associated Lie
ring A− on the same set of elements as A, and we set

[a, b] = ab− ba in A− , for all a, b ∈ A.

Then, A− contains a free Lie subring, described as follows. Fix a set of non-commuting generators
{x1, x2, . . . } of A (we may suppose the number of xi finite or infinite). Hence, A has a basis formed
by all the monomials of the form xi1xi2 . . . xik , for some k ≥ 1. We set L for the Lie subring
generated by all the basic monomials xi. (In particular, x1x2 /∈ L, but [x1, x2] ∈ L.) Finally, we
write

QL = 〈ax | a ∈ Q , x ∈ L〉 for the Lie Q-algebra spanned by the xi’s.
Then, QL is a free Lie subalgebra of A− by [Khu98, Theorem 5.39].

Let us turn to A, which is non unital, and add a multiplicative identity 1 to it. Fix a set of elements
{y1, y2, . . . } in A2 = [A,A], and consider the set

1 +A = {1 + a | a ∈ A} . Hence, 1 +A is a (multiplicative) group.

Since A is nilpotent (of class c), we can define the subgroup G of 1 +A as the subgroup spanned by
the subset

{1 + xi + yi | yi ∈ A2 , xi ∈ A} of 1 +A,
where the xi’s and the yi’s are those chosen above.

Exercise 3.13. Prove that 1 +A is a group. In particular, for any a ∈ A, find (1 + a)−1 ∈ 1 +A
explicitly.

Theorem 3.13. [Khu98, Theorem 9.2]

The group G is free nilpotent of same class c as A, with free generators 1 + xi + yi.

The relationship between both constructions of L and of G is that L is the Lie ring associated to G
in the sense of Definition 3.5.
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Note also that, using the LCS (of finite length) of A, we obtain a grading on A, which induces gradings
on 1 +A and on L. That is, we can write each element in these Lie rings as a sum of homogeneous
terms. That is, A = ⊕nAn, where An is the subset of A formed by all the Lie monomials in the xi’s
of degree n.

3.3. Baker-Hausdorff formula.

This formula is also called the Baker-Campbell-Hausdorff formula. The purpose is to link the
multiplicative group structure with the additive structure of the corresponding Lie algebra, which
works in our context (among others). To present it, let us recall the MacLaurin series of the
exponential and (natural) logarithm functions. For x ∈ R in a neighborhood of the origin:

ex =
∑
n≥0

xn

n!
= 1 + x+

x2

2!
+
x3

3!
+ . . . and

log(1 + x) =
∑
n≥1

(−1)n−1x
n

n
= x− x2

2
+
x3

3
+ . . .

In a similar fashion, we define formal exponential and logarithm functions for our nilpotent associative
algebra A of nilpotence class c as follows: since ac+1 = 0 for all a ∈ A, we set

ea = 1 + a+
a2

2
+ · · ·+ ac

c!
and log(1 + a) = a− a2

2
+ · · ·+ (−1)c−1 a

c

c

Exercise 3.14. Let A be a nilpotent associative algebra of class c, and let a ∈ A and k ∈ Z. Prove
the following equalities.

elog(1+a) = 1 + a , log(ea) = a , and (ea)k = e(ka)

Consider again the sets of free generators {x1, x2, . . . } of A. We now define the corresponding
elements y1, y2, · · · ∈ A2 which are needed for the remainder of this section. Recall that so far, the
only constraint we have on the yi’s is that they are in A2, i.e. they are linear combinations of Lie
monomials of degree at least 2. Hence, we use the formal definition of the exponential, and the fact
that A has nilpotence class c, and set exi = 1 + xi + yi ∈ G for all i. The yi’s are “hidden” in the
statement of the Baker-Hausdorff formula, and it derivatives. Thus, we shall not refer to them in
future, also because computing them explicitly requires a considerable effort.

Definition 3.14. The Baker-Hausdorff formula (BH formula for short) is the polynomial expression
H(x1, x2) in QL defined by the equation

eH(x1,x2) = ex1ex2 for any generators x1, x2 of A.

We write Hn(x1, x2) for the homogeneous component of H(x1, x2) of degree n in An.

Remark 3.15. It must be pointed out that the claim H(x1, x2) in QL is a statement that requires
a proof, and it is precisely what is called the BH formula. We refer to [Khu98, Theorem 9.11] for
the demonstration, which uses Lemma 3.16 below. Also, the definition only uses generators x1, x2,
but it generalises to any pair of distinct free generators in {x1, x2, . . . }.

As a consequence of the BH formula, we obtain that the subset

eQL = {el | l ∈ QL} is a nilpotent group of class c (cf. [Khu98, Corollary 9.14]).

A sketch of proof consists in observing that we have 1 = e0 ∈ eQL, so that eQL is not empty.
Moreover, for l1, l2 ∈ QL we have e−l1 ∈ eQL and el1+l2 = eH(l1,l2) ∈ eQL by the BH formula. Thus,
eQL is a subgroup of 1 + A. Finally, we deduce that eQL has nilpotence class c from the fact that
1 +A has nilpotence class c.

For n = 1, 2, we obtain the formulae

H1(x1, x2) = x1 + x2 and H2(x1, x2) =
1
2
(x1x2 − x2x1) =

1
2
[x1, x2] .

Moreover,
[ex1 , ex2 ] = 1 + [x1, x2] + . . . (terms of degree ≥ 3). . . = e[x1,x2].

Exercise 3.15. Prove the equality [ex1 , ex2 ] = e[x1,x2] in the case when c = 2.
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As in the case of the traditional Lie theory, it is always useful to consider the adjoint map. In this
particular case, it is used in the proof of the BH formula.

ad : A −→ EndQ(A) with ad(a)(b) = [b, a] for all a, b ∈ A.

Lemma 3.16. [Khu98, Lemma 9.10]

For any generators x1, x2 of A,

ad(H(x1, x2)) = H(ad(x1), ad(x2)) .

The terms Hn(x1, x2) for n > 2 are also expressible in terms of commutators in x1, x2 of higher
weight, for which we refer to [Khu98, Lemma 9.15].

3.4. Mal’cev correspondence.

Both, the Mal’cev and the Lazard correspondence are concerned with divisibility properties of infinite
groups. That is, given a group G and an element g ∈ G, we try to solve an equation of the form
xq = g, for some given q in a given subring of Q. It is then natural to ask what are the properties of a
group G in which any such equation always possesses a unique solution (see [Khu98, Example 1.40]).

Definition 3.17. Let π be a set of prime numbers. An integer n is a π-number if n is a product
of elements of π. Hence, we write Qπ for the set of all rational numbers whose denominators are
π-numbers. An arbitrary group G is π-divisible if for any g ∈ G and any π-number r there exists
h ∈ G with hr = g, i.e. h is a r-th root of g.

For instance, if π = {2}, and G is a group of odd order, then G is 2-divisible: indeed, let g ∈ G
with o(g) = 2a− 1 and a ≥ 1. Then (ga)2 = g2a = g.

Exercise 3.16. Prove that any p′-group is p-divisible, for any prime p. Generalise to an arbitrary
set π of primes.

Definition 3.18. Let π be a set of prime numbers.

(i) A group G is torsion-free if the only element of finite order in G is the identity, which
implies of course that G is infinite or trivial. Hence, we say that G is π-torsion-free if G
has no nonidentity elements whose orders are π-numbers.

(ii) A group G is Q-powered if for every positive integer n and every g ∈ G, there exists a
unique h ∈ G such that g = hn. That is, G is torsion-free and divisible (or equivalently,
every element of G possesses a unique n-th root, for each n ∈ N). By analogy, we say that a
group G is Qπ-powered if G is π-divisible and π-torsion-free (or equivalently, every element
of G possesses a unique n-th root, for each π-number n).

(iii) Suppose that G is a nilpotent group and let H be a subgroup of G. We write
√
H for the

set {g ∈ G | ∃ n ∈ N : gn ∈ H} of all roots of the elements of H in G. Likewise, we set
π
√
H = {g ∈ G | ∃ a π-number n : gn ∈ H}.

Observe that in (iii) the ambient group G must be explicit.

Exercise 3.17.

(i) Prove that a finite 2-torsion-free group is solvable.
(ii) Let ω = e

πi
8 ∈ C and G = Q[ω] ≤ C. Find σ

√
G, where σ = {2}. What if G = R?

Qπ-powered groups satisfy the power rule, i.e. (xr)s = x(rs) for any x in a Qπ-powered group and
for all π-numbers r, s. Also, we can see Q-powered groups as the special case of Qπ-powered groups
for the set π of all prime numbers.

We now list the additional technical results we need to state the Mal’cev correspondence. They are
presented and proved in [Khu98, Sections 9 and 10].

Theorem 3.19 gives the relationship between a subgroup of G and its radical. It is comparable to
that of an ideal in a ring and its radical.

Theorem 3.19. [Khu98, Theorem 9.18]

Let H ≤ G. Then
√
H is a Q-powered subgroup of G containing H. Moreover, if H E K ≤ G, then√

H E
√
K.
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Theorem 3.20 describes subgroups of eQL which have radical equal to eQL.

Theorem 3.20. [Khu98, Theorem 10.4 and Corollary 9.22]

Let F be the subgroup F = 〈exi | i ≥ 1〉 of 1 + A, identified as such via the formal exponential.
Then, F is free nilpotent, of same class c as A, and F is freely generated by the set {exi | i ≥ 1}.
Moreover

√
F = eQL.

A consequence of Theorem 3.20 is that it enables us to consider H( , ) as an operator from the Lie
algebra QL to the Q-powered group eQL. Indeed, since

√
F = eQL, we have that ex+y and e[x,y]

are elements of
√
F for every x, y ∈ QL. By developing these exponentials, we thus obtain formal

expressions giving rise to the inverse Baker-Hausdorff formulae.

Definition 3.21. Let a, b ∈ QL. Define the inverse Baker-Hausdorff formulae

h1(ea, eb) = ea+b and h2(ea, eb) = e[a,b] in eQL .

Intuitively, the functions h1, h2 define an addition and a Lie bracket on eQL making this multiplicative
Q-powered group into a Lie ring. Hence, we use the exponential in order to identify the Lie algebra
QL with the exponents in the group eQL:

QL −→ eQL , a 7−→ ea ,

and then define a sum h1(a, b) in eQL, by taking the sum of the exponents in QL, and likewise, the
Lie bracket in QL induces a Lie bracket h2(a, b) = e[a,b] in eQL. In fact, it is enough to consider
the case when a and b are free generators, say x1, x2 of A, since the algebra they generate is also
free nilpotent of class c. Explicitly, hi(x1, x2) are words in rational powers of group commutators
in ex1 , ex2 for i = 1, 2. From this viewpoint, we can write equalities of the form (see [Khu98,
Lemma 10.7]) :

ex1+x2 = h1(ex1 , ex2) = ex1ex2α and e[x1,x2] = h2(ex1 , ex2) = [ex1 , ex2 ]β

where α and β are rational powers of group commutators in ex1 , ex2 of weight at least 2 for α and
at least 3 for β.

The upshot is that the BH formula H( , ) transforms the Lie algebra QL into the Q-powered group√
F = eQL, while its inverse h( , ) performs the converse operation, from the group eQL back to the

Lie algebra QL. This motivates the following notation. Suppose that a group G and QL are in such
a correspondence, i.e.

√
G = eQL. We write L = LG to mean that L is the Lie algebra associated

to G, and similarly, we set G = GL to mean that G is the Q-powered group associated to L.

The Mal’cev correspondence states the following.

Theorem 3.22. [Khu98, Theorem 10.11]

Let G be a nilpotent Q-powered group. The corresponding Lie algebra LG is defined on the same
underlying set of elements G, and is equipped with the operations:

a+ b = h1(a, b) , [a, b] = h2(a, b) and qa = aq for all a, b ∈ L and all q ∈ Q.

Conversely, if L is a nilpotent Q-algebra, its associated Q-powered group GL has the same underlying
set of elements L, and the multiplication is given by

gh = H(g, h) and gq = qg for all g, h ∈ G and all q ∈ Q.

Moreover, LGL
= L and GLG

= G .

Let us outline the main properties of the correspondence.

Theorem 3.23. [Khu98, Theorem 10.13]

Suppose that a nilpotent Q-powered group G and a nilpotent Lie algebra L are in Mal’cev correspon-
dence.

(i) A subset H of G is a Q-powered subgroup of G if and only if HL is a Lie Q-subalgebra of L,
where HL is the set H on which the addition, Lie bracket, and multiplication by rational
numbers are defined by the inverse Baker-Hausdorff formulae, as above.

(ii) H1 E H2 ≤ G as Q-powered groups if and only if (H1)L is an ideal of (H2)L. Furthermore,
the factor group H2/H1 is abelian (resp. central in G) if and only if the quotient Q-algebra
is commutative (resp. central in L).
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(iii) G and L have the same nilpotence class, and the same derived length.
(iv) A map f : G −→ G is an endomorphism (automorphism) of Q-powered groups if and

only if the induced map fL : L −→ L is an endomorphism (automorphism) of the Lie
Q-algebra L. Hence, Aut(L) ∼= Aut(G) as permutation groups of the set G = L.

(v) G is free nilpotent on the set of free generators X if and only if L is free nilpotent on the
set of free generators X.

3.5. Lazard correspondence.

Now we present the Lazard correspondence, which can be seen as the “localisation” of the Mal’cev
correspondence at a given set of primes. First though, we state a few necessary technical facts.

Theorem 3.24. [Khu98, Lemma 10.18, Theorem 10.20]

Let π be a set of prime numbers, and G a π-torsion-free nilpotent group.

(i) If gn = hn for some g, h ∈ G and π-number n, then g = h.
(ii) G embeds into a unique (up to isomorphism) Qπ-powered nilpotent group, namely π

√
G,

which has the same nilpotence class as G.
(iii) Every isomorphism ϕ : G1 −→ G2 extends to an isomorphism ϕ̂ : π

√
G1 −→ π

√
G2.

(iv) If G is free nilpotent on the free generators exi , then π
√
G is the free nilpotent Qπ-powered

group freely generated by the exi ’s.

At this point, we would like to extend the Mal’cev correspondence so that we would have a neat
“translation” between Qπ-powered groups and Lie Qπ-algebras. However, this is not possible, be-
cause the BH formula gives denominators which are not π-numbers. Consequently, we need the
additional assumption that the set π contains all the primes less than the nilpotence class c, or
equivalently all primes dividing c!. Then, Theorem 3.24 applies to the group F = 〈exi〉 as in The-
orem 3.20, and we obtain that π

√
F = eQπL is a Qπ-powered group corresponding to the Qπ-Lie

algebra QπL. Indeed, in this case, the denominators appearing in the BH formula are all π-numbers
(recall that n-th roots for any π-number n are well-defined in a Qπ-powered group, see also [Khu98,
Corollary 10.21]). This is precisely the use of the Lazard correspondence; namely it is the exten-
sion of Mal’cev’s results which substitutes Q with Qπ, and with the additional assumption that π
contains all the primes which are less than the nilpotence class.

Theorem 3.25. (Lazard)

Let c ∈ N and π a set of primes which contains all the primes less than c.

(i) Suppose that G is a nilpotent Qπ-powered group of nilpotence class c. The corresponding
Lie Qπ-algebra LG is defined on the same underlying set of elements G. Moreover,

a+ b = h1(a, b) , [a, b] = h2(a, b) and qa = aq for all a, b ∈ L and all q ∈ Qπ.

(ii) Conversely, if L is a nilpotent Qπ-algebra of class c, its associated Qπ-powered group GL
has the same underlying set of elements L, and the multiplication is given by

gh = H(g, h) and gq = qg for all g, h ∈ G and all q ∈ Qπ.

(iii) Moreover, LGL
= L and GLG

= G .

We now apply the Lazard correspondence to finite p-groups. Notice that Lazard’s theorem applies
to finite p-groups of small nilpotence class, i.e. such that p is greater than the class. Indeed, such a
group is nilpotent and Qπ-powered.

Example 3.26. [Khu98, Example 10.24]

Let G be a finite p-group of nilpotence class less than p. Set π for the set of prime divisors of p!.
Thus, G is π-divisible and π-torsion-free, i.e. G is a Qπ-powered group. Therefore, the above results
in Sections 3.3, 3.4, and 3.5 apply, and say that we may define operations + and [ , ] on G, in order to
make G into a Lie ring GL such that every automorphism of the group G induces an automorphism
of the Lie ring GL, and each element of G in GL has the same order under + as its (multiplicative)
order in the group G. Moreover, each subgroup of the group G is a Lie subring of GL. For instance
(see [Gla07, p. 423]), suppose that p is odd and G has class 2. Then, in GL and with the same
notation as above,

x1 + x2 = x
1
2
1 x2x

1
2
1 = x1x2(x2, x1)

1
2 and [x1, x2] = (x1, x2)
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where for u ∈ G, we let u
1
2 for the element of G which squares to u (since p is odd, G is 2-

divisible). Also, to avoid any confusion with the Lie brackets, the ( , ) denote the usual group
commutators. These two equalities refer to a certain construction which works when G has class 2,
because otherwise [x1, x2] 6= (x1, x2).

Exercise 3.18.

(i) Verify the equality

e−xeyex = ey+[y,x]+
[y,x,x]

2 +
[y,x,x,x]

3! +... = e
P

n≥1
[y,x;n]

n! .

(ii) Suppose that G is a p-group of class 2 and that p is odd. Using the above definitions of
addition and multiplication in GL verify that addition and multiplication are both
associative, and that the addition is commutative . . . and for the rainy Sunday afternoon,
prove the remaining axioms defining a Lie ring.

A case of particular interest to us is when H is a subgroup of exponent p of a finite p-group G,
and x ∈ G has order p and normalises H. Then the Lazard correspondence gives us a lower bound
on the rank of CH(x).

Lemma 3.27. Let G be a p group and H a subgroup of G. Suppose that H has exponent p and
nilpotence class less than p. Set |H| = pn. For any x ∈ NG(H) of order p, the rank of CH(x) is
greater than or equal to n/p.

Proof. By the Lazard correspondence (Theorem 3.24), as regarded in Example 3.26, conjugation
by x on H induces an automorphism cx of the additive group of the corresponding Lie ring HL

of H. Moreover, cx has order dividing |H| = pn and the additive group HL is elementary abelian,
whence an Fp-vector space of dimension n. Without loss, we may suppose that cx is given as a
matrix in GLn(p) in Jordan form. In particular, each Jordan block has size at most p, since xp = 1,
and so there are at least n/p blocks. Because 1 is the unique p-th root of 1, the number of Jordan
blocks equals the number of linearly independent eigenvectors, i.e. vectors fixed by cx. By “lifting”
these eigenvectors in the (multiplicative) group H, we get elements of order p belonging to CH(x),
and which span an elementary abelian p-group of rank equal to the dimension of the eigenspace (for
the eigenvalue 1), and also equal to the rank of CH(x). �

4. Elementary abelian subgroups : results and conjectures

Throughout, p denotes a prime number. Let us start by a brief recall of the notions treated in this
section.

4.1. Elementary abelian’s essentials.

We start with a recall of part of Definition 1.3.

Definition 4.1. Let G be a finite group.

(i) An elementary abelian p-subgroup of G is an abelian subgroup E of G of exponent at most p.
If G is a p-group, then we simply say an elementary abelian subgroup of G. The rank of E
is the integer rankE given by |E| = prankE . That is, rankE is the dimension of E viewed
as Fp-vector space.

(ii) If G is a p-group, the rank of G is the maximum of the ranks of the elementary abelian
subgroups of G.

(iii) The p-rank of an arbitrary finite group G is the rank of a Sylow p-subgroup of G.

Exercise 4.19.

(i) Calculate the p-rank of the symmetric group Sn, for any given n ≥ 1.
(ii) Determine the p-rank of GLn(p) for any n ≥ 2, and any prime number p.

4.2. Elementary Q & A.

A result of Quillen shows that the poset (partially ordered set) of all the nontrivial elementary
abelian p-subgroups of an arbitrary finite group has the same homotopy type than the poset of all
the nontrivial p-subgroups ([Qui78]). It follows that certain local properties of a finite group can
be detected at the level of its elementary abelian p-subgroups, rather than the Sylow p-subgroup.
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The strength of this “reduction” is that elementary abelian p-subgroups are easier to handle than
arbitrary subgroups, and much more is known on this class of p-groups. This motivates the following
notation (see also [GLS96, p. 3 and Section 10]).

Notation 4.2. Let G be a finite group. The set of all the nontrivial elementary abelian p-subgroups
of G is denoted E(G). For any n ∈ N, the subset of E(G) of all the elementary abelian p-subgroups
of G of rank at least n is written E≥n(G).

We define a connected component of the poset E≥n(G) by the rule: E,F ∈ E≥n(G) lie in the same
component if there are subgroups E0, . . . , En ∈ E≥n(G) with the properties that E0 = E, En = F
and, for each 0 ≤ i < n, either Ei ≤ Ei+1 or Ei ≥ Ei+1. We call E ∈ E(G) a maximal elementary
abelian subgroup of G if E is a maximal element in the poset E(G), that is, the condition E ≤ F for
some F ∈ E(G) implies that E = F .

For any integer n ≥ 1, the group G acts by conjugation on E≥n(G) and hence on its components.
For convenience, we let nG be the number of conjugacy classes of connected components of E≥2(G).

Theorem 4.3. ([GLS96, Lemma 10.21], [Bla85])

Let G be a p-group. Write E = E≥2(G).

(i) If rankG = 2, then E is (non-empty and) totally disconnected.
(ii) If rankG ≥ 3, then E has a unique maximal connected component B which contains all the

elementary abelian subgroups of rank at least 3; so that all the other connected components
of E(G) (if any) are isolated vertices, i.e. maximal elementary abelian subgroups of G of
rank 2. Moreover,
(a) G has a normal elementary abelian subgroup of rank 2 which is contained in B.
(b) Suppose that E has an isolated vertex E. Then Z(G) is cyclic. Let Z = Ω1(Z(G))

be the unique central subgroup of G of order p. Then E ∩ A = Z for any nontrivial
normal subgroup A of G which does not contain E, and CG(E) = 〈x〉 × Z(NG(E)),
where Z(NG(E)) is cyclic.

Exercise 4.20. Find nG for the following p-groups G (see Section 6 for the definitions).

(i) G = Cp o Cp .
(ii) G is extraspecial of order p3 and exponent p.
(iii) G is a Sylow p-subgroup of SL4(p).

Clearly, if Z(G) is not cyclic and G has rank at least 2, then E≥2(G) is connected by Theorem 4.3.
Thus, the “interesting cases” arise when E≥2(G) is non-empty and disconnected. Hence, we address
the following two questions :

Q.1. Can we bound the number nG of conjugacy classes of connected components of E≥2(G)?
(i.e. the number of conjugacy classes of maximal elementary abelian subgroups of G of
rank 2.)

Q.2. Can we bound the rank of G beyond which E≥2(G) is connected?

We next prove that both questions have an affirmative answer, and work through the proofs for p
odd. For p = 2, we state the ad hoc results and give examples.

As we want to analyse the situation when E≥2(G) has more than one component, we henceforth
suppose that Z(G) is cyclic. Thus, we let Z = Ω1(Z(G)) be the unique central subgroup of G of
order p. By [Hup67, Hilfsatz III 7.5], G contains some normal elementary abelian subgroup E0 of
rank 2. Set G0 = CG(E0). Note that G0 is a maximal subgroup of G, since G/G0 is isomorphic to
a nontrivial p-subgroup of Aut(E0) ∼= GL2(p), by Proposition 1.4. In view of Theorem 4.3, if G has
rank 3 or more, then all the subgroups in E≥2(G) of rank at least 3 lie in the big component, which
we write B. Moreover, we can choose the subgroup E0 ∈ B. The remaining components of E≥2(G)
are maximal elementary abelian subgroups of G of rank 2, that we call isolated. For an isolated
subgroup E, we have Z < E. Note also that nG > 1 if and only if either

• G has rank at least 3 and an isolated subgroup E, or
• G has rank 2 and is not metacyclic.
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Recall that a group G is metacyclic if G sits in a short exact sequence

1 // Cn // G // Cm // 1 with n,m ≥ 1 ,

that is, G is an extension of a cyclic group by a cyclic group. We know (cf. for instance [Maz03a])
that if G is a metacyclic p-group then G has rank at most 2 and has at most one elementary abelian
subgroup of rank 2 (which is thus also maximal and characteristic in G).

Write E≥2(G) as a disjoint union of connected components B ∪ {E1} ∪ · · · ∪ {En}, where B may
contain more than one subgroup. If G has rank 2, then B = {E0}, for some elementary abelian
subgroup E0 E G of rank 2. In this case, E0 need not be unique, so that we need to make an
arbitrary choice. Nevertheless, once this E0 is fixed, we do not consider E0 as isolated. We shall see
below that this is irrelevant in the “interesting” situations.

The third part in Theorem 4.3 is due to N. Blackburn ([Bla85]), who uses Héthelyi’s work, which
we now present.

4.3. Soft subgroups – the answer to Q.1.

Definition 4.4. Let G be a p-group. A soft subgroup of G is a subgroup A of G such that A = CG(A)
and |NG(A) : A| = p. A soft subgroup A of G is a deep soft subgroup of G if |G : A| ≥ p2.

In other words, a soft subgroup of G is a maximal abelian subgroup of G which has index p in its
normaliser. Clearly, if G is abelian, then G has no soft subgroups. Most (if not all) of the results
regarding p-groups with soft subgroups (p any prime) have been obtained by Héthelyi in [Hét84,
Hét90]. They are summarised in the next theorem.

Theorem 4.5. (Héthelyi) Let G be a finite p-group, and let A be a soft subgroup of G.

(i) The subgroups containing A form a chain A = N0, N1, . . . , Nr = M , where Ni = NG(Ni−1),
for 1 ≤ i < r, and |G : M | = p.

(ii) M is the unique maximal subgroup of G containing A, and M has nilpotence class r + 1.
(iii) Any two soft subgroups of G contained in M are G-conjugate.
(iv) M has exactly p maximal subgroups containing a soft subgroup of G.
(v) If A is a deep soft subgroup of G, then H = G′Z(NG(A)) is independent of A and the

factor group G/H is elementary abelian of order p2. In particular, H char G. Moreover, for
x ∈ H, the subgroup CG(x) of G is not a deep soft subgroup of G, and the conjugates of A
are the subgroups CG(s), for s ∈M −H.

Part (v) in Theorem 4.5 states that if x ∈ H, then either CG(x) is not soft, or CG(x) is soft and
has index p in G. This is for instance the case when G = Cp o Cp, with p odd, and x ∈ H = G′ is
contained in the base subgroup of G but not in the centre of G. (Recall that the base subgroup of
G is the maximal elementary abelian subgroup of G of rank p.)

Remark 4.6. The ubiquitous observation to make at this stage is that if E≥2(G) has an isolated
vertex E, then CG(E) is a soft subgroup of G. Indeed, NG(E)/CG(E) is isomorphic to a p-subgroup
of Aut(E) ∼= GL2(p) which says that |NG(E) : CG(E)| divides p. Moreover, from Theorem 4.3,
we have that CG(E) is abelian and that E char CG(E). This last fact implies the containments
CG(E) < NG(CG(E)) ≤ NG(E). Therefore, we must have that |NG(E) : CG(E)| = p, and so
CG(E) is soft.

Let us now attempt to describe the subgroup structure of a p-group G having some isolated subgroup.

Proposition 4.7. Suppose that E ∈ E≥2(G) is isolated in G. Set L = CG0(E).

(i) L is cyclic and E ∩G0 = Z.
(ii) NG(E) = L∗EE0, with L = Z(NG(E)) and EE0 extraspecial (see Definition 6.10) of order

p3 and exponent p.

Proof. Since E is isolated, we have that E 6≤ G0 = CG(E0), and so the intersection L = G0∩CG(E)
is necessarily cyclic. It follows that CG(E) = L ∗E is metacyclic abelian. Moreover, E0 / G implies
that Z < E0, whence E ∩ E0 = Z and EE0 is non abelian of order p3, because E normalises E0

but does not centralise it. By Lemma 1.9, we obtain that EE0 has exponent p, and therefore EE0

is extraspecial of order p3 and exponent p. In particular, E is normal in L ∗EE0, which shows that
NG(E) = L ∗ EE0, since CG(E) = L ∗ E has index at most p in NG(E), by Proposition 1.4 (vii).
Clearly, L = Z(NG(E)). �
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Assume that G is a finite p-group with nG > 1 and such that the centraliser of an isolated sub-
group E ∈ E≥2(G) is deep. Then, the picture of G that springs to mind is as follows: write Ni
for the successive normalisers of the soft subgroup CG(E) = N0, as in Theorem 4.5. For short, set
M = Nr and L = Z(N1), and fix a normal elementary abelian subgroup E0 of G of rank 2. Finally,
write G0 = CG(E0) and H = G′L. Then, G looks as follows.
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where each edge indicates an inclusion of a subgroup of index p, except possibly for the inclusions
E ≤ N0 and Z ≤ L.

As an easy corollary of Theorem 4.5, we get the following result. This, and the rest of the answer
to Q.1. is taken from [Maz08].

Proposition 4.8. Assume that G has some isolated subgroup which is not normal in G. Then,
2 ≤ nG ≤ p+ 1 and G has at most p conjugacy classes of maximal elementary abelian subgroups of
rank 2.

Proof. Clearly, nG > 1. Let E ∈ E≥2(G) be isolated. Set A = CG(E) and H = G′Z(NG(A)).
Then, A satisfies the hypothesis of Theorem 4.5 part (v). Thus, H is a normal subgroup of G,
independent of the choice of E, and G/H is elementary abelian of rank 2. In particular, G has
p+ 1 maximal subgroups containing H and hence may contain some isolated subgroup of G. Now,
H < G0, since Z(NG(A)) centralises E0 (recall that E0 ≤ NG(A)) and since G′ is contained in
any maximal subgroup of G. Since G0 does not contain any isolated subgroup of G, there are
at most p maximal subgroups containing isolated subgroups, which are then all G-conjugate, by
Theorem 4.5 (iv) and (iii). The proposition follows. �

In order to answer the question on the bound for nG, we still need to analyse the case when there
is an isolated subgroup which is normal in G. The solution is immediate from Proposition 4.7.

Proposition 4.9. Suppose that E ∈ E≥2(G) is normal and isolated in G. Then G is a central
product X ∗Z Z(G), with X extraspecial of order p3 and exponent p, and where Z(G) is cyclic. In
particular, G has rank 2 and nG = p+ 1.

Exercise 4.21. Prove Proposition 4.9.

In conclusion, if G has rank 2, then there are at most p+1 conjugacy classes of maximal elementary
abelian subgroups of rank 2, and if G has rank at least 3, then there are at most p conjugacy classes
of maximal elementary abelian subgroups of rank 2. This answers Q.1..
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Exercise 4.22. Determine nG in all the cases when G has rank 2. (Hint: see [Maz08])

4.4. Alperin-Glauberman’s experience – the answer to Q.2.

To tackle Q.2., we observe that the wreath product Cp oCp has rank p and a unique conjugacy class
of maximal elementary abelian subgroups of rank 2. What we are going to prove now is that this
is the “extremal” situation; in the sense that, for p an odd prime, if G is a p-group of rank greater
than p, then G has no maximal elementary abelian subgroups of rank 2, i.e. nG = 1. What follows
in the answer to Q.2. is taken from [GM10].

Suppose that p is an odd prime and that G is a finite p-group with nG > 1. By Proposition 4.9, if G
has some isolated normal subgroup, then G has rank 2 and all the subgroups in E≥2(G) are normal
in G. Hence, we also may discard this case. We start with a classic lemma.

Lemma 4.10. Let H be a normal subgroup of G of order pn, for some n ≥ 1. For all integers
0 ≤ k ≤ n, H contains a normal subgroup Hk of G of order pk.

Proof. We proceed by induction on k. If k = 0, the claim trivially holds. Assume k ≥ 1. By
Proposition 1.4 (ii), any nontrivial normal subgroup of G intersects Z(G) nontrivially, and so we
may pick a subgroup H1 ≤ H ∩ Z(G) with |H1| = p. Then, H1 E G. Set π : G → G/H1 for the
natural projection map and write K = π(K) for the image of a subgroup K of G under π. In G, we
have by induction hypothesis that H contains a normal subgroup Hk of G of order pk−1. Therefore,
Hk = π−1(Hk) is a normal subgroup of G contained in H and |Hk| = pk. �

We now specialise to a case which will be relevant for our purposes.

Lemma 4.11. Assume that G has a non-normal maximal elementary abelian subgroup E of rank 2,
and that H is a subgroup of exponent p in G that is normalised by E. Let |H| = pn.

(a) For each positive integer k less than n, H contains a subgroup Hk of order pk that is
normalised by E.

(b) n ≤ p.
(c) If E is not contained in H, then the subgroup Hk in part (a) is unique, for each k.

Proof. Let E = 〈z, x〉, with z ∈ Z(G). Note that H is normal in HE.

Each part of the lemma is vacuous or obvious if |H| ≤ p or if H = E. So we assume that |H| ≥ p2

and that H 6= E. Then CE(H) = 〈z〉 and

(A) CH(x) = CH(E) = H ∩ E .

Part (a) is Lemma 4.10 applied to G = HE and H = H. Thus, for each 0 ≤ k < n, the group
H contains a subgroup Hk of order pk that is normalised by E (see also related results in [JK75,
Proposition 0.1]).

For part (b), assume that n ≥ p + 1. We aim for a contradiction. By (a), we may assume that
n = p+ 1.

Since H has exponent p, it is a regular p-group. A theorem of N. Blackburn states that every p-group
of order at least pp+1 and maximal class is irregular ([Hup67, Satz III.14.21]; [Ber08, Theorem 9.5]).
Thus, H is not a p-group of maximal class.

Suppose first that x ∈ H. Since |H| > p2, we see that

〈x〉 < CH(x) = CH(E) = H ∩ E

because CG(E) is metacyclic, by Theorem 4.3. Hence E = CH(x) and we get

|CH(x)| = |E| = p2 , and |H : CH(x)| = |H|/p2 .

By a theorem of M. Suzuki ([Hup67, Satz III.14.23]; [Ber08, Proposition 1.8]) H is a p-group of
maximal class, a contradiction. Thus, x lies outside H, and

(B) |CH(x)| = |H ∩ E| ≤ p .
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Since |H| = pp+1 and H does not have maximal class, H has class at most p− 1. Thus, the Lazard
correspondence applies, and Lemma 3.27 says that conjugation by x induces an automorphism of
order p of the additive group of the Lie ring HL, which is an elementary abelian group of rank p+1,
and thus an Fp-vector space of dimension p+1. By considering the Jordan form of this automorphism,
we see that it has at least two Jordan blocks. Therefore, |CH(x)| ≥ p2. But |CH(x)| ≤ p by (B), a
contradiction.

For part (c), we assume that E is not contained in H. By (A), we have |CH(x)| = |H ∩E| ≤ p . By
part (b), |H| ≤ pp. Hence,H has nilpotence class at most p − 1. As in (b), we apply Lemma 3.27 and
consider the Jordan form of the automorphism of HL induced by conjugation by x. As |CH(x)| ≤ p,
this is a single Jordan block of degree n. Therefore, for each integer k between 1 and n, we have
that x preserves a unique k-dimensional Fp-subspace of HL, whence (c). �

From these technicalities, we draw the following conclusion. Let us (arbitrarily) choose a normal
elementary abelian subgroup E0 of G of rank 2 lying in B.

Proposition 4.12. Assume that p is odd and that G has rank greater than 2. If G has some non-
normal maximal elementary abelian subgroup of rank 2, then G has a unique normal elementary
abelian subgroup of rank 2, which is hence a characteristic subgroup of G.

Proof. Suppose that G contains a normal elementary abelian subgroup F of rank 2 other than the
chosen subgroup E0. Let H = E0F . Then F contains Z, and E0/Z and F/Z are contained in the
centre of G/Z. Therefore, H has order p3 and nilpotence class at most 2, and possesses more than
one elementary abelian subgroup of order p2. By Lemma 1.9 (or an application of [Hal59, Theorem
12.4.3], since H is a regular p-group), H has exponent p.

As E/Z is not normal in G/Z and since H/Z is central in G/Z, we have that E is not contained in
H. By Lemma 4.11, E normalises only one subgroup of order p2 in H. But E normalises E0 and
F , a contradiction. �

The following lemma is equivalent to [Hal34, Theorem 2.49, (i)] (see also [Hup67, Satz III.7.2]). As
before, Zk(G) is the k-th centre occurring in the UCS of G for any k ≥ 1.

Lemma 4.13. Suppose that N is a normal subgroup of G and k is an integer, k ≥ 0.

(a) If N ∩ Zk(G) = N ∩ Zk+1(G), then N ≤ Zk(G).
(b) If |N | = pk, then N ≤ Zk(G).

Proof. For part (a), let M = N ∩Zk(G) and G = G/M , and let X = XM/M for every subgroup X
of G. Then, N E G, and since M ≤ Zk(G), the definition of the upper central series gives

Z(G) ≤ Zk+1(G)/M and so N ∩ Z(G) ≤ (N ∩ Zk+1(G))/M = 1 .

Hence, N = 1.

Part (b) follows from (a). Indeed, let N / G. Assume that N � Zk(G). Then

1 = N ∩ Z0(G) < N ∩ Z1(G) < · · · < N ∩ Zk+1(G) ,

is a strictly increasing chain of subgroups of G. Thus, we must have |N | > pk. �

In view of [GLS96, Proposition 10.17] (or [JK75, Theorem]), if p = 3 and G has rank at least 4, then
G has normal rank 4. Consequently, Theorem A holds for p = 3, as also observed in [Maz08]. Hence,
we may in addition suppose that p ≥ 5 from now on. Recall that the normal rank of a p-group G
is the maximum of the ranks of the normal elementary abelian subgroups of G, and is in general
smaller than the rank of G.

Theorem 4.14. [AG98, Theorem D]

If p is at least 5, and A is an elementary abelian subgroup of order pn of the p-group P , then there
is an elementary abelian subgroup B of P , also of order pn, satisfying the following conditions:

(a) B is normal in its normal closure in P ;
(b) [P,B; 3] = 1;
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(c) B is normalised by any element x of P satisfying[
B, x;

p+ 1
2

]
= 1.

Theorem 4.15. Let p be a prime greater than 3, and assume that G has order pn. If G has a
non-normal maximal elementary abelian subgroup of rank 2, then G has rank at most p.

Proof. We assume that G has rank greater than p and work towards a contradiction.

Let E be a non-normal maximal elementary abelian subgroup of rank 2 in G. By hypothesis, p ≥ 5
and G contains an elementary abelian subgroup A of rank p+ 1.

By [AG98, Theorem D], we may choose A to be normal in its normal closure, 〈AG〉, in G. Let
N = 〈AG〉. If N = G, then we are done, by Lemma 3.27, as every element of order p has a
centraliser of rank at least 3. Let us then assume that N < G. Since G is nilpotent, we have A/N ,
and Lemma 4.10 says that A contains a normal subgroup B of N having order pp−1.

Let M = Ω1(Zp−1(N)). Then M /G and B ≤M by Lemma 4.13. Since Zp−1(N) has class at most
p−1, it is a regular p-group. Therefore, M has exponent p because it is a regular p-group generated
by elements of order p (see Theorem 1.22). Since M /G, Lemma 4.11 yields that |M | ≤ pp. Hence,
|M : B| ≤ p.

Let Y = Ω1(Z2(N)) and W = Ω1(Z(N)). Then

W ≤ Y ≤M and W,Y / G .

Assume first that Y ≤ A. Then CG(Y ) / G and A ≤ CG(Y ). Therefore, N = 〈AG〉 ≤ CG(Y ),
and Y ≤ Z(N). More generally, observe similarly that any normal abelian subgroup of G which is
contained in any conjugate of A is necessarily contained in Z(N). Then

A ∩ Z2(N) = A ∩ Y = A ∩ Z(N) ,

and A ≤ Z(N), by Lemma 4.13. But then,

A ≤ Ω1(Zp−1(N)) = M and pp+1 = |A| ≤ |M | ≤ pp ,

a contradiction. Thus, Y is not contained in A. Therefore, B < BY ≤M .

Since |M : B| ≤ p, we have M = BY . Moreover, Y/W ≤ Z(N/W ). Therefore, M/W is centralised
by AW/W . As M /G, it follows that M/W is centralised by 〈AG〉W/W , i.e., by N/W . Therefore,
M ≤ Z2(N). But now,

A ∩ Z3(N) ≤ A ∩ Zp−1(N) = A ∩M = A ∩ Z2(N) .

So A ∩ Z3(N) = A ∩ Z2(N). By Lemma 4.13, A ≤ Z2(N). Hence, A ≤ M , and we obtain a
contradiction as in the previous paragraph. �

Now, we can answer Q.2.

Theorem 4.16. Let p be an odd prime and let G be a finite p-group. If G has rank at least p+ 1,
then G has no maximal elementary abelian subgroup of order p2.

4.5. The case p = 2.

The answers to Q.1. and Q.2. in the case when p = 2 are as follows. The poset E≥2(G) for a finite
2-group G has at most 5 components, by [Car07]. By [Mac70], a 2-group G whose rank is greater
than 4 cannot have maximal elementary abelian subgroups of rank 2. Indeed, if G has a maximal
elementary abelian subgroup of rank 2, then G has no normal elementary abelian subgroup of rank 3
by Lemma 3.27. Now, Anne MacWilliams proves that in such a 2-group every subgroup is generated
by at most 4 elements.

Instead of the proofs, we give examples in for p = 2 of 2-groups reaching these maximal bounds.

A group G with E≥2(G) having 5 conjugacy classes of components is the extraspecial 2-group of
order 32 which is the central product G = D8 ∗ Q8 of a dihedral and a quaternion group, both of
order 8. Hence, each component contains a unique subgroup.

Exercise 4.23. Given G = 〈x, y, s, t〉 with 〈x, y | x2 = y2 = (xy)4 = 1〉 ∼= D8 and
〈s, t | s4 = 1 , s2 = t2 , ts = s−1〉 ∼= Q8, determine the 5 components of E≥2(G).
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Examples in [GLS96, p. 68] show that G may have rank 3. Here, we give an example of rank 4.

Example 4.17. Let F be the finite field of order 4. For each a, b, c in F, let M(a, b, c) be the 3× 3
matrix over F given by

M(a, b, c) =

1 a c
0 1 b
0 0 1


Let U be the set of all matrices M(a, b, c). Then U is a group under multiplication and is a Sylow
2-subgroup of GL3(4).

For each a in F, let a = a2; thus, we obtain the unique nontrivial field automorphism of F. Let t be
the mapping on U given by

M(a, b, c)t = M(b, a, ab+ c) .

Then t is an automorphism of order two of U (and comes from a unitary automorphism of order two
of GL3(4)). Let G be the semi-direct product of U by 〈t〉 (see Definition 6.7).

Note that CU (t) is the group of all matrices of the form M(a, a, c) such that c+ c = aa. This group
is a quaternion group of order 8, and CG(t) = CU (t)× 〈t〉.

Exercise 4.24. In Example 4.17, find a maximal elementary abelian subgroup of G of rank 2, and
one of rank 4.

4.6. Conjectures.

4.6.1. The class-breadth conjecture.

Definition 4.18. Let G be a finite p-group. For x in G, the breadth of x is the integer b(x) defined
by the equality pb(x) = |G : CG(x)|. In particular, b(x) = 0 if and only if x lies in Z(G). Thus, the
breadth of G is the integer b(G) equal to the maximum of b(x) as x ranges over G.

Let c(G) denote the nilpotence class of G. The class-breadth conjecture (also known as the Breadth
Conjecture) states that the inequality

c(G) ≤ b(G) + 1

always holds. Although counterexamples have been found for p = 2, none is known for p odd. For
background and recent results about the class-breadth conjecture, we refer the reader to [LGNW69]
and [ENO06]. In particular, several cases are known to be true, and moreover, the bound is optimal,
in the sense that there are groups for which the equality c(G) = b(G) + 1 holds. The finite abelian
p-groups and the finite p-groups of maximal nilpotence class are such instances, and [LGNW69]
presents further cases.

Exercise 4.25. Find the breadth of a finite p-group G when:

(i) G is abelian;
(ii) G has maximal nilpotence class.

Theorem 4.19. [LGNW69, Theorems A, and 2.3]

For any prime p and any finite p-group G, the inequality

c(G) ≤ 2b(G) holds.

More precisely, the inequality

c(G) <
p

p− 1
b(G) + 1 holds.

Obviously, the second part of the statement is relevant only for odd primes!

Proposition C in [GM10] states the following.

Proposition 4.20. Let p be an odd prime and G a finite p-group. Assume that the poset E≥2(G)
has more than one component. Then the class-breadth conjecture holds for G.
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Proof. Write c = c(G) for the nilpotence class of G. Let E = 〈x, z〉 be a maximal elementary
abelian subgroup of G, with z ∈ Z(G). By [Bla85, Theorem], we obtain the equalities CG(E) =
〈x〉 × Z(NG(E)), with Z(NG(E)) cyclic, and

|G : CG(E)| = |G : CG(x)| = pc−1.

Hence c = b(x) + 1. Since b(G) ≥ b(x), the class-breadth conjecture c ≤ b(G) + 1 holds for G. �

Remark 4.21. Observe that a similar proof shows that the class-breadth conjecture holds for any
finite p-group G having some soft subgroup A such that, for every proper subgroupH of G containing
A, the nilpotence class of NG(H) is one more than the nilpotence class of H. In turn, this raises
the question:

Does the equality c(G) = b(G) + 1 hold for G having a soft subgroup?

From Héthelyi’s article [Hét90], one may hope that indeed c(G) = b(G) + 1 in this case. Still, this
remains to be proved.

4.6.2. Oliver’s p-group conjecture.

Oliver’s p-group conjecture deals with finite p-groups, where p denotes an odd prime number
(see [Oli04]). It reduces the question of existence and uniqueness of a linking system associated
to an arbitrary saturated fusion system in terms of finite p-groups. The intent of this section is to
give a brief overview of the conjecture.

Definition 4.22. Write X(S) for the largest subgroup Qt of S for which there is a sequence

1 = Q0 ≤ Q1 ≤ · · · ≤ Qt with Qi E S and [Ω1(CS(Qi−1)), Qi; p− 1] = 1 ∀ i.

We call X(S) the Oliver subgroup of S.

∗ If p = 2, then X(S) = CS(Ω1(S)). In particular, X(S) = Z(S) if S is generated by elements
of order 2.

∗ X(S) is well-defined, in the sense that if

1 = Q0 ≤ Q1 ≤ · · · ≤ Qt and 1 = Q′
0 ≤ Q′

1 ≤ · · · ≤ Q′
u

are sequences as in the definition, then so is

1 = Q0 ≤ Q1 ≤ · · · ≤ Qt ≤ QtQ
′
1 ≤ · · · ≤ QtQ

′
u ;

i.e., any p-group S has a unique largest subgroup X(S ) as in the definition. In particular,

X(S) char S .

In order to state the conjecture, we need to recall the following notion.

Definition 4.23. Let G be a p-group. The Thompson subgroup is the subgroup

J(G) = 〈E | E ∈ E(G) : rankE = rankG〉 of G.

Recall that there are (at least) two versions of the Thompson subgroup of a finite p-group and our
choice is motivated by the setting of Oliver’s conjecture. In the literature, this Thompson subgroup
is sometimes called Je(G) instead of J(G), because then, J(G) denotes the Thompson subgroup that
is generated by all the abelian subgroups of G of maximal order (see [Gor80, p. 271]). In general,
J(G) 6= Je(G), but they have similar properties.

Conjecture [Oli04, Conjecture 3.9]

For any odd p and any S, we have J(S) ≤ X(S).

Exercise 4.26. Find a finite 2-group S for which J(S) � X(S).

Remark 4.24. The conjecture is not a necessary condition to prove the existence and uniqueness
of a linking sytem associated to an arbitrary saturated fusion system. Indeed, what is needed is to
prove that X(S) always contains a universally weakly closed subgroup of S for any finite p-group S.
By [Oli04, p.340], a universally weakly closed subgroup of S is a subgroup Q of S such that whenever
F is a fusion system on a p-group S′ containing S as a strongly F-closed subgroup, then Q is weakly
F-closed in S′. Hence, as the Thompson subgroup of a p-group is universally weakly closed, and
this sort of subgroup is very rare, J(S) appears to be the “obvious” choice for any S.
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Exercise 4.27. Find a p-group S and a characteristic subgroup Q of S which is not universally
weakly closed. (Hence “ char 6⇒ universally weakly closed”.)

In Oliver’s article, it is shown that:

Proposition 4.25. The following hold.

(i) X(S) contains all the normal abelian subgroups of S. In particular, X(S) is centric, that is
CS(X(S)) ≤ X(S).

(ii) X(S) contains all the normal subgroups Q of S such that [Ω1(Z(X(S))), Q; p− 1] = 1.
(iii) If X(S) < S, then S has rank ≥ p.

Exercise 4.28. Prove Proposition 4.25.

In [GHL08], the authors give an equivalent statement of the conjecture using FpG-modules, where G
is a finite p-group.

Definition 4.26. Let (PS) be the following condition: Given a nontrivial finite p-group G and
a faithful FpG-module V , the restriction ResGZ (V ) has a projective direct summand, for any central
subgroup Z of G with order p.

In other words, a faithful FpG-module satisfies (PS) if and only if every central element of G acts
on V with minimal polynomial (x− 1)p. (Recall that an FpG-module is faithful if 1 ∈ G is the only
element of G acting as the identity.)

Recall from Section 2.1 that for a right FpG-module V , we may form the semi-direct product
V oG. Hence the action of G on V becomes conjugation. In particular, for v ∈ V and g ∈ G, the
commutator [v, g] = v−1g−1vg in G reads v(g − 1) in the FpG-module V , and this is the approach
taken in [GHL08] for working on Oliver’s conjecture.

Theorem 4.27. [GHL08]

Oliver’s conjecture is equivalent to the following:

Any nontrivial finite p-group G has no F-module satisfying (PS).

Remark 4.28. In the theorem, G has to be understood as the quotient S/X(S). Either S = X(S),
or we have that J(S) ≤ X(S) if and only if S/X(S) has no F-module satisfying (PS).

To understand the recast of Oliver’s conjecture, we recall from [GLS96, § 26] the notion of F-module.

Definition 4.29. Let G be a finite group and V a faithful FpG-module. For a subgroup H of G,
set

jH(V ) =
|H||CV (H)|

|V |
.

A nontrivial elementary abelian subgroup E of G is an offender of G on V if jE(V ) ≥ 1. If there is
no confusion, simply say that E is an offender .

If V has an offender, then V is called an F -module.

An element 1 6= g ∈ G is quadratic (on V ) if [V, g, g] = 0.

Hence, an offender E is quadratic if [V,E,E] = 0.

Define the set of best offenders

P := {E ≤ G | E ∈ E(G) : jE(V ) ≥ jF (V ) , ∀ 1 ≤ F ≤ E} .

Remark 4.30.

• Note that every E ∈ P is an offender, and every minimal offender lies in P.
• V is an F-module if and only if P is nonempty.
• Timmesfeld replacement theorem. If E ∈ P, there is a quadratic offender F ∈ P which

satisfies jF (V ) = jE(V ) and F ≤ E. Hence, P 6= ∅ if and only if there is a quadratic
offender. Moreover, as Fp-vector spaces, CV (F ) = [V,E] + CV (E) .

• ([V, g; p] = [V, gp], for g ∈ G) & (p odd) & (V is faithful) ⇒ any quadratic
element has order p.
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The main result [GHL08] is the as follows.

Theorem 4.31. [GHL08] Oliver’s conjecture holds whenever S is a p-group such that S/X(S) has
nilpotence class ≤ 2.

In the subsequent article [GHMar], it was shown a bit more.

Theorem 4.32. [GHMar, Theorem 1.1] Suppose that p is an odd prime and S is a p-group such
that S/X(S) satisfies any of the following conditions

(i) S/X(S) has nilpotence class at most four;
(ii) S/X(S) is metabelian; (i.e. S/X(S) has an abelian derived subgroup)

(iii) S/X(S) has p-rank at most p.

Then Oliver’s conjecture J(S) ≤ X(S) holds for S.

“Anecdotical” facts in the theory of finite p-groups lead to the next result. Let us mention that
the first claim is a consequence of Alperin’s observation that regular 3-groups are metabelian
(see [Alp63]), whereas the second holds because p-groups of maximal class have rank at most p,
with the wreath product Cp o Cp as a limit case (see [GHMar]).

Corollary 4.33.

(i) Oliver’s conjecture holds for every regular 3-group;
(ii) S/X(S) has maximal nilpotence class.

For completeness, let us briefly outline the strategy of the proof in Theorem 4.32.

(i) Assume that V is a faithful module satisfying condition (PS). We need to show that V is
not an F -module, i.e. that there is no offender.

(ii) By Timmesfeld, if there is an offender, then there is a quadratic one, lying in P.
(iii) (PS) condition ⇒ Z(G) does not contain any quadratic element.
(iv) Proceed by contradiction, assuming that there is a quadratic offender. . .

Hence, we rely on the following key result.

Theorem 4.34. [GHMar, Theorem 1.5] Let G be a p-group and V a faithful FpG-module such that
there are no quadratic elements in Ω1(Z(G)).

(i) If A is an abelian normal subgroup of G, then A does not contain any offender.
(ii) Suppose that E is an offender. Then [G′, E] 6= 1.

Here are the “milestones” of proof of Theorem 4.32 which often use the following technical lemma.

Lemma 4.35. [GHL08, Lemma 4.1]

Suppose that x, y ∈ G are such that z = [x, y] is a nontrivial element of CG(x, y). If z is non-
quadratic, then both x and y are non-quadratic.

Following the strategy outlined above, assume that E is a quadratic offender, then:

(i) E ∩ Z(G) = 1. In particular, E does not contain any nontrivial normal subgroup of G.
(ii) If A is an abelian normal subgroup of G, then E � A.
(iii) [G′, E] 6= 1. (deduced from (ii))
(iv) If A ≤ G is abelian and commute with any of its conjugates, i.e. [A,Ag] = 1 for all g ∈ G,

and if [V,A,A] = 0 and V = CV (A) +CV (Ag) for all Ag 6= A, then [V,A] ≤ CV (H), where
H is the normal closure of A in G.

(v) Say that G has nilpotence class n. If 2r ≥ n and Gr+1 contains no quadratic elements,
then [Gr, E] = 1.
In particular if n ≥ 4, then [Gn−2, E] = 1.

(vi) If G has nilpotence class at most 4 ↔ : by (v) and (iii), E is not an offender (⇒ 4.32 (i)).
(vii) If G is metabelian ↔ : by Theorem 4.34, E is not an offender (⇒ 4.32 (ii)).
(viii) If a, b ∈ G are quadratic and CV (a) = CV (b), then [a, b] = 1.
(ix) If the p-rank of G is at most p ↔ (⇒ 4.32 (iii)).
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5. A glance at representation theory

5.1. Introduction.

In this section we apply the results obtained in the previous sections to the study of endotrivial
modules As in many topics in modular representation theory of finite groups, useful information
is obtained by considering the restrictions of a given representation to the elementary abelian p-
subgroups of the considered finite group. For instance, Chouinard theorem (Theorem 5.3) detects
projectivity of modules in this way.

Hence, throughout this section:

• we fix a field k of prime characteristic p,
• we assume that k is algebraically closed, and
• by module, we always mean a finitely generated left module.

Our interest is in the study of kG-modules for a finite group G whose order is divisible by p. Then,
we refer to [Alp86, Ben98a, CR62, CR87, CR90, Thé95] for the background material on the structure
of the group algebra and the “wild” situation arising. The shortest (condensed) account of this topic
is presented in [Ben98a, Chapters 1 and 3]. The main point to keep in mind is that under the above
assumptions, Maschke’s theorem fails, i.e. modules are not completely reducible. As a substitute of
Maschke’s theorem, there is Krull-Schmidt theorem.

Theorem 5.1. [Ben98a, Theorem 1.4.6]

Every finitely generated kG-module has the unique decomposition property.

A kG-module M has the unique decomposition property if M satisfies the following two conditions:

(i) M is a direct sum of indecomposable kG-modules; and
(ii) if ⊕ni=1Ui and ⊕mi=1Vi are two decompositions of M into a direct sum of indecomposable

kG-modules, then m = n and, after a possible reordering of the summands, Ui ∼= Vi for
all i.

A special class of representations is formed by the projective modules. Recall that a kG-module M
is free if M has a basis. That is, there exists a subset X ⊆ M such that every m ∈ M can be
uniquely expressed as a kG-linear combination of elements in X. In the case of modules over finite
group algebras, the free modules are precisely those isomorphic to direct sums of kG (which has
basis {1}).

Definition 5.2. A kG-module M is projective if and only if M satisfies any of the following equiv-
alent conditions:

(i) Given any kG-modules A and B, and homomorphisms of kG-modules f : M → B, and
g : A→ B, with g surjective, then there exists f̃ : M → A such that gf̃ = f .

In other words, given a diagram M

f

��
A

g // B

with g surjective,

there exists f̃ ∈ HomkG(M,A) such that the diagram M

f

��

f̃

~~}}
}}

}}
}}

A
g // B

commutes.

(ii) Any short exact sequence of kG-modules and homomorphisms of kG-modules

0 // A // B // M // 0 splits. (See definition below.)

(iii) M is a direct summand of a free module.
(iv) M is injective.

Note that if G is a p-group, then all three concepts of free, projective and injective modules are
equivalent because the group algebra kG is then indecomposable. In the case of an arbitrary finite
group G, then a projective module is injective but not free in general, as it is isomorphic to a direct
sum of direct summands of kG.
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Chouinard theorem is a detection theorem for projective modules.

Theorem 5.3. [Ben98b, Theorem 5.2.4 (Chouinard)] A finitely generated kG-module M is projective
if and only M is projective on restriction to every elementary abelian p-subgroup of G.

Another useful result that we record here is Schanuel’s lemma.

Theorem 5.4.

Let

0 // M // P
f // N //

Id

0

0 // L // Q
g // N // 0

be short exact sequences of kG-modules with P and Q projectives. Then,

M ⊕Q ∼= L⊕ P .

Proof. Since P is projective, there exists a map P → Q lifting the identity on N , so that we can
complete the diagram into two commutative squares. Rearranging the modules into the diagram
below, we consider the pullback X of the arrows f and g, which we complete using the standard
methods:

L� _

��

L� _

f

��
M

� � // X
f̃ // //

g̃
����

Q

g
����

M
� � // P

f // // N

Since both P and Q are projective the middle row and the middle column split. This yields the
isomorphisms

M ⊕Q ∼= X ∼= L⊕ P as required.

�

Far away from the projective modules, every finite group has a trivial kG-module. This is the one
dimensional vector space k equipped with the trivial group action. That is, ga = a for all a ∈ k
and all g ∈ G. Another useful concept is that of the dual (or k-dual) of a kG-module M . It is the
kG-module M∗ = Homk(M,k). In other words, we consider the set of k-linear maps M → k. The
structure of kG-module on M∗ is given as a particular case of the following construction. Let M,N
be two kG-modules. Taken as k-vector spaces, we set Homk(M,N) for the set of k-linear maps
M → N . Then, Homk(M,N) is a kG-module for the action of G given by

(gϕ)(m) = gϕ(g−1m) for all m ∈M, g ∈ G and ϕ ∈ Homk(M,N).

Hence, for M∗, we take N = k, and we get

(gϕ)(m) = ϕ(g−1m) for all m ∈M, g ∈ G and ϕ ∈M∗.

An essential tool when studying kG-modules is the analysis of kG-homomorphisms, and hence of
exact sequences. An exact sequence of kG-modules is a sequence (possibly infinite)

. . . // Mn+1
fn+1 // Mn

fn // Mn−1
// . . .

of kG-modules and kG-homomorphisms such that ker(fn) = im(fn+1) for all n. We call an exact
sequence short if it is an exact sequence of the form

0 // L // M // N // 0 .

An exact sequence splits if for each n there is a kG-homomorphism hn : Mn−1 → Mn such that
fnhnfn = fn. In particular, a short exact sequence as above splits if and only if M ∼= L⊕N .
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Any kG-module M has a projective resolution. This is a complex of projective modules Pi

(P∗, ∂∗) : . . . ∂3 // P2
∂2 // P1

∂1 // P0
//

∂0

    

0

M // 0

which is exact everywhere except in degree 0, where the cokernel of ∂1 is isomorphic to M . We
call the resolution minimal if the dimensions of the Pi’s are minimal, which means that (P∗, ∂∗)
is an “infinite splice” of projective covers. We refer to [CT03, Section 1.4] for further background
material.

We end this theoretical introduction with the definition of tensor product of modules which we need.
Given a group G and kG-modules M,N , we form their tensor product M ⊗ N as k-vector spaces
(i.e. an element of it is a finite sum of “symbols”

∑
imi ⊗ ni, with mi ∈ M and ni ∈ N for all i).

The structure of kG-module on M ⊗N is given by the diagonal action of G on M ⊗N as follows:

g(m⊗ n) = gm⊗ gn for all m ∈M, n ∈ N, g ∈ G.

Exercise 5.29.

(i) Prove that Homk(M,N) as above is a kG-module.
(ii) Prove that for any subgroup H of G, the fixed points of Homk(M,N) under the action

of H is the set HomkH(M,N) of kH-homomorphisms M → N .
(iii) Prove that Homk(M,N) ∼= M∗ ⊗N as kG-modules, for any kG-module M .

5.2. Endotrivial modules.

Two special classes of representations of finite p-groups have been identified by E. Dade ([Dad78a,
Dad78b]): endo-permutation and endotrivial modules. The study of endotrivial modules for finite
p-groups has since then been extended to arbitrary finite groups, and this is our next topic of
discussion.

Definition 5.5. Let G be a finite group. A kG-module M is endotrivial if EndkM ∼= k⊕ (proj) as
kG-modules, for some projective module (proj). Equivalently, by Exercise 5.29 (iii), M is endotrivial
if and only if M∗ ⊗M ∼= k ⊕ (proj).

Here is “THE” example, split into three steps: trivial, constructive, and . . . Ω.

Example 5.6. Let G be a finite group.

(i) k is endotrivial.
(ii) Let 0 // L // P // N // 0 be a short exact sequence of kG-modules with

P projective. Then, L is endotrivial if and only if N is endotrivial.
(iii) Let (P∗, ∂∗) be a minimal projective resolution of the trivial module k. For all n ≥ 1 let

Ωn(k) = ker(∂n−1), and set also Ω0(k) = k, and Ωn(k) = Ω−n(k)∗ for all integers n < 0.
Then, Ωn(k) is an indecomposable endotrivial kG-module. We call Ωn(k) the n-th syzygy
of k.

Exercise 5.30. Prove the three assertions in Example 5.6. (Hint: the third assertion follows from
the first two. For the second, Schanuel’s lemma may be useful.)

By Krull-Schmidt theorem (Theorem 5.1), every kG-module can be written as a direct sum of inde-
composable modules which are unique up to isomorphism (and order of the summands). Applying
Krull-Schmidt theorem to endotrivial modules gives the following.

Proposition 5.7. Every endotrivial module M splits as a direct sum M = M0 ⊕ (proj), where M0

is an indecomposable endotrivial module and (proj) is some projective module.

Proof. Write M = ⊕iUi as a direct sum of indecomposable kG-modules Ui. Hence M∗ ∼= ⊕iU∗
i and

we have by “distributivity” of ⊗ over ⊕,

M∗ ⊗M ∼=
⊕
i,j

U∗
i ⊗ Uj .

Since M is endotrivial, M∗⊗M ∼= k⊕ (proj), and Krull-Schmidt theorem says that there is exactly
one summand U∗

i ⊗ Uj isomorphic to k ⊕ (proj) and all the others are projective. Thus, we must
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have that i = j and there is a unique indecomposable direct summand of M which is endotrivial,
all the others being projective. �

Definition 5.8. The indecomposable endotrivial summand M0 of the endotrivial module M in
Proposition 5.7 is the cap of M .

Uniqueness in Krull-Schmidt theorem implies that the cap of an endotrivial module M charac-
terises M , and it enables us to work uniquely with indecomposable endotrivial modules if we wish.
This fact had already been noted by Dade, and more generally, this is always the standpoint taken
when working in the stable module category. We thus define an equivalence relation on the class of
endotrivial modules by setting :

M ∼ N ⇐⇒M0
∼= N0 for any endotrivial modules M,N .

Equivalently, we can say that the equivalence relation is the isomorphism of the modules when
considered in the stable module category (see [Ben98a, CT03]).

Exercise 5.31. Suppose that M,N are endotrivial kG-modules and let H ≤ G. Prove that
ResGHM is an endotrivial kH-module, and that M∗ and M ⊗N are endotrivial kG-modules.

Definition 5.9. The set of equivalence classes T (G) of endotrivial modules form a group, called
the group of endotrivial modules. The group structure is induced by the tensor product. That is,

[M ] + [N ] = [M ⊗N ] for endotrivial kG-modules M and N .

In particular, the identity of T (G) is the class 0 = [k] = {k⊕ (proj)} of all trivial source endotrivial
modules (see paragraph on the theory of vertices and sources, on page 39). The additive inverse of
[M ] ∈ T (G) is −[M ] = [M∗] the class of the dual of M .

Exercise 5.32. Let G be a finite group and n ∈ Z. Prove that

[Ωn(k)] = n[Ω(k)] in T (G).

From Exercise 5.31, we observe that given a subgroup H of G, the restriction map along the inclusion
H ↪→ G induces a well-defined group homomorphism

ResGH : T (G) −→ T (H) with ResGH([M ]) = [ResGH(M)] .

What can we say about the dimension of an endotrivial kG-module? The first thing to remember
is that the dimension of a projective module is divisible by the order of a Sylow p-subgroup of G.
Thus, from

M∗ ⊗M ∼= k ⊕ (proj) we get that dim(M)2 ≡ 1 (mod |P |) where P ∈ Sylp(G).

In other words, we have

(dim(M)− 1)(dim(M) + 1) ≡ 0 (mod |P |)
which gives

dim(M) ≡
{
±1 (mod |P |) if p is odd;
±1 (mod |P |/2) if p = 2.

Motivations for studying and seeking a classification of all indecomposable endotrivial modules arise
from two main streams in representation theory. On the one hand, in the case when G is a p-group,
the endotrivial modules are the building bricks of the endo-permutation kG-modules, which in turn
appear in the description of the source algebra of blocks of group algebras having G as defect group.
On the other hand, for any finite group G, the endotrivial modules form part of the Picard group of
the stable module category. We will not discuss any of these topics, but mentioning them may help
to keep in mind that “endotrivial modules are useful”. . . whatever this means. Another fact which
comes straight out of the definition of T (G) is that classifying endotrivial modules is equivalent
to determining T (G). Hence, we may also aim at the more modest goal to “only” look for the
isomorphism type of the group T (G) rather than its presentation by generators and relations.

An essential result about the detection of T (G) is due to Luis Puig, and another, proven by Carlson
and Thévenaz is an analogue of Chouinard’s theorem. Recall that E(G) denotes the set of all the
nontrivial elementary abelian p-subgroups of G.

Theorem 5.10. Let G be a finite p-group.
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(i) (Carlson-Thévenaz) A kG-module M is endotrivial if and only if ResGEM is an endotrivial
kE-module for each E ∈ E(G).

(ii) (Puig) The restriction map

ResE(G) : T (G) −→
∏

E∈E(G)

T (E) has finite kernel.

In particular, T (G) is a finitely generated abelian group.

Actually, the result also holds for arbitrary finite groups. But before switching to non-p-groups, let
us give a first classification for abelian p-groups.

Theorem 5.11. [Dad78b, Theorem 10.1]

Suppose that G is an abelian p-group. Then T (G) = 〈[Ω(k)]〉 is cyclic, spanned by the class of the
syzygy Ω(k) of k (see Exercise 5.32). Hence,

T (G) is

 trivial if |G| ≤ 2,
∼= Z/2 if G is cyclic of order at least 3,
∼= Z otherwise.

Another key fact to infer from Puig’s result is that, since T (G) is abelian and finitely generated, it
can be written as a direct sum

T (G) = TT (G)⊕ TF (G)
with TT (G) the torsion subgroup, and TF (G) a torsion-free finitely generated abelian subgroup of
T (G) which is also a direct sum complement to TT (G). By extension, we will call an endotrivial
module torsion if its class is in TT (G), i.e. has finite order in T (G). Note that, while TT (G) is
unique, TF (G) is not unique! There are in general several direct sum complements to TT (G). The
lack of “non-canonical” complement is an issue which still needs to be overcome in the general case
(work in progress. . . ). Nevertheless, an important consequence of Theorems 5.10 and 5.11 is that,
for a finite p-group G, the torsion-free rank of T (G) (i.e. the Z-rank of TF (G)) equals the number of
conjugacy classes of connected components of the poset E≥2(G) from Notation 4.2. In other words,

• if G has rank at most 2, the rank of TF (G) equals the number of G-conjugacy classes of
maximal elementary abelian p-subgroups of rank 2; and

• if G has rank at least 3, the rank of TF (G) equals the number of G-conjugacy classes of
maximal elementary abelian p-subgroups of rank 2 plus one.

The achievement of the classification theorem for endotrivial modules over p-groups has been ob-
tained by Carlson and Thévenaz, about 30 years after Dade’s result above. For convenience, we
recap the whole classification in Theorem 5.12.

Theorem 5.12. [CT05, CT04]

Let G be a nontrivial finite p-group.

(i) If G is cyclic of order at least 3, then T (G) ∼= Z/2. If G is cyclic of order 2, then T (G) = 0.
(ii) If G is generalised quaternion, then T (G) ∼= Z/2 ⊕ Z/4 (assuming that k is algebraically

closed if G has order 8).
(iii) If G is semi-dihedral, then T (G) ∼= Z/2⊕ Z.
(iv) If G is not cyclic, generalised quaternion, or semi-dihedral, then T (G) is torsion-free.
(v) If every maximal elementary abelian subgroup of G has rank at least 3, then T (G) =

〈[Ω(k)]〉 ∼= Z.
(vi) If some maximal elementary abelian subgroup of G has rank 2 and if G is not semi-dihedral,

then T (G) is free abelian on a set of explicit generators (see [CT04, Theorem 3.1]).

E. Dade’s contribution to the classification of endotrivial and endo-permutation modules goes beyond
his seminal 1978 two-part article [Dad78a, Dad78b]. Indeed, in an unpublished manuscript [Dad80],
he also proves a result (Theorem 7.1 in that paper) which has been key in extending the classification
of endotrivial modules to arbitrary finite groups with a normal Sylow p-subgroup. For convenience,
we recast Dade’s theorem in a slightly different way, and only for endotrivial modules. Recall that
if H is a normal subgroup of G, then G acts on a kH-module M by conjugation: (for an easier
reading, we point out where the multiplications occur)
gM is the kH-module given by h.gm = g(hg.m) for all g ∈ G, all h ∈ H, and all m ∈M .
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Hence, the G-fixed points in mod(kH) are the kH-modules M such that M ∼= gM as kH-modules.
If we restrict our attention to endotrivial modules, Dade’s theorem reads as follows.

Theorem 5.13. [Maz07, Corollary 3.2 (Dade)]

Let P ∈ Sylp(G) and suppose that P E G. Then T (G) is generated by the classes of the indecom-
posable endotrivial kG-modules M such that ResGP M is indecomposable. In particular, the map

ResGP : T (G) −→ T (P ) induces an isomorphism of abelian groups

TF (G) ∼= TF (P )G/P , where TF (P )G/P is the subset of the G/P -fixed points of TF (P ). Moreover,
we have that if TT (P ) = 0, then TT (G) is generated by the 1-dimensional kG-modules.

In Theorem 5.13, TF (P )G/P is the subgroup of TF (P ) generated by the classes of the “G-stable”
endotrivial kP -modules, which all extend into kG-modules and generate T (G). Since TF (P ) is
not canonical, Theorem 5.13 should be understood as follows: for any choice of TF (P ), the set of
fixed points TF (P )G/P is a set of equivalence classes of endotrivial kP -modules which extend to
G (i.e. they are in fact kG-modules), and their classes form a set of generators for a torsion-free
subgroup TF (G) of T (G), direct sum complement to TT (G). In practice, once T (P ) is known, the
computations giving T (P )G/P come down to a matter of calculating G-conjugacy classes of elements
of P . For more details, including examples, see [Maz07].

At this stage, our objective for the classification of endotrivial modules gets trickier. Indeed, there
is no way we can simply “extend” a module from the normaliser of a Sylow p-subgroup to the whole
group. The main tool available is the Green correspondence (see [Ben98a, § 3]), but still it does not
work that well. Let us briefly review the situation. Suppose that G is a finite group and P a Sylow
p-subgroup of G. Set N = NG(P ). Then, any kG-module can be considered as a kN -module, via the
usual restriction, so that we obtain a well-defined group homomorphism ResGN : T (G) −→ T (N).
We are thus seeking for a partial section of ResGN , defined on im(ResGN ) only, which would provide
an explicit characterisation of the image. That is, we need to find a homomorphism

f : im(ResGN ) → T (G) such that ResGN f = Idim(ResG
N ) .

The “obvious” candidate for being the wanted splitting is the usual induction of modules, or rather
the Green correspondence. Namely, given any indecomposable kG-module M , we associate to it
a vertex and a source, which are respectively a p-subgroup Q of G and an indecomposable kQ-
module V . The subgroup Q is unique up to conjugacy and V up to isomorphism and conjugate.
The subgroup Q is a smallest p-subgroup (for the order) such that M can be written as a direct
summand of a module induced from Q, i.e. such that M is projective relative to Q. Hence, the
source V is an indecomposable kQ-module such that M | IndGQ V . It is not a trivial result, and so
we refer to [Ben98a, Section 3] for a proof of this and the following results used without proof. The
Green correspondence relies on the marvellous properties of vertices and sources. Namely, suppose
that Q is a p-subgroup of G and that H is a subgroup of G containing NG(Q). Then,

there is a 1− 1 correspondence between the indecomposable kG-modules with vertex Q
and the indecomposable kH-modules with vertex Q.

The relationship between two Green correspondents, say an indecomposable kG-module M with
vertex Q, and an indecomposable kH-module U also with vertex Q, are summarized by the 2 facts:

• ResGHM ∼= U⊕L, where all the indecomposable summands in L have vertex smaller than Q.
• IndGH U ∼= M ⊕ L′, where all the indecomposable summands in L′ have vertex smaller

than Q.

In such a configuration, we say that M is the kG-Green correspondent of U , and that U is the
kH-Green correspondent of M .

The essential assumption in the Green correspondence is that the two groups G and H contain the
normaliser of a vertex. Since the dimension of endotrivial modules is coprime to the characteristic
of the field, indecomposable endotrivial kG-modules have vertex a Sylow p-subgroup of G. Hence,
as corollary of the Green correspondence, we get the following injectivity result.

Proposition 5.14. Let G be a finite group with Sylow p-subgroup P and H ≥ NG(P ). The restric-
tion map

ResGH : T (G) −→ T (H) is injective.
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Remark 5.15. We already knew that the restriction map between groups of endotrivial modules is
well-defined, because the restriction of a projective module is a projective module. The fact that the
Green correspondence is a 1 − 1 correspondence implies the injectivity of ResGH . However, for the
reverse operation, i.e. the passage from T (H) to T (G) using the induction and then taking the Green
correspondent, does not give an endotrivial kG-module in general. Indeed, if M is the kG-Green
correspondent of U , with U an indecomposable endotrivial kH-module, then M is endotrivial if and
only if ResGHM ∼= U ⊕ (proj). This is false in general. Indeed, not all trivial source modules are
endotrivial (see [CHM10] for a discussion of some interesting cases).

The situation where the Green correspondence is sufficient is next.

Proposition 5.16. Let G be a finite group and H a strongly p-embedded subgroup of G. The
restriction map

ResGH : T (G) −→ T (H) is an isomorphism.

Recall that a subgroup H of G is strongly p-embedded if p divides |H| and if p does not divide |H∩gH|
for every g ∈ G−H. This is the case when H = NG(S) is the normaliser of a Sylow p-subgroup S of
G whenever S is a TI subgroup of G, i.e. trivial intersection. A subgroup (or subset) S of a group G
is trivial intersection if and only if S ∩ gS = 1 (or ∅) for every g ∈ G−NG(S).

Exercise 5.33.

(i) Prove that an endotrivial module has vertex a Sylow p-subgroup.
(ii) Prove that if a Sylow p-subgroup P of a group G has order p, then NG(P ) is TI.

Hence NG(P ) is strongly p-embedded.
(iii) Prove Proposition 5.16

Leaving apart these obstacles, let us turn towards other matters which will help us link back with
the results in the previous section.

Theorem 5.17. [CMN06]

Let G be a finite group. The torsion-free rank nG of T (G) equals the number of conjugacy classes of
the poset E≥2(G). That is, if G has a cyclic Sylow p-subgroup, then nG = 0, if G has p-rank 2, then
nG is the number of G-conjugacy classes of elementary abelian p-subgroups of rank 2 of G, and if G
has rank at least 3, then nG is one plus the number of G-conjugacy classes of maximal elementary
abelian p-subgroups of rank 2.

Carrying on with the information on T (G) that can be obtained by the structure of E≥2(G), and
the results in [Maz08, GM10], we also obtain the following.

Proposition 5.18. Let G be a finite group. Write TT (G) for the torsion subgroup of T (G).

(i) If the p-rank of G is greater than p if p is odd, or greater than 4 if p = 2, then

T (G) = TT (G)⊕ 〈[Ω(k)]〉 ∼= TT (G)⊕ Z .

(ii) The torsion-free rank of T (G) is at most p+ 1 if p is odd, and at most 5 if p = 2.

Exercise 5.34. Use the results in Section 4 to prove Proposition 5.18.

6. Odd bits and ends

Below are some useful results regarding the study of finite (p-)groups which are not treated in the
lectures, although, there may also be a few redundancies with notions from Section 1.

6.1. On nilpotent and solvable groups.

From Definition 1.18, it is easy to see that nilpotent groups are solvable. Indeed, we have that if the
derived series converges to 1, then so does any central series because θi ≤ Gi for all i. However, the
converse does not hold in general.

Exercise 6.35. Prove that the symmetric group S4 is solvable but not nilpotent.

Nipotent groups are not abelian, but they are still a class of groups easier to study. The next
proposition motivates this claim.
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Proposition 6.1. Let G be a group.

(i) G is nilpotent if and only if G is the direct product of its Sylow p-subgroups.
(ii) If G is nilpotent, then any proper subgroup of G is properly contained in its normaliser in

G.
(iii) If G is a p-group, then G is nilpotent.

Exercise 6.36. Prove Proposition 6.1.

Lemma 6.2. [Hal34, 2]

Assume that G is a p-group of class c.

(i) Zc−i < Gi ≤ Zc−i+1, for all i.
(ii) Let K be a subgroup of G.

(a) If K E G and K � Za, then K ∩ (Za+1 − Za) 6= ∅ and |K| > pa.
(b) If K E G and K � Ga, then 〈K,Ga+1〉 � Ga and |G : K| ≥ pa.
(c) If K � θa, then 〈K, θa+1〉 � θa and |G : K| > pa.

(iii) [Zj , Gi| ≤ Zj−i, for all i, j. Hence, Zj ≤ CG(Gj), for all j.
(iv) [Gi, Gj ] ≤ Gi+j. Thus, if 2i ≥ c, then Gi is abelian.
(v) If H is a subgroup of G generated by commutators of weight w, then H ≤ Gw. Thus, if

w ≥ c, then any commutator of weight w is trivial.
(vi) θi ≤ G2i and θi ≤ CG(Z2i). Thus, if θa is nontrivial, then c ≥ 2i.
(vii) (Gi)j = Gij. Thus, if ij > c, then the class of Gj is smaller than i.
(viii) If K is normal in G and K ≤ Gi, then the factor groups Ks/Ks+1 and Z(K)s/Z(K)s−1

have order at least pi, except maybe for the last terms in each series. Thus, if K is not
abelian, then |Z(K)| ≥ pi and |K/K2| ≥ pi, for a certain integer i, at least 2.

(ix) If θb+1 6= 1, then |θb/θb+1| > p2b and the factors of the LCS and of the UCS have order at
least p2b

, except possibly the last members in each series. Thus, if θb 6= 1, then |G| ≥ p2b+b.
(x) If 2i ≤ c, then no subgroup A ∈M(G) is contained in Zi. Moreover, |A| > pi.

In this last item, the set M(G) is defined as follows:

• E(G) is the set of all elementary abelian subgroups of G.
• A(G) is the set of all E ∈ E(G), such that rankE = rankG.
• N (G) is the set of all normal elementary abelian subgroups of G.
• M(G) is the set of maximal elements in N (G). That is, M(G) is formed by all E ∈ N (G),

such that E ≤ F , with F ∈ N (G) implies E = F .

Lemma 6.3 (N. Blackburn). Let G be a p-group. If G2 is not abelian, then θ2 = (G2)2 has index
at least p3 in G2 and Z(θ2) is not cyclic.

For completeness, let us recall that a finite group G is metabelian if its commutator subgroup is
abelian.

6.2. Commutators. Let us recap some well-known commutator identities. Let G be a group,
H,K,L ≤ G and x, y, z ∈ G.

(i) [xy, z] = [x, z]y[y, z] = [x, z][x, z, y][y, z];
(ii) [x, yz] = [x, z][x, y]z = [x, z][x, y][x, y, z];
(iii) [x, y]−1 = [y, x];
(iv) [H,K] E 〈H,K〉;
(v) H ≤ NG(K) if and only if [H,K] ≤ K;
(vi) [H,K] = [K,H];
(vii) If H,K E G with K ≤ H, then H/K ≤ Z(G/K) if and only if [H,K] ≤ K;
(viii) Suppose that K E G. Then G/K is abelian if and only if [G,G] ≤ K;
(ix) If H,K,L E G, then [HK,L] = [H,L][K,L];
(x) ϕ([H,K]) = [ϕ(H), ϕ(K)], for any ϕ ∈ Hom(G,G). In particular, [H,K] E G if and only if

both H and K are normal in G;
(xi) Let z = [x, y] and suppose that [z, x] = [z, y] = 1. Then,

(a) [xi, yi] = zij for all i, j;
(b) (xy)i = yixizd, with d = 1

2 i(i− 1);
(c) [x, y]−1 = [x−1, y] = [x, y−1].
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A useful result is Thompson’s replacement theorem. Therefore, we introduce the following notation.
Let A(G) be the collection of all abelian subgroups of a p-group G, and let ma be the maximum of
the orders of the elements of A(G). Set A0(G) for the subset of A(G) formed by the elements of
order ma.

Theorem 6.4 (Thompson’s replacement theorem). [Gor80, Theorem 8.2.5]

Let G be a p-group, A ∈ A0(G), and B ∈ A(G). Suppose that A ≤ NG(B) and that B � NG(A).
Then, there exists A∗ ∈ A0(G) with the properties:

(i) A ∩B ( A∗ ∩B, and
(ii) A∗ ≤ NG(A).

As a consequence of Thompson’s replacement theorem we obtain the following.

Theorem 6.5. [Gor80, Theorem 8.2.6] Let G be a p-group and A an abelian normal subgroup of G.
Then, there exists some B ∈ A0(G) with A ≤ NG(B).

Proof. Observe that A ≤ NG(B) for all A ∈ A0(G). Hence, let us choose A ∈ A0(G) such that
|A ∩B| is maximal. By Theorem 6.4, we must have that B ≤ NG(A). �

Further consequences and improvements of Thompson’s replacement theorem are discussed in Goren-
stein’s book ([Gor80, 8]).

6.3. Constructions.

When studying an abstract group, one strategy is to reduce the problem by cutting it into smaller
pieces which are groups in themselves and which are assembled “methodically”. The purpose of this
section is to describe three “assembling” constructions: the semi-direct product, the wreath product,
and the central product of groups. These provide us with useful means of constructing p-groups
with prescribed properties (see also [Maz03b]).

As for direct products, there are two sorts of semi-direct products.

Definition 6.6. Let G be a group, and N,H subgroups of G such that:

(i) N E G;
(ii) N ∩H = 1;
(iii) G = NH.

Then, G is the (internal) semi-direct product of N and H, and we write G = N oH.

Definition 6.7. Let G be a group, and A ≤ Aut(G) a subgroup of automorphisms of G. Then, we
define the (external) semi-direct product of G and A, write GoA as follows: the elements of GoA
are all pairs (g, a) with g ∈ G and a ∈ A and the multiplication rule is

(g, a)(h, b) = (g ah, ab)

where ah is the image of h under the automorphism a ∈ Aut(G).

An internal semi-direct product can also be seen as external, via the identification H ∼= G/N ⊆
Out(N), with Out(N) ∼= Aut(N)/AutN (N) the group of outer automorphisms of N . Therefore,
we do not distinguish between both semi-direct products. Clearly, direct products are semi-direct
products, and the converse is true if and only if the group is an internal direct product G = N oH
with H ≤ CG(N) (which implies N ≤ CG(H)).

Definition 6.8. Let W be a subgroup of some symmetric group Sn of degree n, and let H be any
group. The wreath product of H by W is the semi-direct product

H oW = (H × · · · ×H)︸ ︷︷ ︸
n times

oW

where W acts on the n copies of H by permutation on the factors. Explicitly, every element of H oW
can be writen as (h1, . . . , hn;w) with hi ∈ H for all i and w ∈ W , and the multiplication rule is as
follows:

(h1, . . . , hn;w)(k1, . . . , kn; v) = (h1kw−1(1), . . . , hnkw−1(n);wv)
for all (h1, . . . , hn;w), (k1, . . . , kn; v) ∈ H oW .
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Exercise 6.37.

(i) Prove (if not already done) that a Sylow p-subgroup P of the symmetric group Sp2 of
degree p2 is isomorphic to a wreath product Cp o Cp.

(ii) Prove that C2 o C2
∼= D8.

(iii) Find the nilpotence class of Cp o Cp. What about LCS and UCS of Cp o Cp?

Definition 6.9. Let G,H be groups and Z an abelian group such that there are injective group
homomorphisms

γ : Z → Z(G) and η : Z → Z(H) .
We define the central product G ∗Z H of G and H with respect to Z as follows. Consider the direct
product G×H and the equivalence relation

(g, h) ∼ (g′, h′) ⇐⇒ ∃ z ∈ Z with (g′, h′) = (gγ(z), η(z−1)h)

(or simply (g, h) ∼ (g′, h′) ⇐⇒ ∃ z ∈ Z with (g′, h′) = (gz, z−1h) , via identification of Z as a
common central subgroup of G and of H). Then, the group G ∗Z H is the set of equivalence classes.
In the case that there is an obvious identification Z = Z(H) = Z(G), then we simply write G ∗H
instead of G ∗Z H.

With the above notions, we can now define a “very special” class of p-groups. They can be found
in several critical turning points in the study of finite groups, of fusion systems, and of course
also in representation theory. Moreover, their cohomology ring is known (see e.g. [BC92]). Their
classification is presented in many places, for instance in [Hup67, III.13], [Gor80, 5.5]. Since there are
slight differences in the definitions (depending on authors’s choices), we present here that of [Hup67,
III.13], complemented with [BM04] and with [Sta02].

Definition 6.10. Let G be a p-group.

(i) G is special if either
(a) G is elementary abelian, or
(b) Φ(G) = G′ = Z(G) is elementary abelian.
In particular, a special p-group has nilpotence class at most 2.

(ii) G is extraspecial if G is a non abelian special p-group with |Φ(G)| = p.
(iii) G is almost extraspecial if G is the central product of a cyclic group of order p2 with an

extraspecial p-group of exponent p if p is odd, or of type D8 ∗ · · · ∗D8 if p = 2.
(iv) G is generalised extraspecial if |Φ(G)| = p (and is thus central in G).

The classification theorems explicitly describe the structure of these classes of p-groups. It must be
noted that they all have the same property that their Frattini factor group is an elementary abelian
p-group. Hence, appealing to linear algebra, we get vector spaces which have a “nice” geometrical
behaviour (see [BM04] for instance).
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[Thé95] J. Thévenaz. G-algebras and modular representation theory. Oxford Mathematical Monographs. The

Clarendon Press Oxford University Press, New York, 1995. Oxford Science Publications.



Index

A−, 18

A, 42

A0, 42

ad, 20

adjoint map, 20

fd(G), 2

agemo-d, 2

A-invariant, 14

almost extraspecial p-group, 43

associated Lie ring, 15

Aut(G), 2

Baker(-Campbell)-Hausdorff formula, 19

Baker-Hausdorff formula, 18

basic monomial, 18

best offender, 32

big component of E≥2(G), 24

Blackburn, N., 25

breadth of a group, 30

breadth of an element, 30

Burnside Basis theorem, 7

Burnside theorem, 12

cap of an endotrivial module, 37

central product, 43

central series, 8

centraliser, 2, 10

centre, 2

characteristic subgroup, 2

chief factors, 8

chief series, 8

Chouinard theorem, 35

class, 8

class equation, 4

class-breadth conjecture, 30

commutator, 2

commutator subgroup, 2

composition factors, 8

composition series, 8

connected component of E≥n(G), 24

Dedekind identity, 6

deep soft subgroup, 25

derivation, 15

derived series, 8

derived subgroup, 2

diagonal action, 36

dual module, 35

E(G), 24

E≥n(G), 24

elementary abelian p-group, 3

elementary abelian p-subgroup, 23

endo-permutation module, 36, 37

endotrivial module, 36

exact sequence, 35

exponent of a group, 2

exponential, 19

extraspecial p-group, 43

F-module, 32

factors in a series, 8

faithful module, 32

fixed point, 36

fixed points, 10

Frattini argument, 7

Frattini factor group, 5

Frattini subgroup, 5

free Lie generator, 14

free Lie ring, 14

free module, 34

generalised extraspecial p-group, 43

Green correspondence, 39

Green correspondent, 39

group of endotrivial modules, 37

group of maximal class, 8

√
H, 20

π
√

H, 20
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