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1. INTRODUCTION. Let A = (aj,k) be a matrix (finite or infinite) of complex

numbers. Let ‖A‖ denote the usual operator norm of A as an operator on `n
2 or `2. For

vectors x, y, we then have the linear inequality ‖Ax‖ ≤ ‖A‖.‖x‖ and the bilinear inequal-

ity |〈Ax, y〉| ≤ ‖A‖.‖x‖.‖y‖. Written out explicitly, these inequalities say:

(1) if x1, x2, . . . are scalars and yj =
∑

k aj,kxk for each j, then∑
j

|yj|2 ≤ ‖A‖2
∑

k

|xk|2;

(2) for scalars xj, yk,∣∣∣∣∣∑
j

∑
k

aj,kxjyk

∣∣∣∣∣ ≤ ‖A‖

(∑
j

|xj|2
)1/2(∑

k

|yk|2
)1/2

.

Also, if the matrix A is positive definite, then we have
∑

j

∑
k aj,kxjxk ≥ 0 for scalars xj.

We will show that in all these inequalities, the scalars xj, yk can be replaced by oper-

ators on a Hilbert space H, with the conclusions taking the form of operator inequalities in

the usual sense: C ≥ 0, for self-adjoint C, means 〈Cu, u〉 ≥ 0 for u ∈ H. The term |xj|2 is

replaced by X∗
j Xj.

In particular, classical inequalities of this type have operator-valued versions. An

example is Hardy’s inequality (one of several bearing his name): if A is the “averaging”

operator given by Ax = y, where yj = 1
j
(x1 + x2 + · · ·+ xj), then ‖A‖ = 2, so

∑∞
j=1 |yj|2 ≤

4
∑∞

k=1 |xk|2. The operator-valued version takes the form:
∑∞

j=1 Y ∗j Yj ≤ 4
∑∞

k=1 X∗
kXk.

The bilinear inequality is derived from the linear one with the help of an operator-

valued version of the Cauchy-Schwarz inequality. All these results, at least in their finite

form, are obtained by simple and elegant methods well within the scope of a basic course

on Hilbert spaces. (They can alternatively be obtained by tensor product techniques, but in

the author’s view, these methods are less simple and decidedly less elegant!)

Though elementary, the results contain as special cases certain inequalities between

Schatten ideal norms given in quite recent research papers ([5], [9], [10]).

Throughout the following, H will be a Hilbert space with inner product denoted by

〈 , 〉, and L(H) denotes the space of bounded linear operators on H. A norm σ on L(H) (or
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on a subspace) is monotonic if σ(B) ≤ σ(A) whenever 0 ≤ B ≤ A. The usual operator norm

is monotonic.

2. VECTOR-VALUED VERSIONS. First, we give vector-valued extensions of

matrix inequalities of the above types. They are very well known, but we include simple

proofs, since more elaborate ones have appeared. First, positivity:

Lemma 1. If (cj,k) is a positive definite n×n matrix and xj (1 ≤ j ≤ n) are elements

of a Hilbert space H, then
n∑

j=1

n∑
k=1

cj,k〈xk, xj〉 ≥ 0.

Proof. Choose an orthonormal basis e1, e2, . . . , em of the subspace generated by the

elements xj, and write xj =
∑m

r=1 xj(r)er. For each r we have
∑n

j=1

∑n
k=1 cj,kxj(r)xk(r) ≥ 0.

Summation over r gives the statement. �

Note. Replacing xj by xj, we see that equally
∑n

j=1

∑n
k=1 cj,k〈xj, xk〉 ≥ 0.

The linear and bilinear inequalities involving ‖A‖ extend as follows.

Lemma 2. Let A be an m× n matrix, and let H be a Hilbert space. Then:

(i) if x1, . . . , xn ∈ H and yj =
∑n

k=1 aj,kxk for 1 ≤ j ≤ m, then

m∑
j=1

‖yj‖2 ≤ ‖A‖2

n∑
k=1

‖xk‖2.

(ii) for elements xj, yk of H, we have∣∣∣∣∣
m∑

j=1

n∑
k=1

aj,k〈yk, xj〉

∣∣∣∣∣ ≤ ‖A‖

(
m∑

j=1

‖xj‖2

)1/2( n∑
k=1

‖yk‖2

)1/2

.

Proof. Statement (i) can be proved in similar fashion to Lemma 1. The sum in (ii)

can be written as
∑m

j=1〈zj, xj〉, where zj =
∑n

k=1 aj,kyk. The statement follows by the

Cauchy-Schwarz inequality and (i). �

3. POSITIVITY AND THE LINEAR NORM INEQUALITY. For the mo-

ment, we restrict ourselves to finite sequences. In the two cases stated, the desired operator

inequalities follow very simply from Lemmas 1 and 2.

Proposition 1. Let C = (cj,k) be a positive definite n × n matrix. Then for any

X1, . . . , Xn ∈ L(H), we have the operator inequality
n∑

j=1

n∑
k=1

cj,kX
∗
j Xk ≥ 0.
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Proof. Write
∑n

j=1

∑n
k=1 cj,kX

∗
j Xk = S. Choose u ∈ H. By Lemma 1, we have

〈Su, u〉 =
n∑

j=1

n∑
k=1

cj,k〈Xku, Xju〉 ≥ 0. �

Theorem 2. Let A = (aj,k) be an m×n matrix. Suppose that X1, . . . , Xn ∈ L(H) and

Yj =
∑n

k=1 aj,kXk for 1 ≤ j ≤ m. Then we have the operator inequality

m∑
j=1

Y ∗j Yj ≤ ‖A‖2

n∑
k=1

X∗
kXk.

Proof. The statement is equivalent to the assertion that
m∑

j=1

‖Yju‖2 ≤ ‖A‖2

n∑
k=1

‖Xku‖2

for all u ∈ H. But Yju =
∑n

k=1 aj,kXku for each j, so this is true, by Lemma 2(i). �

Corollary 2.1. Under the same conditions, ‖
∑m

j=1 Y ∗j Yj‖ ≤ ‖A‖2‖
∑n

k=1 X∗
kXk‖.

Proof. Operator norm is monotonic. �

Corollary 2.2. Under the same conditions,
(∑m

j=1 Y ∗j Yj

)1/2

≤ ‖A‖ (
∑n

k=1 X∗
kXk)

1/2
.

Proof. As is well known, 0 ≤ X ≤ Y implies X1/2 ≤ Y 1/2. �

Note. We have equally
∑m

j=1 YjY
∗
j ≤ ‖A‖2

∑n
k=1 XkX

∗
k , together with a similar state-

ment for the symmetric modulus defined by |X|2S = 1
2
X∗X + 1

2
XX∗.

Some particular cases. We record the operator-valued generalizations of some famous

classical inequalities of this type (for the moment, in the finite form). First, let A be the

averaging operator: if x = (xk), then Ax = y, where yj = 1
j
(x1 + x2 + · · · + xj) for all j.

Hardy’s inequality [1] states that the norm of A, as an operator on `2, is 2 (as an operator

on `p, its norm is the conjugate index p∗ = p/(p− 1)). Hence we have:

Proposition 3. Let Xk ∈ L(H) (1 ≤ k ≤ n) and let Yj = 1
j
(X1 + X2 + · · ·+ Xj) for

1 ≤ j ≤ n. Then
∑n

j=1 Y ∗j Yj ≤ 4
∑n

k=1 X∗
kXk. �

The best constant (valid for all n) is 4, since this is already the case for scalars.

It is interesting to note that the method of [2] for scalars does not adapt to give a direct

proof of the operator version. A method that does adapt is the less well known one of [6].

Copson’s inequality is the dual of Hardy’s inequality. We go straight to the statement

of the operator-valued version:
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Proposition 4. Let Xk ∈ L(H) (1 ≤ k ≤ n) and let Yj =
∑n

k=j Xk/k (1 ≤ j ≤ n).

Then
∑n

j=1 Y ∗j Yj ≤ 4
∑n

k=1 X∗
kXk. �

Hilbert’s inequality (cf. [11, section 13.4]) is best stated in terms of two-sided sequences,

as follows. For n ∈ Z, write

cn =

{
1/n if n 6= 0
0 if n = 0.

Then the doubly infinite matrix (cj+k) has norm π. So we have, for the finite case:

Proposition 5. Let Xk ∈ L(H) (−n ≤ k ≤ n), and let Yj =
∑n

k=−n cj+kXk (−m ≤
j ≤ m). Then

∑m
j=−m Y ∗j Yj ≤ π2

∑n
k=−n X∗

kXk. �

Remark on norm inequalities. Let Yj =
∑n

k=1 aj.kXk. Consider inequalities of the form

m∑
j=1

‖Yj‖2 ≤ C2

n∑
k=1

‖Xk‖2, (1)

another possible generalization from the scalar case. Clearly, ‖Yj‖ ≤
∑n

k=1 |aj,k|.‖Xk‖, so

(1) holds with C equal to the norm of the matrix (|aj,k|). However, (1) does not hold with

C = ‖A‖, as the following simple example shows.

Example 1. Let

A =

(
1 1
1 −1

)
.

Then ‖A‖ =
√

2 and Y1 = X1 + X2, Y2 = X1 − X2. Now take the 2 × 2 matrices X1 =

diag(1, 1) and X2 = diag(1,−1). Then ‖X1‖ = ‖X2‖ = 1, and clearly ‖Y1‖ = ‖Y2‖ = 2.

3. THE CAUCHY-SCHWARZ INEQUALITY. The operator form of this in-

equality will be needed both for the bilinear operator inequality and for extensions to infinite

sequences. There are many ways to prove it, e.g. see [4] and [7, Proposition 1.1]). Here we

outline two particularly simple ways.

Theorem 6. Let Xj, Yj (1 ≤ j ≤ n) be operators on a Hilbert space H. Let S =∑n
j=1 X∗

j Yj. Then

S∗S ≤

∥∥∥∥∥
n∑

j=1

X∗
j Xj

∥∥∥∥∥
(

n∑
j=1

Y ∗j Yj

)
.

Proof 1. Let ‖
∑n

j=1 X∗
j Xj‖ = M . The statement is equivalent to ‖Sv‖2 ≤ M

∑n
j=1 ‖Yjv‖2

for v ∈ H. With the substitution Yjv = yj, this becomes ‖
∑n

j=1 X∗
j yj‖2 ≤ M(

∑n
j=1 ‖yj‖2).

To prove it, choose u with ‖u‖ = 1 such that 〈u,
∑n

j=1 X∗
j yj〉 = ‖

∑n
j=1 X∗

j yj‖). By the
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ordinary Cauchy-Schwarz inequality,〈
u,

n∑
j=1

X∗
j yj

〉2

=

〈
n∑

j=1

Xju, yj

〉2

≤
n∑

j=1

‖Xju‖2

n∑
j=1

‖yj‖2,

and the result follows because
∑n

j=1 ‖Xju‖2 = 〈
∑n

j=1 X∗
j Xju, u〉 ≤ M . �

Proof 2 (Cf. [8]). Define A : H → Hn by Au = (X1u, X2u, . . . , Xnu) (and B similarly

from Yj). Then A∗ : Hn → H is given by: A∗(u1, u2, . . . , un) =
∑n

j=1 X∗
j uj, and hence we

have A∗A =
∑n

j=1 X∗
j Xj and A∗B = S. The result now follows from the well-known fact

that B∗AA∗B ≤ ‖AA∗‖B∗B, together with ‖AA∗‖ = ‖A∗A‖. �

Corollary 6.1 (Cf. [5]) We have ‖
∑n

j=1 X∗
j Yj‖2 ≤ ‖

∑n
j=1 X∗

j Xj‖.‖
∑n

j=1 Y ∗j Yj‖. �

Corollary 6.2. Given operators Xj and scalars λj (1 ≤ j ≤ n), let S =
∑n

j=1 λjXj.

Then S∗S ≤ (
∑n

j=1 |λj|2)(
∑n

j=1 X∗
j Xj). �

Note. The asymmetry in Theorem 6 is not avoidable. If Xj and Yj are interchanged

on the right-hand side, the resulting expression is a bound for SS∗, but not for S∗S, even

when n = 1. Also,
∑

Y ∗j Yj cannot be replaced by
∑

YjY
∗
j . Of course, the statement can be

rewritten as follows: if T =
∑n

j=1 XjYj, then T ∗T ≤ ‖
∑n

j=1 XjX
∗
j ‖(
∑n

j=1 Y ∗j Yj).

5. THE BILINEAR MATRIX-NORM INEQUALITY. The way is now clear

to formulate the operator version of this inequality.

Theorem 7. Let A = (aj,k) be an m × n matrix. Let Xj (1 ≤ j ≤ m) and Yk

(1 ≤ k ≤ n) be elements of L(H), and let

T =
m∑

j=1

n∑
k=1

aj,kX
∗
j Yk.

Then

T ∗T ≤ ‖A‖2

∥∥∥∥∥
m∑

j=1

X∗
j Xj

∥∥∥∥∥
(

n∑
k=1

Y ∗k Yk

)
.

Proof. For each j, let Zj =
∑n

k=1 aj,kYk. Then T =
∑n

j=1 X∗
j Zj, and by Theorem 2,

m∑
j=1

Z∗j Zj ≤ ‖A‖2

n∑
k=1

Y ∗k Yk.

By Theorem 6,

T ∗T ≤

∥∥∥∥∥
m∑

j=1

X∗
j Xj

∥∥∥∥∥
(

m∑
j=1

Z∗j Zj

)
.
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The statement follows. �

Corollary 7.1. Under the same conditions,

‖T‖2 ≤ ‖A‖2

∥∥∥∥∥
m∑

j=1

X∗
j Xj

∥∥∥∥∥ .

∥∥∥∥∥
n∑

k=1

Y ∗k Yk

∥∥∥∥∥ .

6. EXTENSION TO INFINITE MATRICES AND SEQUENCES. We start

with the extension of Theorem 6, since it is needed at the very first step in the extension of

the other results. It follows easily from Corollary 6.1.

Theorem 8. Suppose that ‖
∑n

j=1 X∗
j Xj‖ ≤ M for all n, and that

∑∞
j=1 Y ∗j Yj is

norm-convergent. Then
∑∞

j=1 X∗
j Yj is norm-convergent, say to S, and S∗S ≤ M

∑∞
j=1 Y ∗j Yj.

Proof. Let ε > 0 be given. For sufficiently large m we have ‖
∑n

j=m+1 Y ∗j Yj‖ ≤ ε for

all n > m. By Corollary 6.1, ‖
∑n

j=m+1 X∗
j Yj‖2 ≤ 2Mε. Norm-convergence of

∑∞
j=1 X∗

j Yj

follows, by the Cauchy principle. The stated inequality follows from Theorem 6 by taking

limits. �

Corollary 8.1. If ‖
∑n

j=1 X∗
j Xj‖ ≤ M for all n and (λj) is a sequence of scalars such

that
∑∞

j=1 |λj|2 is convergent, then
∑∞

j=1 λjXj is norm-convergent. �

Recall that a sequence (Xj) of operators is “strongly convergent” to X if limj→∞Xju =

Xu for all u ∈ H. Norm-convergence implies strong convergence. Boundedness of
∑n

j=1 X∗
j Xj

is actually equivalent to strong convergence of
∑∞

j=1 X∗
j Xj, since any norm-bounded, increas-

ing sequence of self-adjoint operators converges strongly [1, Theorem 9.6.14]. In Theorem 8,

norm-convergence of
∑∞

j=1 X∗
j Yj follows equally if we have

∑∞
j=1 X∗

j Xj norm-convergent and∑∞
j=1 Y ∗j Yj strongly convergent; the inequality for S∗S still holds with M defined as before.

A bit more work is needed to extend Theorem 2. We show that either norm-convergence

or strong convergence is inherited by the transformed sequence (strong convergence is easier,

which is why we mention it). The problem is to establish convergence; the inequality itself

then follows automatically by taking limits.

Theorem 9. Let A = (aj,k) be an infinite matrix with finite norm ‖A‖ as an operator

on `2. Let (Xk) be a sequence in L(H) such that
∑∞

k=1 X∗
kXk is either (i) strongly conver-

gent, or (ii) norm-convergent. Then
∑∞

k=1 aj,kXk is norm-convergent (say to Yj) for each j.

Further,
∑∞

j=1 Y ∗j Yj is strongly convergent in case (i), norm-convergent in case (ii), and

∞∑
j=1

Y ∗j Yj ≤ ‖A‖2

∞∑
k=1

X∗
kXk.
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Proof. Write ‖A‖ = M . Note that
∑∞

j=1 |aj,k|2 is convergent for each k and
∑∞

k=1 |aj,k|2

is convergent for each j (these conditions are necessary, but not sufficient, for A to be a

bounded operator on `2). So by Corollary 8.1, the series defining Yj is norm-convergent

under either hypothesis. Write Yj,K =
∑K

k=1 aj,kXk. Since the norm of any truncated matrix

(aj,k)(j≤J,k≤K) is not greater than M , it follows from Theorem 2 that for any J and K,

J∑
j=1

Y ∗j,KYj,K ≤ M2

K∑
k=1

X∗
kXk,

and hence by taking limits that

J∑
j=1

Y ∗j Yj ≤ M2

∞∑
k=1

X∗
kXk.

The statement for case (i) now follows by the remark after Corollary 8.1.

Now consider case (ii). Let ε > 0 be chosen, and let N be such that ‖
∑∞

k=N+1 X∗
kXk‖ ≤

ε. Write Yj = Sj + Zj, where

Sj =
N∑

k=1

aj,kXk, Zj =
∞∑

k=N+1

aj,kXk.

Let n > m > N . By the above, with Xk replaced by 0 for 1 ≤ k ≤ N , we have

‖
∑n

j=m+1 Z∗j Zj‖ ≤ M2ε, so that for u ∈ H, we have
∑n

j=m+1 ‖Zju‖2 ≤ εM2‖u‖2. Also,

by Corollary 6.1, ‖Sj‖2 ≤ C
∑N

k=1 |aj,k|2, where C = ‖
∑∞

k=1 X∗
kXk‖. Since

∑∞
j=1 |aj,k|2 is

convergent for each k,
∑∞

j=1 ‖Sj‖2 is convergent. Take N1 such that
∑∞

j=N1
‖Sj‖2 ≤ ε, and

suppose that m also satisfies m ≥ N1. Then for u ∈ H, we have

n∑
j=m+1

‖Yju‖2 ≤ 2
n∑

j=m+1

‖Sju‖2 + 2
n∑

j=m+1

‖Zju‖2 ≤ ε(M2 + 1)‖u‖2,

so that ‖
∑n

j=m+1 Y ∗j Yj‖ ≤ ε(M2 + 1). Norm-convergence of
∑∞

j=1 Y ∗j Yj follows. �

So the specific inequalities of Propositions 3, 4 and 5 extend to the infinite case in the

way stated in Theorem 9.

We can now repeat the steps of the proof of Theorem 7 to obtain the following extension:

Theorem 10. Let A be as in Theorem 9. Let Xj, Yk ∈ L(H) be such that ‖
∑n

j=1 X∗
j Xj‖ ≤

M for all n and
∑∞

k=1 Y ∗k Yk is norm-convergent. Then the repeated sum
∑∞

j=1 X∗
j

∑∞
k=1 aj,kYk

is norm-convergent (say to T), and

T ∗T ≤ ‖A‖2M

∞∑
k=1

Y ∗k Yk. �
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Again, the same conclusion holds (with M defined as before) if
∑∞

j=1 X∗
j Xj is norm-

convergent and
∑∞

k=1 Y ∗k Yk is strongly convergent.

7. DERIVATION OF CERTAIN NORM INEQUALITIES. We now show that

certain norm inequalities given in [9] and [10], even in a strengthened form, are immediate

consequences of our operator inequalities.

For an operator A, we define the right and left moduli by

|A|R = (A∗A)1/2, |A|L = (AA∗)1/2.

Also, for operators X1, X2, . . . , Xn, we define XR =
(∑n

j=1 X∗
j Xj

)1/2

, and XL similarly.

We consider a monotonic norm σ such that σ(|A|R) = σ(|A|L) = σ(A) for all A. These

conditions are satisfied by the Schatten ideal (alias trace class) norms, which we denote by

σp.

Proposition 11. Let σ be a monotonic norm that satisfies σ(|A|R) = σ(|A|L) = σ(A)

for all A. Let Xj, Yj ∈ L(H) (1 ≤ j ≤ n), and let S =
∑n

j=1 X∗
j Yj. Then

σ(S) ≤ ‖XR‖σ(YR).

If A = (aj,k) and T =
∑m

j=1

∑n
k=1 aj,kX

∗
j Yk, as in Theorem 7, then

σ(T ) ≤ ‖A‖.‖XR‖σ(YR).

Proof. With the above notation, Theorem 6 states that |S|2R ≤ ‖XR‖2Y 2
R, so that

|S|R ≤ ‖XR‖YR. The statement follows, by the assumptions about σ. Similarly for T , with

‖A‖ inserted. �

The norm σ is 2-convex if for any X1, X2, . . . , Xn, we have also

σ(XR)2 ≤
n∑

j=1

σ(Xj)
2

(a similar statement then holds for XL). Operator norm is trivially 2-convex, and σp is

2-convex for p ≥ 2 [3].

So if σ is 2-convex, Proposition 11 implies that

σ(S) ≤

(
n∑

j=1

‖Xj‖2

)1/2( n∑
j=1

σ(Yj)
2

)1/2

,

and similarly for T . This statement for σp (for p ≥ 2) is essentially the main result (8) of [9]

and the case (p,∞) of [10]. In the same way, Corollary 7.1 implies the case (∞,∞) of [10].
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