Operator-valued extensions of matrix-norm inequalities

G.J.0. Jameson

1. INTRODUCTION. Let A = (a;x) be a matrix (finite or infinite) of complex
numbers. Let ||A]| denote the usual operator norm of A as an operator on ¢4 or ¢y. For
vectors z, y, we then have the linear inequality ||Az| < [|A]].||z] and the bilinear inequal-

ity |(Az,y)| < ||All.||z||.]|ly||. Written out explicitly, these inequalities say:

1) if x1, 9, ... are scalars and y; = a;pry for each j, then
j k 43,
S il < NAPD ol
J k

(2) for scalars z;, yy,

Z Z aj kT Yk

ik

< 4] (Z W) N (z y>/

j k

Also, if the matrix A is positive definite, then we have ) i > ok @jkTx > 0 for scalars ;.

We will show that in all these inequalities, the scalars x;, y, can be replaced by oper-
ators on a Hilbert space H, with the conclusions taking the form of operator inequalities in
the usual sense: C' > 0, for self-adjoint C, means (Cu,u) > 0 for v € H. The term |z;|* is
replaced by X7 Xj.

In particular, classical inequalities of this type have operator-valued versions. An
example is Hardy’s inequality (one of several bearing his name): if A is the “averaging”
operator given by Az =y, where y; = %(ml + a9+ +;), then [|[Al] =2, 50 372 [y;|* <
43772, [z, The operator-valued version takes the form: >°°° ViY; <4377, Xy X,

The bilinear inequality is derived from the linear one with the help of an operator-
valued version of the Cauchy-Schwarz inequality. All these results, at least in their finite
form, are obtained by simple and elegant methods well within the scope of a basic course
on Hilbert spaces. (They can alternatively be obtained by tensor product techniques, but in

the author’s view, these methods are less simple and decidedly less elegant!)

Though elementary, the results contain as special cases certain inequalities between

Schatten ideal norms given in quite recent research papers ([5], [9], [10]).

Throughout the following, H will be a Hilbert space with inner product denoted by
(,), and L(H) denotes the space of bounded linear operators on H. A norm o on L(H) (or
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on a subspace) is monotonic if 0(B) < 0(A) whenever 0 < B < A. The usual operator norm

1S monotonic.

2. VECTOR-VALUED VERSIONS. First, we give vector-valued extensions of
matrix inequalities of the above types. They are very well known, but we include simple

proofs, since more elaborate ones have appeared. First, positivity:

Lemma 1. If (¢;x) is a positive definite n x n matriz and x; (1 < j <n) are elements
of a Hilbert space H, then

DY cinlzn ) > 0.

j=1 k=1
Proof. Choose an orthonormal basis eq,es,..., e, of the subspace generated by the

elements x;, and write z; = > " | x;(r)e,. For each 7 we have 7| Y71 ¢jrx;(r)zy(r) > 0.

Summation over r gives the statement. 0
Note. Replacing z; by T;, we see that equally > 7 | >/, ¢jr(zj, zx) > 0.
The linear and bilinear inequalities involving ||A|| extend as follows.

Lemma 2. Let A be an m X n matriz, and let H be a Hilbert space. Then:

(i) if x1,...,xn € H and y; = > _, ajxxy for 1 < j <m, then

m n
Doyl < AP Nl
j=1 k=1

(it) for elements x;, yi, of H, we have

m n m 2 ;. 1/2
DD ainlym )| < IA] (Z H%HQ> <Z Hka2> :
J k=1

j=1 k=1 j=1

Proof. Statement (i) can be proved in similar fashion to Lemma 1. The sum in (ii)
can be written as > 7" (2, 7;), where z; = 37/ a;ryr. The statement follows by the

Cauchy-Schwarz inequality and (i). O

3. POSITIVITY AND THE LINEAR NORM INEQUALITY. For the mo-
ment, we restrict ourselves to finite sequences. In the two cases stated, the desired operator

inequalities follow very simply from Lemmas 1 and 2.

Proposition 1. Let C = (cj)) be a positive definite n x n matriz. Then for any

Xi,..., X, € L(H), we have the operator inequality

ZZCJ’kX;Xk Z 0.

j=1 k=1



Proof. Write 3 37, > 1 ¢;x XXy = S. Choose u € H. By Lemma 1, we have

(Su,u) = Z ch,kau, X;u) > 0. O

j=1 k=1

Theorem 2. Let A = (a;j) be an m x n matriz. Suppose that Xq,..., X, € L(H) and
Y, => 7 _1a;x Xy forl<j<m. Then we have the operator inequality

DOV < [IAIP ) XX
j=1 k=1

Proof. The statement is equivalent to the assertion that

S IVl < AP 11Xl
j=1 k=1

for all w € H. But Yju=>;_,a;xXzu for each j, so this is true, by Lemma 2(i). O
Corollary 2.1. Under the same conditions, || 37", Y; V|| < [JA[?[| 25—y X5 Xll-
Proof. Operator norm is monotonic. O

1/2
Corollary 2.2. Under the same conditions, (Z;ﬂ:l YJ*YJ> <A OCry X,;"Xk)lﬂ.
Proof. As is well known, 0 < X <Y implies X%/2 < Y1/2, O

Note. We have equally Y7, Y;Y; < [|A|? 320, Xj. X}, together with a similar state-
ment for the symmetric modulus defined by |X|% = 1X*X + 1 X X*.

Some particular cases. We record the operator-valued generalizations of some famous
classical inequalities of this type (for the moment, in the finite form). First, let A be the
averaging operator: if x = (x), then Az =y, where y; = %(ml + a9+ -+ x;) forall j.
Hardy’s inequality [1] states that the norm of A, as an operator on fs, is 2 (as an operator

on /,, its norm is the conjugate index p* = p/(p — 1)). Hence we have:

Proposition 3. Let Xy € L(H) (1 <k <n)and let Yy = 2(Xq + Xo + - + X;) for
1<j<n. Then Y7 | Y;Y; <43, X;X;. -

The best constant (valid for all n) is 4, since this is already the case for scalars.

It is interesting to note that the method of [2] for scalars does not adapt to give a direct

proof of the operator version. A method that does adapt is the less well known one of [6].

Copson’s inequality is the dual of Hardy’s inequality. We go straight to the statement

of the operator-valued version:



Proposition 4. Let X € L(H) (1 <k <n) andletY; = ZZ:]. Xe/k (1<j<n).
Then 37 Y;Y; <4370 XiXy. O

Hilbert’s inequality (cf. [11, section 13.4]) is best stated in terms of two-sided sequences,

as follows. For n € Z, write

[ 1/n ifn#0
“=V0 ifn=0

Then the doubly infinite matrix (¢;45) has norm 7. So we have, for the finite case:
Proposition 5. Let X, € L(H) (—n <k <n), andletY; =53 ,_  c¢cjuuXp (—m <
j<m). Then Y " | Y}Y; <m*yp XiXp. O

j=-m

Remark on norm inequalities. Let Y; = Zzzl a;;Xj. Consider inequalities of the form

DoIVIP <) Ixd?, (1)
j=1 k=1

another possible generalization from the scalar case. Clearly, [|Y;|| < D7 , lajkl.[[ Xk, so
(1) holds with C' equal to the norm of the matrix (|a;x|). However, (1) does not hold with

C = ||AJ|, as the following simple example shows.

A:(}_}).

Then ||A]| = V2 and V] = X; + X,, Y5 = X; — X,. Now take the 2 x 2 matrices X; =
diag(1,1) and X, = diag(1,—1). Then || X || = ||Xz|| =1, and clearly |Yi|| = [|Y2| = 2.

Example 1. Let

3. THE CAUCHY-SCHWARZ INEQUALITY. The operator form of this in-
equality will be needed both for the bilinear operator inequality and for extensions to infinite
sequences. There are many ways to prove it, e.g. see [4] and [7, Proposition 1.1]). Here we

outline two particularly simple ways.

Theorem 6. Let X;, Y; (1 < j < n) be operators on a Hilbert space H. Let S =

> XY, Then
(o).
j=1

Proof 1. Let || 37, X; X;|| = M. The statement is equivalent to ||Sv||* < M 37, ||Y;vl|?
for v € H. With the substitution Yju = y;, this becomes || 37, Xjy;|* < M0, |ly;11%).
To prove it, choose u with [u|| = 1 such that (u,> 7, X5y;) = || 27, X;ysll). By the

> XX,

J=1

S5*S <




ordinary Cauchy-Schwarz inequality,

<u, Zx;yj> - <Z Xju,yj> <3 Il Y
j=1 j=1 j=1 7=l
and the result follows because » 7 | || Xjull* = (377, X5 Xju,u) < M. O

Proof 2 (Cf. [8]). Define A: H — H™ by Au = (Xju, Xou, ..., X,u) (and B similarly
from Yj). Then A*: H"™ — H is given by: A*(uy,u,...,u,) = > 7| Xju;, and hence we
have A*A = 7" | X7 X; and A*B = S. The result now follows from the well-known fact
that B*AA*B < ||AA*||B*B, together with ||[AA*|| = ||A*A]|. O

Corollary 6.1 (CF. [5]) We have || S0, X3V < | S, X X0 X0, YY), O

Corollary 6.2. Given operators X; and scalars \; (1 < j <mn), let S =377 | \jX;.
Then 575 < (S, IR, XEX,). &

Note. The asymmetry in Theorem 6 is not avoidable. If X; and Y; are interchanged
on the right-hand side, the resulting expression is a bound for SS*, but not for S*S, even
when n = 1. Also, ) Y;*Y; cannot be replaced by ) Y;Y}". Of course, the statement can be
rewritten as follows: if 7= > 7" | X;Yj, then T*T <[>0 X; X (|(O7_, Y;'Y5).

5. THE BILINEAR MATRIX-NORM INEQUALITY. The way is now clear
to formulate the operator version of this inequality.

Theorem 7. Let A = (a;x) be an m x n matriz. Let X; (1 < j < m) and Yy
(1 <k <n) be elements of L(H), and let

T= Z aj7kX;Yk.

Then

> XX,

j=1

7T < ||A|?

(307)

Proof. For each j, let Z; =37/, a;Yy. Then T'= 37" | X;Z;, and by Theorem 2,

> 77 < AP Vi
j=1 k=1

By Theorem 6,

T <

> XX,

j=1

(i Z;ZJ) |



The statement follows. (]

Corollary 7.1. Under the same conditions,

> XX,

J=1

17" < | Al”*

PR 7
k=1

6. EXTENSION TO INFINITE MATRICES AND SEQUENCES. We start
with the extension of Theorem 6, since it is needed at the very first step in the extension of

the other results. It follows easily from Corollary 6.1.

Theorem 8. Suppose that || Y77 X; X;l| < M for all n, and that 3772, YY) s
norm-convergent. Then Zj’;l X7Y; is norm-convergent, say to S, and S*S < MZ;; Y'Y,

Proof. Let e > 0 be given. For sufficiently large m we have || 37 . Y;*Yj|| < ¢ for
all n > m. By Corollary 6.1, || > X;Yj||* < 2Me. Norm-convergence of > 2, XY
follows, by the Cauchy principle. The stated inequality follows from Theorem 6 by taking
limits. O

n
j=m+1

Corollary 8.1. If || 3°7_, X;X;l| < M for alln and ();) is a sequence of scalars such

that 3722 [\j|? is convergent, then 3222, \;X; is norm-convergent. O

Recall that a sequence (X;) of operators is “strongly convergent” to X if lim; ., X;u =
Xuforallu € H. Norm-convergence implies strong convergence. Boundedness of Z?Zl X7 X;
is actually equivalent to strong convergence of Z;’il X7 X, since any norm-bounded, increas-
ing sequence of self-adjoint operators converges strongly [1, Theorem 9.6.14]. In Theorem 8§,
norm-convergence of » > | X7Y; follows equally if we have » 2> | X7 X; norm-convergent and
Z]o.il YY) strongly convergent; the inequality for S*S still holds with M defined as before.

A bit more work is needed to extend Theorem 2. We show that either norm-convergence
or strong convergence is inherited by the transformed sequence (strong convergence is easier,
which is why we mention it). The problem is to establish convergence; the inequality itself

then follows automatically by taking limits.

Theorem 9. Let A = (a;) be an infinite matriz with finite norm ||Al| as an operator
on ly. Let (Xy) be a sequence in L(H) such that Y- | X;X), is either (i) strongly conver-
gent, or (ii) norm-convergent. Then Zzozl a;x Xk 15 norm-convergent (say to'Y;) for each j.

Further, 3772, Y'Y} is strongly convergent in case (i), norm-convergent in case (ii), and

VY < AP XX
j=1 k=1
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Proof. Write ||A|| = M. Note that 37, |a;;|* is convergent for each k and 3 7%, |a;x|?
is convergent for each j (these conditions are necessary, but not sufficient, for A to be a
bounded operator on (). So by Corollary 8.1, the series defining Y; is norm-convergent
under either hypothesis. Write Y i = Z?:l a; ;X Since the norm of any truncated matrix

(ajr)(j<sk<k) is not greater than M, it follows from Theorem 2 that for any J and K,

J K
IICRTEITE SR
j=1 k=1

and hence by taking limits that

J oo
SIS S
j=1 k=1
The statement for case (i) now follows by the remark after Corollary 8.1.

Now consider case (ii). Let € > 0 be chosen, and let N be such that || Y77 o Xp X[ <
e. Write Y; = S; + Z;, where

N [e'S)
Sj = Zajkak, Zj = Z ajkak.
k=1

k=N+1

Let n > m > N. By the above, with X} replaced by 0 for 1 < k < N, we have
13 i1 Z5Z;ll < MP¢, so that for u € H, we have 337 | Zjul|* < eM?|Jul]?. Also,
by Corollary 6.1, ||S;]|2 < C' S0, |ajxl?, where C = || 320°, XX, Since >oio lanl is
convergent for each &, 3°7 [|9;]|* is convergent. Take N such that 7%y [|S;]]* < ¢, and
suppose that m also satisfies m > N;. Then for u € H, we have

n

Yool <2 Y0 ISl 2 Y 1 Zpul® < e(MP + Dlull?,

j=m+1 j=m+1 j=m+1
so that || X% VY| < e(M? 4 1). Norm-convergence of 3 _°°, Y;'Y; follows. O

So the specific inequalities of Propositions 3, 4 and 5 extend to the infinite case in the

way stated in Theorem 9.
We can now repeat the steps of the proof of Theorem 7 to obtain the following extension:

Theorem 10. Let A be as in Theorem 9. Let X;,Yy € L(H) be such that || 337_, X7 Xl <
M for alln and 3777 | Y;'Y), is norm-convergent. Then the repeated sum ) 7% X537 ) a;1Yy

is norm-convergent (say to T), and

T*T < |APM Y VY. O
k=1
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Again, the same conclusion holds (with M defined as before) if » 7%, X7 X; is norm-

convergent and Y .-, Y*Y} is strongly convergent.

7. DERIVATION OF CERTAIN NORM INEQUALITIES. We now show that
certain norm inequalities given in [9] and [10], even in a strengthened form, are immediate

consequences of our operator inequalities.
For an operator A, we define the right and left moduli by
Alr = (A2, AL = (A4,
Also, for operators Xi, Xs,..., X, we define X = (Z?Zl X;‘Xj>1/2, and X similarly.

We consider a monotonic norm o such that o(|A|g) = 0(|]A|L) = 0(A) for all A. These
conditions are satisfied by the Schatten ideal (alias trace class) norms, which we denote by

Op.

Proposition 11. Let o be a monotonic norm that satisfies o(|A|r) = o(|AlL) = o(A)
forall A. Let X;, Yy € L(H) (1<j<n), andlet S= 377 X;Y;. Then

o(5) < | Xkl o(Y).

If A= (ajx) and T =370 >0 a;x XYy, as in Theorem 7, then

o(T) < [[ Al X&l o(Yr).

Proof. With the above notation, Theorem 6 states that |S|% < || Xg|[*Y3, so that
|S|r < || Xg||Yr- The statement follows, by the assumptions about ¢. Similarly for 7', with

||A|| inserted. O
The norm o is 2-conver if for any X, X, ..., X,,, we have also
o(Xp)* <) o(X;))?
j=1

(a similar statement then holds for X ). Operator norm is trivially 2-convex, and o, is

2-convex for p > 2 [3].

So if o is 2-convex, Proposition 11 implies that

n 2 o, 1/2
U(S)S<Z||Xj||2> (Za(i/j)2> ,

and similarly for 7. This statement for o, (for p > 2) is essentially the main result (8) of [9]
and the case (p,00) of [10]. In the same way, Corollary 7.1 implies the case (0o, 00) of [10].
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