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1. Introduction

A more precise title would be “Hilbert’s discrete inequality for p = 2 and some related
results”. The “related results” are norm evaluations for various other matrices of loosely
Hilbert type, and some applications. A very brief survey of some generalizations, such as

p # 2 and the continuous case, is attempted in section 10.

Our basic theme is the result known variously as “Hilbert’s inequality” or “Hilbert’s
double series theorem”. According to [HLP], Hilbert simply included the result in his lec-
tures, and it was actually published by Weyl in his inaugural dissertation in 1908. The
inequality can be stated in various equivalent ways. For the moment, we will just give the
formulation in terms of bilinear forms, which is the one most frequently quoted. It is most
effectively presented in terms of infinite two-sided sequences x = (z;);ez. Denote by (5(Z)
the set of all such sequences with 3722 |2;]* convergent (we write this sum as Y., |2;]?).
To simplify the statement, we also introduce the following notation (which we will use con-

sistently): for r € Z, write

_f 1)r ifr#0
“=Y0 ifr=0

The statement is:



Theorem. Given (real or complex) sequences v = (x;) and y = (yx), let

u(z,y) = Z Z Cj—kTjYk-

JET keZ

Then

Ju(z, y)* < 7° Z ;2 Z [yl

jez kez
Two immediate comments:

(1) The substitution yx = 2 transforms u(z,y) to iy > rcy Cj+xTj2k, SO the theorem
applies equally with ¢;_; replaced by c¢j;;. Indeed, the advantage of considering two-sided

sequences as above is that it reveals these two cases as being the same.

(2) The statement obviously still applies when j and k are restricted to a smaller range
(simply take the other x; and y;, to be 0). In particular, by restricting to the positive integers,
we obtain two statements (for ¢;_j and c¢;, respectively, no longer obviously equivalent) ap-
plying to normal “one-sided” sequences (z,);>1; this was Hilbert’s original version. Also, we
shall see that the result for infinite two-sided sequences, as stated above, is really equivalent

to the statement for finite sequences of the form (z_,,...,z,_1,z,), for all n .

The reader may recognize already that the statement is equivalent to saying that the
norm of the matrix (cj_j) is not greater than 7 (for readers needing it, we explain this
equivalence in section 2). We shall widen the scope of these notes to present norm estimations
for other matrices of this type, such as [1/(j +k + a)], (¢j_;) and [1/(A; £ A)]. The last

type has extensive applications in analytic number theory.

We will present three completely different approaches to the proof of results of this
sort, two of which subdivide further into a number of variants. It will be seen that for any

particular problem, any one of these methods may turn out to be the most effective.

2. Review of results assumed

These notes presuppose a basic knowledge of linear algebra and inner-product, or
Hilbert, spaces. Here we summarize the main concepts and results used. Details can be
found in any textbook on the subject, such as [BP]. Though inner-product spaces undeni-
ably provide the most satisfactory setting for these results, what we really use is the concrete

version for “vectors” (i.e. sequences, finite or infinite) and matrices.



Let H be an inner-product space, over the real or complex field. We denote the inner
product of z and y by (x,y). The norm is derived from the inner product by putting
|z|| = (x,2)Y/2. The Cauchy-Schwarz inequality states that |[(z,y)| < ||z|.||ly||. Given two
such spaces, we shall freely use the same notation || || for the norms in both spaces. An

inner-product space is called a Hilbert space if it is complete with respect to the norm.

The most basic example of an inner-product space is H = /3, the space of vectors
r = (x1,29,...,2,) in R” or C", with the inner product defined by (z,y) = Z?Zl z;7;.
The natural infinite-dimensional extension, denoted by /s, is the space of infinite sequences
x = (x))k>1 with Y oo |xx]* convergent. We denote by ¢5(Z) the space of infinite two-sided

sequences r = (xy)gez with Y oo |zx|* convergent. These spaces are all Hilbert spaces.

A linear operator from ¢3 to 3 is represented by an m x n matrix (a;j) (which we also
denote by A) according to: y = Ax, where y; = >, _, a;,x) for each j. A linear operator

on /o or ¢5(7Z) is represented by an infinite matrix in the same way.

If Hy, Hy are Hilbert spaces, and A is a (continuous) linear operator from H; to Hs,
then there is an adjoint operator A* : Hy — Hy, given by (Ax,y) = (x, A*y) for all x,y.
If H = Hy, we may have A* = A: then A is “self-adjoint”. Adjoints satisfy A* = A,
(AA)* = AA* and (AB)* = B*A* (so A*A is self-adjoint). In the matrix case, A* corresponds
to the conjugate transpose matrix (@ ;). Hence if A is given by a real, symmetric matrix,

then A* = A, and if A is given by a real, skew-symmetric matrix, then A* = —A.

Positivity. For a self-adjoint operator, (Ax,x) is real for all x, and we write A > 0 if
(Az,x) > 0 for all z. In linear algebra, such operators are usually described as “positive semi-
definite”, but we shall follow the culture of operator theory and just call them “positive”.

For A = (a;), the statement A > 0 says explicitly

Z Z a; 1 T;xp > 0

j=1 k=1
for scalars z; (such expressions are called quadratic forms). For a real matrix, it is sufficient
if this holds for real scalars. For any operator A, we have (A*Ax,z) = (Az, Ar) = ||Ax|?,
hence A*A > 0, which is analogous to the fact that Zz is real and non-negative for complex
numbers z. We write A < B (for self-adjoint A and B) if B — A > 0. In particular, the
inequality m < (Az,z) < M for ||z|| =1 is equivalent to mI < A < M.

If A is a linear operator between Hilbert spaces, its norm (more specifically, operator
norm), denoted by ||A||, is the least constant M such that |Az| < M]|z|| for all z; the

operator is continuous (alias bounded) if M is finite. So we have ||Az| < ||A].||z]], and



hence, by the Cauchy-Schwarz inequality, |(Ay, z)| < ||All.]|z|].||y||. In fact,

[A[l = sup{[|Az[| : [lz]| = 1} = sup{|(Az, )| - [[z]| = [lyll = 1}, (1)

Multiplication by a suitable complex scalar shows that this is also the same as sup{Re (Azx,y) :
[zl = llyll = 1}. Operator norm satisfies: [|A*[| = [|A[|, [[AB|| < [|A].[|B] and [[AA] =
|A||* (the last equality follows again from the identity (A*Ax,z) = [|Az|]?).

In these notes, the norm of a matrix means the norm of the corresponding operator,

as just defined. For A = (a;), the inequalities just mentioned say explicitly:

2) if x1,xo,... are scalars and y; = a; rxy for each 7, then
( , Ta, Yj k@, 7

> Iyl <A el

J k
(3) for scalars x;, vy,

1/2 1/2

S S s <4t (Shat ) (Shr)
ik j k

Here the sums will be finite or infinite according to context. In (3), the statement would be

the same if we wrote just ;. We summarize some elementary facts about norms of matrices

in the next result.

Proposition 2.1. (i) If some rows or columns are removed, the norm of a matriz is

reduced (i.e. not increased).

(i1) If the order of the rows (or columns) is permuted, the norm is unchanged.
(tii) If ajr, >0 and |bjk] < ajy for all j,k, then | Bl < ||A]l.

(iv) A real matriz has the same norm as an operator on R" and on C".

Brief proof. We use the formulation (2) in each case. For (i): removing row j (or

column k) is equivalent to taking y; (or xy) to be 0.
(ii) This is equivalent to permuting the order of the y;’s or x;’s.
(iii) Let y; = >4 ajxlzk| and z; = 37, bjpxy. Then |z;] < |y;| for each j.

(iv) Let M be the norm of A as an operator on R". An element z of C" can be expressed
in the obvious way as z + iy, where z,y € R™ and ||z||> = ||z||*+]|y||*>. Then Az = Ax+iAy,
so [[Az||* = [[Az|* + | Ay[* < MP([|z]* + [[yl]*) = MZ||z[*. m

Warning. By (iii), the norm of (|a;|) is not less than the norm of (a;;). In general,

the two are not equal!



The determination of the norms of particular matrices is a thoroughly non-trivial ex-
ercise. The topic of these notes is precisely this problem for matrices of certain types. We

mention, without proof, that there is an explicit formula for the norm of a real 2 x 2 matrix:
if A= < a b ),then
c d

1Al = 3[(a+d)* + (b —)’]* + §[(a — d)* + (b +c)*]2.
Determination of norms by quadratic forms. The next result is very well known, but
we include the proof, because it will be used very frequently in the following sections.
Proposition 2.2. If A* = A, then
[All = sup{[{Az, )| : [|lz] = 1}. (4)
So quadratic forms, instead of bilinear ones, are sufficient to determine ||A]|.

Proof. Denote the stated supremum by M. Then |[{Az, z)| < M||z||? for all z. Take =,
y with ||z]| = |ly|| = 1. Then

(Alz +y), v +y) —(Ale —y), 2 —y) = 2(Az,y) +2(Ay,z)
= 2(Ax,y) + 2(y, Az) since A" = A

= 4Re (Az,y).
Hence
4Re (Az,y) < M(llz+yl*+ llz -yl
= M (2]z]* + 2ly|*)
= 4M.
By the remark following (1) above, the statement follows. O

A slightly subtle point needs to be mentioned here. If A is a real, symmetric matrix,
then its norm is determined by regarding it as an operator on R", so it is enough to consider
real vectors © = (x1,%s,...,2,) in Proposition 2.1. Now suppose that A is a real, skew-
symmetric matrix. Then (iA)* = 1A, so (4) applies to i A, hence to A itself. However, iA is
a complex matrix, and it is essential to consider complex vectors x: indeed, it is trivial that
(Az,x) = 0 for all real vectors x! For complex vectors x, the (j, k) and (k, j) terms combine
to give a; (2T — x4T;), which is purely imaginary, so (Az, x) is purely imaginary. This also
shows that (AZ,7) = —(Ax, x), so the set {(Az,z) : ||| = 1} is symmetrical about 0. In

this sense, skew-symmetric quadratic forms are more “symmetrical” than symmetric forms!



A deeper fact is: if H is finite-dimensional, and A is self-adjoint, with eigenvalues \;
(1 < j < n, necessarily real), then ||A|| = max|)\;|. The same applies if A* = —A, since 4

is self-adjoint, but the eigenvalues are purely imaginary.

3. Equivalent forms of the statement

With the concepts and results of section 2 in place, we are ready to give a more thorough

statement of Hilbert’s inequality in its various equivalent forms. Recall our notation

[ 1)r ifr#0
=10 ifr=o.

Theorem 3.1. Let C,, be the matriz (c;—x) (—n < j,k < n) and C the infinite matriz
(¢j—k)jrez- Then ||Cy|| (for all n) and ||C|| are not greater than w. Hence:

(i) If yj = > j—_, Cj—kay for each j, then 37 ly; |2 < w23 k]
(1t) Given scalars v; (—m < j <n)andy, (—n <k <n), let
u(w,y) = Z Z Ci—kTjYk-
j=—nk=—n

Then

fulz,y)P <o Y7 P Y lul

j=-n k=—n

These statements extend to infinite two-sided sequences (x;) and (yx) in l2(Z). Also,

the same statements apply with c;_; replaced by c;y.

In subsequent sections, we shall present several ways of proving the basic statement for
the finite matrices C),. For the moment, we will assume this and concentrate on equivalent

versions and immediate consequences.

The equivalence of the statements for (c;4x) is evident from the substitution x), = z_;

in (i) and y, = 2z in (ii).

Also, similar statements apply when j and k are restricted to a smaller range, such as

the positive integers (which gives normal “one-sided” sequences).

Next, we clarify the relationship between the finite and infinite cases. This part of the

argument is much the same however the finite case is proved.
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Proposition 3.2. Let C,, and C be as in Theorem 3.1. Then ||C|| = sup,>, ||Cy||. So
the statement that ||C|| < 7 is equivalent to ||C,|| < 7w for all n.

Proof. We use version (i) of Theorem 3.1. Of course, ||C]| > ||C,]|| for all n. Let
sup,>; [|Cn|l = M (we will show later that M = 7). Let x = (z}) be in f3(Z). Convergence
of > ez Ci—kTk (for each j) is assured by the Cauchy-Schwarz inequality. Let this define y;,

and let y;, = >, _ , ¢j_kTy, SO that y;, — y; as n — oo. Since ||C,,|| < M, for any m < n,

m n n
Dolynl <D lynlP <MY

j=—m j=—n k=—n

we have

Taking the limit as n — oo, we have

[e.9]

Dol <My jaf

j:—m k=—0c0
This is true for each m, so we can now take the limit as m — oo to obtain

Syl <M ) w0

j=—00 k=—o00

Let us take a closer look at the corresponding statements for one-sided matrices and

sequences. We introduce the following notation for the matrices concerned:
A= (Gr)ipzt, AP =(Gur1)juz, B = (cmi)jnz

We also write A,, for the finite matrix (¢j1x) (1 < j,k < n), and similarly for the others.
Observe that ), is exactly the same matrix as Bs, 1, with the rows and columns labelled
differently.

The matrices A and A¥ are symmetric, while B is skew-symmetric. In A and A%,
the (j,k) term is a function of j + k (so these are Hankel matrices), while in B it is a
function of j — k (so B is a Toeplitz matrix). We introduce A* because it arises naturally
in some contexts. Note that its (1,1) entry is 1 (while in A it is ). In fact, A is obtained

from A# by removing the first row; if (Ax)(j) denotes term j of the sequence Az, we have

(Az)(j) = (A% z)(j +1). Hence ||A# x| > |Az| for all z, and ||A¥|| > ||A]|.

We have already remarked that Hilbert’s inequality implies that [|A|| < 7 and || B < =.
It also implies that ||A#| < m. Actually, it gives the following slightly stronger statement:

Corollary 3.3. For x in {5, we have
A% 2|? + || Ba|* < 72|l

7



Proof. Extend z to a two-sided sequence x* by putting 2 = 0 for all j < 0. For j > 1,
we have, obviously, (Cz*)(j) = (Bz)(j). For j > 0 we have

—J) =) ey ==Y e, = —(A*)(j + 1),

k>1 k>1

Hence [[A%z|?+ || Bz|?* = ||Cx*|]? < 72|z O

Best constants and exact norms. We shall see in due course that 7 is the best constant
in Theorem 3.1, so that ||C|| = w. By Proposition 3.2, this is equivalent to the statement
that sup,,» [|Cn|| = 7. Since C), = By, it then follows that sup,s, || B, = || B|| = 7.

This does not mean that ||B,| and ||C,|| equal 7 for each n! Indeed, By(z1,x2) =
(—x9,21), so ||Bz|| = 1. In general, the exact determination of the norms of these finite
matrices is a much harder problem. We shall give some partial results in the following

sections.

The reasoning in Corollary 3.3 (without the shift to A#) shows that ||C,|| > || A.]|-
So to show that ||C|| = 7, it will be enough to show that sup,, ||Ax|| (equivalently, ||Al|)
equals m. When lower estimates, instead of upper ones, are being considered, the implications

among these various matrices run in the opposite direction.

4. Method 1: expressing the quadratic or bilinear form as an integral

One equivalent formulation of our problem is to establish bounds for certain quadratic
or bilinear forms. This can sometimes be achieved in highly elegant style if the form can be
expressed as the integral of a suitable function. Hilbert’s original proof of his inequality was

of this type. Here we give a modified version due to Toeplitz.

Proof of Hilbert’s inequality. Given complex scalars z;, write
n n
=D D G
j=—mnk=—n

By (4), since the matrix (¢;_y) is real and skew-symmetric, it is enough to prove that |S(x)| <

Ty 5, lzi[? for any choice of the x;. Recall that S(z) is of the form iR, where R is real.

Let f(t) be the trigonometric polynomial 77 x;e*™". Then
S S e = 3 3OS
j=—nk=—n j=-n J=1 k#j



(in which 37, ,; means that & runs from 1 to n, excluding j). Now fol e?™rt dt = ( for integers

r # 0, so
/!f Wd= 3" fo

jf—n

Consider the integral

1= [e-puopa

Note that fo ) dt = 0, while for integers r # 0, integration by parts gives
1 ‘ 2 —(-3) IR 1
t — 1\ 2mirt dt = 2 2/ / 2mart dt = )
/0 (t=5)e 2mir 2mir ‘ 2mir
Hence

xa:k _ S(x)
QWZZZ i 27m'

J=1 k#j

The quadratic form S(z) has been expressed as the integral 2ril. But [t — 3| < 1 on [0, 1],

1 n
<t / FORd =13 |l

j==n

Hence |S(z)| < 7Y " |7;[?, as required. O

SO

First remark. Clearly, the same applies if j — k is replaced by ¢; — gi for any sequence

(g;) of distinct integers.

Next, we describe a variant of the proof that is closer to Hilbert’s original (see [HLP,
p. 235]). It deals with bilinear forms rather than quadratic ones, proving the original (ii)
directly instead of relying on (4). To do this, it uses the Cauchy-Schwarz inequality for

integrals instead of simple inequalities for the integrand.

Variant proof of Theorem 3.1. Take scalars z;, y, and write > |z;]* = ||=|/

j=—n
Define u(z,y) =Y 7__, > i, ¢j—kTjyk. Let
t) — Z Ij€2ﬂ-i‘jt, g(t) — Z yke_Qﬂ—ikt.
j:—n k=—n

Then fol |f ()] dt = ||z||?, and similarly for g(t). Now consider

As in the first proof, we see that

5y (2, y)
27?222 Jk: 2w

J=1 k#j



But by the fact that |t — 1| < 3 on [0,1] and the Cauchy-Schwarz inequality for integrals,

1
113 [ 17000 de < 3l ol
0
Hence |u(z,y)| < «||z].]|y||, as required. O

Further notes on the proofs. (1) A minor variation in both proofs is to take f(t) =
>, xje’’, and to consider integrals on [0, 27], using
1 2

, 1
— t—me"dt = —.
21 Jo (t=me w

(2) Another variation is to consider the double integral fol Jo 1f () Pdt du.

(3) Hilbert’s original proof used separate terms cosjt and sin jt instead of e”!, and
consequently gave the result with constant 27 instead of 7. See [HLP, section 9.6]. Schur

[Sch]| improved the constant to .

Best constants. This method can also be used to show that 7 is the best constant in
Theorem 3.1, but we need to assume some Fourier analysis, more precisely, the fact that a

continuous function is the sum of its Fourier series in the sense of Ly-convergence.

Theorem 4.1. In Theorem 8.1, the constant w is optimal. In other words, ||C|| =

SUPy>1 ||Cn|| = .

Proof. Fix N (not related to the previous n!) and let f(t) = t"¥. Let f(t) have Fourier

series Y ;™' Then f(t) is the Lo-sum of this series, so, by Parseval’s identity,

1 1
1
12 2 g, 2N g _
Sl = [0 a = [ = s

jez

Let S(x) = >",cs > pez Cik2iTx and I = fol (t —3)|f(t)|* dt. The identity S(x) = 2mil still
applies. But

1
1 1 N
0 2N +2 202N +1) 2(N+1)(2N+1)
Hence
SN
]2 N+1
Since N can be chosen arbitrarily large, this proves that ||C|| = 7. By Proposition 3.2,
IOl = sup,>1 [|Call O
In the notation of section 3, C,, = Bay1, s0 it also follows that sup,,, || B,|| = || B|| = 7.

However, we cannot deduce that ||A|| = 7; we will show this by a different method in section

10



6, not depending on Fourier analysis. Of course, this will give a second proof of Theorem
4.1.

5. Some applications and companion results proved by Method 1

We start with two applications of Hilbert’s inequality to real functions, proved by the
same style of reasoning as Method 1 itself. They actually use the matrix A#: note that this

matrix can equally be written as [1/(m + n + 1)].n>0-

Proposition 5.1. Let f(t) be either the polynomial 3.0 ant™ (with a, real), or the

. fe’e) n . o0 2
power series y >~ o ayt", with Y~ a; convergent. Then

/1 @2 dt <) al.
0 n

Proof. In the infinite case, the series converges for 0 < ¢t < 1, by the Cauchy-Schwarz
inequality. In either case, f(£)> =3 > ana, ™™, so

IRERES » o

By Hilbert’s inequality (for A#), this is not greater than 7). a2. (Termwise integration,

for purists, can be justified by uniform convergence on [0, r] for any r < 1.) 0

By contrast, recall that we have an exact formula for the integral of the square of a

trigonometric polynomial (which we used to prove Hilbert’s inequality).

The second application concerns the moments of a function. It uses Proposition 5.1,

while finishing with an inequality in the opposite direction.

Proposition 5.2. Let f be an integrable real function on [0,1], and let p, =
fol t"f(t)dt forn >0. Then

nf%un_ /f

Proof. 1t is enough to show that ij:o u? satisfies the inequality for each N (thereby

avoiding any convergence problems). We have
N N 1
Sout = S [ s
n=0 n=0 0

- / F(t)g(t) di



where ¢(t) = Zn o lat"™. By Proposition 5.1, fo 2dt < Wzn o M. So, by the Cauchy-

Schwarz inequality for integrals,
N 2 1 1
(Zui) < /f(t)th/g(tfdt
! 0 0
N 1
< w(Zﬂi) JRCRC
n=0 0

Division by Zg:o p2 gives the statement. 0J
Now we come to “companion results”, starting with positivity of certain matrices.

Proposition 5.3. Let A\; > 0 for 1 < j < n. Then the symmetric matriz [1/(\; + \g)]
(where 1 < j <n, 1<k <n)is positive.

Proof. Given real scalars x1, xo, ..., x,, let

;T
=X

7=1 k=1

We have to show that S(z) > 0. Let f(t) = >."_, z;t*. Then

7=1

n

n
_ Aj+HAk—1
—E E Tyt TR

j=1 k=1

SO
n

f ;T
/ it = ZZ A = ().

=1 k=1
But the integrand is non-negative for 0 < ¢ < 1, so S(z) > 0, as required. (Note that if any
Aj + Ap < 1, the integral still converges at 0.) O

Particular cases are: (i) A; = 1, giving A\; + A\, =1, (i) A; =4, (iii) \j = j — ia,

where a < 2, giving A\j + Ay =j+k —a.

By considering instead functions of the form f(t) =37, zje~ ', we can generalize to

matrices of the following type.

Proposition 5.4. Let A\; > 0 for 1 < j <mn, and let r be a positive integer. Then the

symmetric matriz [1/(N; + A\,)"] is positive.

Proof. We use the integral

e 1 o —1)!
/ t'r—le—at dt — _/ ur—le—u du — (T ) ]
0 a” Jo a’
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Given real scalars z;, let f(t) =3 7, zje~ . Then

< 007"71 t2 _1 Ljlk O
O—/Ot Sy dt={r ZZA+Ak

7=1 k=1

We now return to trigonometric polynomials, which we used in the proof of Hilbert’s
inequality. From now on, following the custom of analytic number theory, we shall use the

notation e(x) for e>™*. Note that e(z)e(y) = e(x +y), e(35) = —1 and e(n) =1 for n € Z.

It is worth formulating in more general terms what the proof of Hilbert’s inequality

really proved. It becomes beautifully simple, as follows.

Theorem 5.5. Let ¢ be an integrable function such that |¢(t)] < M for0 <t <1. For
integers r, let fol o(t)e(rt) dt = d,. Let D, be the matriz (dj_i)—n<jr<n and D the matriz
(dj—)jkez. Then ||Dy|| and ||D|| are not greater than M. The same applies to (djiy).

Further, if d_, = d, for all v, and My < ¢(t) < My for 0 < t < 1, then Mlz|?* <
(Dpx,x) < Ms||z||* for all z = (x;) in lo(Z) (and similarly for D).

Proof. The matrix is not, in general, symmetric or skew-symmetric, so we follow the
“variant proof” of section 4. Choose z;, yi, and let u(x,y) = Z?:_n Y ore . di—kziyk. Let

n

Ft)y=">"me(it),  glt)="Y_ ye(—kt).

j:—n k=—n

Then fol |f(#)]? dt = ||z||*, and similarly for g(¢). Also,

FDgt)y = > wyeelli — k)i,

j=—nk=—n

1:A¢mﬂm@w

Then I = u(z,y). But |I| < Mfol |f(t)g(t)| dt, which is not greater than M ||x||.||y||, by the
Cauchy-Schwarz inequality for integrals. So |u(z,y)| < M||z|.||y||. By modifying g(t) to

Let

>, yre(kt), we obtain the same with d;_j replaced by d;ix. The extension to the infinite

case is as in Proposition 3.2.

In the case when d_, = d, (so the matrix is symmetric), we consider instead

1_/¢ ) f@)? dt = Zdex]xk (D, z, z).

j=—mnk=—n

Clearly, Mi||z||* < I < Ms||z|>. O

13



Note. Our d, is the Fourier coefficient ¢(—r) of ¢ on [0,1]. However, the proof did not
require any result about convergence of the Fourier series. Such a result is required if we
wish to show that M is the best constant (as in Theorem 4.1). We discuss this point further,

and describe a rather more “abstract” approach to Theorem 5.5, in section 10.

Clearly, Theorem 5.5 will give norm estimations for many more Toeplitz and Hankel
matrices when different choices of ¢(t) are fed in (this is a more user-friendly approach than
starting from the matrix and trying to identify the appropriate ¢(t)). For Hilbert’s inequality,
we had ¢(t) =t — % We now record some other cases; we state only the infinite-dimensional

versions.

Proposition 5.6. Let « € R\ Z. Write a;r =1/(j —k+ «). Let A, be the matriz

(ajr)jkez. Then ||Aq|| < mlcosecmal. In particular, ||Ayq|] < .

Proof. Take ¢(t) = e(at). Then M =1 and

! 1 e™ sin Ty
/0 elat)e(r) 27mi(r + «) (e@) = 1) 7(r+ a)
So D = (1/7)e™ sin(ma) Ay, and the statement follows. O

Remarks. (1) The stated constant is the best possible. This follows from the identity
> ez 1/(j + a)? = m?cosec®ma, which is obtained by Parseval’s identity and the Fourier
series for e(at) (which was found in the proof). Now let ey be the two-sided sequence with

1 in place 0 and 0 elsewhere. Then A,ey =y, where y; = 1/(j + «), so ||y|| = 7|cosec a|.

(2) The given statement says the same if 1/(j —k+a) is replaced by a}, = 1/(j +k+ ).
However, if we restrict to positive j, k, and a > 0, stronger results apply: 0 < a}, < 1/(j+k),

so the matrix (a}}k) has norm not greater than 7. It is also positive, by Proposition 5.3.
Proposition 5.7. Let

0 if ris even.

oo { 1/r ifris odd,
Then the matriz (¢;_y)jrez has norm not greater than /2.

Proof. Let
-1 for0<t< %,

¢(t>_{ 1 for%§t<1.

Then M =1, and for r # 0,

! 1/2 2—-2e(5) 2
d, = / e(rt) dt — / e(rt) dt = —6(2) = —c.
1 0

/2 2mir e

Also, dy = 0. So C* = (mwi/2)D. O

14



Recall again that our notation ¢, means 1/r when r # 0 and 0 when r = 0.

Proposition 5.8. Let T be the matriz (¢;_;)jxez- Then ||T|| < n*/3. Further, for

any x in l5(7Z),
2

2
s 2 s 9

Proof. Take ¢(t) = t(1 —t). It is easily seen that 0 < ¢(¢) < 7 on [0,1], so, in the

)

notation of Theorem 5.5, 0 < (Dz,z) < 1[|z||*. Also, dy = fol tl—t)dt=5—3% =g, and
for r #£ 0
1 1 1
d, = t(l1—t t)ydt = 00— — 1 -2t t) dt
JRCEREE o [ (= 20etr
1 !
= — [ te(rt)dt
mir Jo
B 1
— (mir)(2mir)
B 1
222
SO
1., 1
(D2} = gloll? — 55 (T ).
The stated inequalities follow. O

Erercise. By taking ¢(t) = t(t — 3)(t — 1), show that the norm of (¢?_,) is not greater

than 7 /(9v/3).

This process can be extended to (¢}_,) using the Bernoulli polynomials B,(t), because
these functions have Fourier coefficients —n!/(2mik)™. However, at least for even n, the

norms of these matrices are found much more easily by Method 2, which we now describe.

6. Method 2: row and column sums

This is a very general method for the estimation of norms of matrices with non-negative
entries. The vigilant reader will object that the two-sided Hilbert matrix has both positive

and negative entries. Please be patient and read on!

The basic result, due to Schur, is as follows.

15



Theorem 6.1. Let A= (a;) be a matriz (finite or infinite) such that a;, > 0 for all

7,k and
Zam <K, forallj (all row sums < K3),
k

Zaj’k < Ky forallk (all column sums < K).
J

Then || Al < (K1 Ky)'Y2.

We leave out the proof of Theorem 6.1 because only slightly more work is needed to

prove the following enhanced version incorporating a weighting sequence (w;).

Theorem 6.2. Let A = (aj)) be a matriz (finite or infinite) with a;j, > 0 for all j, k.

Suppose that, for some strictly positive sequence (w;), we have

Zaj,kwk < Kyw; for all j,
k

Z a;rw; < Kowy  for all k.
J

Then || Al| < (K, Ky)'2.

Note. If A is symmetric, then the two hypotheses say the same (with Ky = K = K,
say) and the conclusion is ||A]| < K. This case can be proved quickly using quadratic forms

(sufficient since A is symmetric) and the inequality jz;z; < 27 + 7.

Proof. Choose non-negative, real vectors x = (x;) and y = (y;) (in ¢; in the infinite

case), and let u(z,y) = >, >y wja;xyr- Then u(z,y) = 3=, > ¢jxd;k, where

1/2 1/2
P al/Qx (wk) Ao = a1/2y Wi
sk — Yk ti \ T ) gk — Yy dk\ :
J w; J wy,

By the Cauchy-Schwarz inequality (applied to the double sum), u(z,y) < (CD)'?, where
C=3> cu=D wju Y ajpwp <Ky ) ol
j ok J k j
D=2 > diu=2 vwiwi' Y ajuw; < K>} i
ko k J k

So u(z,y) < (KiK)' 2|yl R

The matrix (c;_,) (already seen in Proposition 5.8) is ready-made for an instant appli-

cation of Theorem 6.1:

16



Proposition 6.3. The matriz (¢;_;.);kez has norm not greater than 7°/3.
Proof. The matrix is symmetric, and every row sum is 2y > (1/r?) = 7%/3. O

Similarly, the norm of (|¢;j_x|™) is not greater than 2((n) (recall that ((p) means
Y re k7P for p > 1). However, Method 2 has nothing to say about the lower bound for

the quadratic form given in Proposition 5.8.

Next, consider the one-sided Hilbert matrix A = [(1/(j + k)]jx>1. The entries are
positive, but the row sums diverge, so we turn to Theorem 6.2. It gives a pleasant and
quick proof of this form of Hilbert’s inequality. At the same time, it enables us, rather more
messily, to make a first attempt at a stronger bound for the n-dimensional case, a problem for
which Method 1 has nothing to offer. We use integral estimation for discrete sums, together

with the following lemma.

Lemma 6.4. Fora > 0,

/°° 1 g — T
o (t+a)t/? /2’

Proof. We have

&0 1 2
= - dv=m
/0 (u+ 1)ul/? Y /0 v2 41 veT

Now substitute ¢ = au in the given integral to obtain the stated value. 0

Theorem 6.5. Let A be the matriz [1/(j + k)];x>1 and A, the matriz [1/(j + k)]
(1<j,k<n). Then

Al <7 A <7 -

Proof. Since 1/(t + 5)t'/? is a decreasing function of ¢, the Lemma gives

(e 9]

! </OO L =T
= (JHREZ T Jy ()0 ji2

for each j. By Theorem 6.2, with w; = 1/j1/2, we have ||A|| < .

For A,,, we can amend this to

n

Z;</n;dt
(J+E)EY2Z = Jo (t+t2

k=1

/OO ! dt>/oo L g2
wo (DR T )P (e )Y
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SO
:1/2

Rl Y S A
/ ; G+ REZ =" )i
For 2 < j < n, this is not greater than m — 2/n'/2, because j/(n + j) > 1/n (this says

nj >n+j). For j =1, we have

n

1
— <
Z (k4 1)kv/2 —

k=1

n

1 "1 2 2
k=1

The statement follows. Il

Using estimations of this sort, we now show quite directly that 7 is the best constant

for A (which we did not achieve by Method 1), again with an estimation for A,,.

Theorem 6.6. Let A and A, be as in Theorem 6.5. Then ||A| = 7, and there is a
constant ¢ such that ||A,|| > m—c/logn for alln > 2.

Proof. Let x; = j="/?* for 1 < j < n. Then |z||> = 1+ 4 +---+ 2. Denote this quantity
by l,. By comparison with the integral of 1/¢, we have log(n + 1) < [, < logn + 1. Let
y = A,z. Then

n

1 " 1
;= — = ———— dt.
v Z(J’Jrkr)kl/2 _/1 (4 j)t/?

k=1

1 1 1 /1 2
—— _dt< | —at==
[ apmmass [ ame=5

J
o 1 1 2
[t e [ L2

By these statements and Lemma 6.4,

> s _2_ 2
I=G2 T T g
so that
yQ-ZW—.Q—ﬁlﬂ(‘l + - ! )
J ] 32 " jijzpi/e )
and

n

= A7 1
2 2 3 E :

E :yj > moly —4m((3) nl/2 172

j=1

j=1
Z 7T2ln — (1,

"2 4t = 2nt/2. So

2
W2 e =7 3

18



and hence [|A,|| > 7 — ¢/l,, for another constant c. O

As already mentioned, it follows that ||B]| and ||C|| also equal 7 (Theorem 4.1). Also,

the same lower estimate applies to A% and C,,.

Clearly, there is a gap between the upper and lower estimates for ||A,|| in Theorems
6.5 and 6.6. A more accurate evaluation is a hard problem! With a deeper analysis [Wilf,
Theorem 2.2] obtains the value

o loglog n
A =7 — — oslosn )
Il =7~ g0+ (g )

Can we obtain the full strength of Hilbert’s two-sided inequality by Method 27 Yes,
and it is instructive to see how, though the work is undeniably longer and less elegant than
Method 1. Recall that ||Cz||*> = (C*Cwz,z), and hence ||C*C| = ||C]]*>. We show that,
although Theorem 6.1 cannot be applied to C, it can be applied to C*C.

Proof of Theorem 3.1 by Method 2. Let C be the matrix (¢;_);kez. Then C*C = (d, 1),

where
djx = E :Cp—jcp—k

PEZL
Clearly, dj ; = d; ;. Also,
1 2
dij= Y b= 3 (5)
PEZL, p#j
Now let k = j +r, where > 0. Then d;; = 51 + Sz + S35, where

1 1
D St ey ey R i s MG

- %Ez(%_qir>

q>1
1 1 1
= —|14+=4+--+-],
T 2 r

1 1 .
SQ:Zm:Z =5 (putg=j—p),

j—p) = qlg+r)

1 .
AR L e




The cancellation of positive and negative terms leaves us with

2 2
dip = — = ——. 6
7,k r2 (k —j>2 ( )
By (5) and (6), we have for each j

2 2 2

Sau=T
’ 3 3

keZ

and the statement follows, by Theorem 6.1. O

Note that for the cancellation to occur, it was essential to consider the doubly infinite
matrix. For the one-sided case, in the notation of section 3, this proof can be seen to apply
to A#* A% + B*B (see [HLP, section 8.12]). However, it does not work for A#*A# and B*B

separately, since the cancellation is lost.

To finish this section, we show that the norm of the n x n matrix (|c;_x|) grows like
log n, serving a brisk reminder that the norm of a matrix may change drastically if the entries

are replaced by their moduli!

Proposition 6.7. Let M, be the matriz (|cj—k|)i1<jr<n, and M the matriz (|c;_g|);jx>1-
Then logn < ||M,|| < 2logn+1 forn > 2, and M does not define a bounded linear mapping

on {y.

Proof. Let r; be the sum of row j. Asin 6.6, write [, = 1+ % +- 4+ %, and recall that
log(n+1) <1, <logn+ 1. Clearly,

r ="Trn= lnfla

Tj:lj_1+ln_j (2§]§n—1)

So r; <logj+log(n—j)+2for2<j<n-—1. Now j(n—j)=n?*/4—(j —n/2)* <n?/4,
hence

r; < 2logn —log4 +2 < 2logn +1

for 2<j <mn—1 (and also for j =1 and j = n). By 6.1, | M,| < 2logn + 1.

At the same time, it is clear that r; > [,,_; > logn for all j. Let e = (1,1,...,1). Then
r; is element j of M,e, so ||[Mye|| > logn|le||, hence ||M,|| > logn. This also shows that M

is not a bounded operator on /5. [
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7. The matrix [cosec Z(j — k)] and a third method for Hilbert’s inequality

Let S, be the matrix (s;x) (1 <7,k <n), where

I cosec = (j — k) for j # k,

PFTN0 for j = k.
Like B, = (¢j_), this is a skew-symmetric, Toeplitz matrix. Apart from the constant m/n,
we have replaced z by sinz. The matrix Sy has v/2, 1, v/2 on the diagonals defined by

Jj—k =1,2,3 respectively (we save space by refraining from writing it out explicitly).

As we have seen, the exact norms of A,, and B,, are not known for general n. Even when
they are known, for small values of n, they are unpleasantly complicated numbers. In the
light of these facts, it is very striking to find that ||S,|| is precisely the integer n—1. We shall
prove this, and then show that Hilbert’s inequality can be derived from it in elegant style
— our third proof, not counting minor variants. Furthermore, this approach does something
that the earlier ones failed to do: it gives an estimation for ||B,|| depending on n. These
results are due to K.R. Matthews [Matt].

Our evaluation of ||.S,|| will be achieved by finding the eigenvalues. First, a reminder

of the following simple relationship between eigenvalues, eigenvectors and norms.

Lemma 7.1. Let S be an n x n matrixz. Suppose that S has mutually orthogonal

eigenvectors x, (1 <r <n), with corresponding eigenvalues .. Then ||S|| = maxi<,<n |Ar|.

Proof. Let maxj<,<p |A\-] = M. We may assume that ||z,|| = 1 for each r (if not, divide
by ||z.||). Then the vectors z, form an orthonormal basis of £5. Any vector x in £} can be

expressed as © = Y _, oz, with ||z]|? = Y_I_, |a,|*. Then Sz =>" | \,a,x,, and
n
ISz|® =Y INa| < M?||z)>
r=1
Further, ||Sx,|| = M||z,|| for at least one r. O

There is a general theorem that symmetric and skew-symmetric matrices always have an
orthogonal basis consisting of eigenvectors. However, we do not need this theorem, because

we will establish the property directly for another class of matrix to which S,, belongs.

We say that an n xn matrix S = (s;) is skew-circulant if s, = ax_; for some sequence

(a;) satisfying a;_, = —a; for all j, so the matrix is of the form
Qg ap - Ap-
—Qp-1 QAo - Gp-2
—ay —ag - ag
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The elements a; cycle round the rows, reappearing with a minus sign on the left of the

diagonal. We prove a general result on eigenvectors of such matrices.

Recall that if w = e(r/n), where 1 <r <n — 1, then w" = 1, while w # 1, so, by the

geometric series, Y, wF = 0.
In the following, component k of a vector z is denoted by x(k).

Proposition 7.2. Let S be a skew-circulant n x n matriz, with s;, = ar—; as above.

Let
(2r — 1)mi
pr = exp ———.
Then S has mutually orthogonal eigenvectors x, (1 < r < n) defined by x.(k) = p¥. The
corresponding eigenvalues are A, =Y, _, arpk.

Proof. Choose one value of r, and write p, = p, x, = x. Note that p” = —1. We have

j) = Z ap—ip" = p’ Zkaijﬂ
k=1 k=1

Write g(k) = axp®. Clearly, Y70 . g(k —j) = >4 'g(k). Also, g(k +n) = g(k), so
I g(k—j) = > hen_je1 (k). Hence Y70 g(k—37) = > ;i g(k). This sum is independent
of j: denote it by A\. We have shown that (Sx)(j) = Az(j) for all j, so S(x) = A\x.

For r # s, we have p,p, = w, where w = e[(r — s)/n], so
(@, ) Zw =0. O

Theorem 7.3. Let S, be the matriz (s;r) (1 < j,k <n), where

~_J cosec™(j—k) forj#k,
k= 0 for j =k.

Then:
(i) the eigenvalues of S, are (n —2r+1)i (1 <r <n);
(i) Sl =n—1.
Proof. The matrix S,, is as in Proposition 7.2, with a; = —cosec (7j/n) for 1 < j <n-—1
and ag = 0. First, we evaluate \;:

n—1 n—1 .

Tk wk ki

Al = — E cosec — py = — E cosec — exp —.
n

n n
k=1 k=1
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Substitute n — k for k: since cosec (1 — 6) = cosec and (™9 = —e=* we have

= k ( 7Tk:i>
AL = cosec —exp | —— | .
n n

k=1

Adding the two expressions, we see that

k
= —chosec— sin .~ = —(n = 1)i.

n

Now consider A\, — A, where 1 <r <n — 1. We have

2rkmi k k k
pfﬂ—p?’f:exp T 9isin 78 :2isinﬂ—e<r—>,
n

n n n
SO
n—1
At — Ap = =20 Y _e(rk/n) = 2i,
k=1
since, by the geometric series again, S_r_ | e(rk/n) = —1. Hence A4 — A, = 2i, and so

A= (2r —n —1)i for 1 < r < n (equally, the eigenvalues can be listed as (n — 2r + 1)i for
1<r<n). O

Without details, we mention the corresponding steps for cot instead of cosec. First,

the analogue of Proposition 7.2 for a circulant matrix, which is proved in the same way:

Proposition 7.4. Let T' be the n x n matrix T = (t;), where t;, = a,_; for some

sequence (a;) satisfying a;—, = a; for all j. Write w = e(1/n). Then mutually orthogonal

eigenvectors x, (0 <r <n —1) are defined by x,(k) = w™. The corresponding eigenvalues
are \, = Zfo arw™.

Theorem 7.5. Let T,, be the matriz (t;) (1 < j,k <n), where

P cot Z(j — k) forj #k,
P00 for j =k.
Then
(i) the eigenvalues of T,, are 0 and (n —2—2r)i (0<r <n-—2);
(i) Nl =n—2.

Sketch of proof. 1t is easily seen that Ay = 0. One finds that

n—1
. wk . 27nk
A = —@kglcotzsmT

= - Z cos2 mk
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since ZZ;} cos(2rk/n) = —1. One shows further that A, 1 — A\, = 2ifor 1 <r <n —2.

(When n is even, the eigenvalue 0 occurs twice.) O

We now give the promised derivation of Hilbert’s inequality from Theorem 7.3, with

an estimation of || B,||. Recall that ¢, means 1/r for r # 0 and 0 for » = 0.

Theorem 7.6. Let B, = (¢j_r) (1 <j,k<n)and B = (cj_k)jr>1- Then

1
1Ball < 7 (1 - —)7
n

Proof. Take scalars x; and let S(z) = Y7 >/, ¢ x7;T4. Let s, be as in Theorem
7.3. For j # k, let c;_i = s;xd;j, so that

and hence |B|| < .

1 . 7(j—k)
djr = Tk sin ——
Now 12
1 ~ ~ sin wA
)\t dt - = TN —TIA — .
/1/2 €< ) 2T\ (6 ° ) TA
Hence

1/2 ik
d;p = E/ e (j—t) dt.
n —1/2 n

For completeness (though it is not really needed), put d;; = 7/n. Then

Sz) =" /_ Y e

nJ_1/2

where

n
j=1 k=1 j=1 k=1

F() =303 sy T (j —k t) _ 5350 (TR0,

where y;(t) = z; e(jt/n). By Theorem 7.3,

|F(t)] < (n—1) Z i (0 = (n=1) ) |y,

SO

S@I< (=1 |nP. O
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As with A,, an exact evaluation of the norm of B, is elusive. H.L. Montgomery has
stated in private correspondence that = — || B,|| is O(logn/n), but it would appear that no

proof has ever been published.

Parting thought. 1t is not really surprising that ||.S,|| and ||T,| are “nice” while ||A,||
and || B,|| are “nasty”. The matrices S,, and T,, are constructed from what might be called
a complete system, equally spaced values in one cycle of a periodic function. The numbers
1/(j — k) only form a complete system when the whole set of integers is included, and the

matrices A, and B, represent unnatural truncations of this system.

8. The generalizations by Montgomery and Vaughan

Two powerful generalizations were established by Montgomery and Vaughan [MontV]
in 1974. They deal, respectively, with matrices of the form [1/(\;—Ax)] (generalizing Hilbert’s
inequality) and [cosec m(\; — Ag)] (generalizing Theorem 7.3), with the numbers A; no longer

equally spaced. Both results have applications in analytic number theory.

It is possible to prove either result first and deduce the other, or, with sufficiently
careful formulation, to prove both together. In [MontV], the result for [cosecm(A\; — A\g)] is

proved first. Here we will prove the result for [1/(\; — Ag)] first. The statement is as follows.

Theorem 8.1. Suppose that \y < Ao < --- < A, and A\j — X\j_1 > 0 for each j. Let G,
be the matriz (g; ), where
YN =) ik,
ik 0 if j = k.
Then |G|l < /6.

First, some preliminary comments. The matrix is still skew-symmetric, but no longer
Toeplitz. After multiplying by a constant, we can assume that § = 1. Then A\; =\, > j —k,
and hence 0 < g, < 1/(j — k) for j > k. One might suppose that ||G,| < ||B,| simply
because all the entries are smaller, while still the same sign. However, no such statement is

true, even for matrices of this special type! A specific example is as follows.

Ezample. Let M be the 4 x 4 skew-symmetric, Toeplitz matrix [f(j — k)], where
f(1) =a, f(2) =0, f(3) = cand f(—r) = —f(r) (again we save space by refraining from

printing the matrix explicitly). One can show that M has the same norm as the 2 x 2 matrix

c a-+b
b—a a
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(details on request). The explicit formula for the norm of a real 2 x 2 matrix was given in
Section 2. We find that the choice (1,0,1) for (a,b,c) gives | M| = v/2, while the choice
(1,0,0) gives | M| = 1(1+ v/5) &~ 1.618. (For the record, this gives || By| = 3v/13.)

Here we give a quite simple proof based on Method 1. However, it only delivers a

slightly weaker result, with an intervening constant which happens to be 2/+/3.

Proof of Theorem 8.1 with an extra constant. Since G, is skew-symmetric, it is sufficient

to consider quadratic forms: given (complex) z; (1 <j <n), let S(x) = > 7| > 9j»T;Th-

Let f(t) =>_"_, xje(\t), so that

Z|xj|2+zzxjxke (A — A, (7)

J=1 k#j

With ¢ > 0 to be chosen later, we will use the fact that I > 0, where

bfwwmwt

(The use of ¢ — t instead of ¢ makes the following work slightly simpler.) Of course, terms

no longer cancel to zero in the way they did when the \; were integers. In fact, for A # 0,

/C e(At) dt = M,

2N
/C( ey dt = -S4t / (\L) dt
, e = T omin o2min ), ©
e e(A)—1
2 A2 )\?
Also, [7(c—t)dt = 3¢*. So

where
1 « Ty
- — \ic) —1].
R A2 ZZ (N — Ap)? K€) ]
Jj=1 k#]
So
’%xk, ‘:U]xk‘
IRI—“ZZA_M WZZ -
J=1 k#j Jj=1 k#]

By Theorem 5.2 (or 6.3),
1 &
WngzuP S
6=
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So the inequality I > 0 translates into

L,S( )< (3¢ +1) Z]a:]]2.

211

This applies equally to S(Z) = —S(x), so in fact

n

Sl <7 (et 50 ) Lol

7j=1
To minimize ¢ + 1/3c, take ¢ = 1/4/3, giving ¢ + 1/3c = 2/+/3. (Note that if we simplified
the proof by taking ¢ = 1, the constant obtained would be 4/3.) O

Note. The statement still holds if the numbers A; are not listed in increasing order, but
satisfy |A; — A\g| > & for j # k. This amounts to re-ordering the columns, which of course

does not alter the norm of the matrix.

At the cost of rather more work, Montgomery and Vaughan obtained the result as
stated, without the factor 2/v/3. A version of their proof can be seen in [Mont1] (and may
be added to these notes eventually). Rather like our Method 2, it starts from the quadratic
form (G} Gz, x), but essential use is made of the fact that a skew-hermitian operator attains

its norm at an eigenvector. We will now take the liberty of assuming the result without the

factor 2/ V3.

We mention an immediate application to functions of the form f(t) = > 7, ze()\t),

which were used in the proof; such functions are called generalized Dirichlet polynommls.

We have the following estimation for integrals of |f(t)]*.

Theorem 8.2. Suppose that A\; < Xy < --- < A\, and \j — \j_1 > 0 for each j. Let
f(t) =225 ze(\it). Then, for any T >0, we have

[Fisora= (7+5) S

Jj=1

for some 6 with |0] < 1.

Proof. By (7), it is clear that [ |f(¢)[? dt = T30 zg* +r(T), where

1 (& )\j—AkT -
r(T)——,EZxﬁk ( )\j_l\k]

Write zje(A\;T) = y;. Then (with the notation of Theorem 8.1)

2mir(T Zzyjyk ijxk:S(y)—S(x).
— Ak

J=1 k#j
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By Theorem 8.1, |S(z)| and |S(y)| are not greater than (m/d) > ", |2;]*. The statement
follows. N

We can read off the following corollary for an “ordinary” Dirichlet polynomial F'(s) =
Z?:l zi/j°.

Corollary 8.3. Let F(s)=>"_ x;/j°. Then

n

T
/ |F(it)|]* dt = (T + 270n) Y _ ;%
0

J=1

where 0] < 1.

Proof. We have j= = e(—\;t), where \; = (logj)/2m. The smallest \; — \;_; is
1

1
An — A1 = %(logn —log(n—1)) > o O]

We now come to the second theorem of Montgomery and Vaughan, applying to matrices
of the form [cosecT(A; — Ag)]. Clearly, A\; — Ay needs to be not only non-zero, but not an
integer. The relevant measure of separation is now the distance from the nearest integer.

We introduce the following notation. For any real number A, let A()\) be this distance:
A(N) =inf{|\ —n| : n € Z}.

(The notation ||A|| is often used for this, but we are already using this notation for norms of

vectors and matrices.)

Theorem 8.4. Let \; (1 < j <n) be real numbers such that A(X\; — ;) > § whenever
j # k, and let H be the matrix defined by

p. . ] cosec [T(A; — )] if j #k,
00 if j = k.

Then ||H|| < 1/4.
The same conclusion applies if cosec|[m(N; — A)] is replaced by cot[m(N; — A\g)].

Proof. We shall deduce the result from Theorem 8.1. We use the well-known identity

n

7 cosec A = lim Z <1 - M) %, (8)
n—00 n m

m=—n

which can be proved by applying Fejér’s convergence theorem to the Fourier series for cos At.
Choose n > 1 and scalars x;. For 1 < j <nand 1 <r <n, define
)\j,r = )‘j -+ r,
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Tjr = (—1)T.I‘j.

It (j,r) # (k,s), then
Nir = Aesl = 14 = A — (s = 1) = 6,

(if j =k, then r # s, s0 [r — s| > 1). Let

S = Y ke

Aj r A s
(i) (k,s) T

(the summation is over all j, k, r, s such that (j,r) # (k,s)). By Theorem 8.1, applied to

the scalars A;,,

z)| < 3 ZZ |2, = 5 5]
j=1 r=1 Jj=1

Now

sin= Y e

N — A — s
Pior R A )

For fixed j, the [(,7), (J,s)] terms combine to

>3 C

r=1 s#r

7“+s

SO

S DN WL e

7=1 k#j r=1 s=1

For a chosen m with —n < m < n, there are n — |m| (equal) terms with r — s = m

m > 0, these are given by 1 < s <n —m with r = s+ m). Hence

D=3 T 3 -l R

=1 k#j m=-n
By (8),
. 1
E E cosec (A — A\g)x;T, = lim —S,(x),
n—oo M,

=1 k#j

and therefore the modulus of this expression is not greater than (1/8) 377, [x;]*.

(e.g. if

Finally, if (8) is modified by removing the term (—1)™, the resulting expression equals

mecotwA. The proof, simplified by removing (—1)" throughout, shows that cosec can be

replaced by cot in the statement.

OJ

We have deduced Theorem 8.4 from Theorem 8.1. Conversely, if Theorem 8.4 has been

proved by another method, one can deduce Theorem 8.1 quite simply, as in the proof of

Theorem 7.6.
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[MontV] also proved the following variants, in which the overall spacing § is replaced

by the spacing 6; separating \; from the other points.

Theorem 8.5. (i) Let g be as in Theorem 8.1, and suppose that |\, — ;| > 0, for
k # 5. Then

(i1) Let h;y be as in Theorem 8.4, with A(A\y — \;) > 9, for k # j. Then

n n
E E hj}kl'jfk

j=1 k=1

3 |z
< 2N\ i
<327

Jj=1

It is not known whether the factor % can be removed.

9. Applications to the large sieve inequality and Dirichlet polynomials

n
Jj=1

proof of Hilbert’s inequality. We now address the problem of finding a bound for sums of

Consider again a trigonometric polynomial f(t) = Y ._, x;e(jt), as used in the first
squares of values. Such bounds are called “large value estimates”, since they set a limit on

the number of times large values occur. More exactly, we want a constant C' such that

SIS <O 9

Since f has period 1, the values would simply reinforce if the points ¢, differed by integers,
so we require the points ¢, to be “well separated” in the sense that A(t, —ts) > 0 for r # s.
The constant C'is to depend on n and 9, but not R. Those not already soaked in the culture
of analytic number theory will find it somewhat intriguing that the answer is known as the

“large sieve inequality”.

The problem is really another exercise in determining the norm of a matrix. Indeed,

since
n

flt) = e(jt,)z;,

j=1
the constant C' in (9) is ||V||?, where V is the matrix [e(jt,)] (1<j<n,1<r <R).

A minor remark will be useful. The modulus of f(¢) is unchanged if it is multiplied by
e(kt), putting it into the form ZfIZH yje(jt). So the problem is the same if the range of
values of j is translated by k: the role of n is to state the length of this range.
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Of course, mean values of | f(t)|? are measured by its integral, which we know very well:
f01 |f(t)[?dt = 377, |;]?. The following lemma shows how to convert estimates for integrals

into estimates of functional values.

Lemma 9.1. Let g be a differentiable function (real or complex) on [c—h,c+h]. Then
1 c+h 1 c+h
< — t)|dt + = "(t)] dt.
g0l <57 [ ol [ gl

Proof. Let
(t) = t—c+h forc—h<t<e,
PUZY t—c—h forc<t<cth.

Integration by parts on the intervals [c — h, ¢] and [c, ¢ + h| leads easily to
c+h c+h
| ottg o ae=2mgte) - [ gte)ae
c—h c—h

Since |p(t)| < h, the statement follows. O

Using this lemma, we deduce the following provisional solution to our problem. The
method is due to Gallagher [Gall].

Proposition 9.2. Let f(t) = Y 7 xje(jt). Lett, (1 <r < R) be points such that
A(t, —ts) > 6 forr #s. Then

R n
S 1P < (7t ) Sl
r=1 Jj=1

Proof. As mentioned above, we can translate the range of j. In particular, we can move
it to an interval J contained in [—3n, $n], now taking f(¢) to be Zje, xje(jt), with J as
stated. Also, we may assume that t; <ty < --- < tg, witht,—t,_1 >9d,and t; +1 > tg+9,
so that if ¢; — %5 =c¢, then tp + %5 < 1+4e¢. So the intervals [t, — %(5, t, + %5] do not overlap,
and are contained in [c,1 + ¢|. By Lemma 9.1, applied to f(¢)?,

R

1+c 1+c
Sk [ roras [ rorole

r=1

Now chc]f(t)Pdt = > jes TP, Also, since f'(t) = 2mi Y. ; jaje(jt) and |j| < n/2 for

7 € J, we have
1+c
JRRICIRUERD DEEEEE S I
¢ jeJ jeJ
By the Cauchy-Schwarz inequality for integrals,

1+c
/ FOr Wt <any fasP

neJ
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The statement follows. (]

This result was obtained without using anything resembling Hilbert’s inequality. For
many purposes, it is quite good enough. However, it is not optimal. We show next that
Theorem 8.4 is exactly what is needed to produce a better estimate, which in fact turns out

to be optimal.

Theorem 9.3. Let t, (1 <r < R) be points such that A(t, —ts) > 0 forr # s, and
let V' be the matriz defined by v, ; = e(jt,) for 1 <j<mn, 1 <r <R. Then

1
IVIP < (n—1) + 5

Consequently, if f(t) = >_7_, wje(jt), then

s (-143) S

j=1

Proof. We evaluate the norm of the transposed matrix (which, of course, is the same).

Given scalars y,., let

R 2

Ze(]t

r=1

n

->

Then ||V||? is the least constant C' for which we have T(y) < C % |y,|? for all choices of
y-. Note first that, by the geometric series,

SN e(nt) —1 e[(n+ 3)t] —e(5t)
B e(t)—1 2i sin 7t '

Hence we have

Ty = ; SN ueli(ty — t)]
= n2|yr|2+zyrysz (tr —ts)]

r#s J=1
R , [(n + 1 )( ts)] — 6[%(@« - ts)]
= n;|yr’ +§y’"y5 2isinm(t, — ts) 7

in which ) 4, means summation over all pairs (r, s) with r # s. Now for any a,

_ela(t, —t)] 24 Zs
Zy"ySQsm m(t, —ts) g 2sin7(t, —ts)’

r#s
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where z, = y,e(at,). Since |z,.| = |y, |, Theorem 8.4 shows that the modulus of this expression

is not greater than (1/26) 2% |y,|2. Apply this with a = n + 5 and a = 3 to obtain

T < (n+5) é'y’“'Q‘

This completes the proof, apart from showing that n can be replaced by n — 1 (a refinement
that is quite unimportant in applications). This was first shown by Selberg, but the following
neat proof was given by Paul Cohen. Choose K > 1, and let

g(t) = f(Kt) = ije(jm),

which we can write as Y 1" yre(kt), in which ST0" |yi]? = >y |z Since f has period

1’ (=

The numbers (¢, + k)/K are separated by §/K, so, by the result already proved,

KZ\f (Kn—K+1 )ZW?

Now divide by K and let K tend to infinity to obtain the result. 0

Kjfm S e wE =33 o

k=1 r=1 k=1 r=1

A trivial example is enough to show that the expression in Theorem 9.3 is optimal,

within the rules we have set for ourselves.

Ezample. Take f(t) =e(0) +e(2t), so that n =3 and g = 1, x1 = 0 and x5 = 1. Let
t1 = 0 and t, = 1, so that § = 1. Then f(t;) = f(t2) = 2, so f(t1)? + f(t2)* = 8, while

2

Zj 0 ] = 2. The ratio is 4, equal to (n — 1) + 1/4.

An account of applications to number theory, and an explanation of the term “large
sieve” | is given in my companion website notes [Jam2|. A good historical account, with an

extensive list of references, is given in [Montl1].

We now address the problem of a “large values” estimate for a generalized Dirichlet
polynomial f(t) = >, x;je(A;t). The integral of | f(¢)[? is no longer trivial: it was estimated
in Theorem 8.2. We used the first Montgomery-Vaughan theorem (Theorem 8.1) to get this
far. We now imitate the proof of Proposition 9.2 to derive the required estimate. There are

now two sets of numbers that need to be well separated, (\;) and (t,).

Theorem 9.4. Suppose that \y < Ay < --- < A\, with \; — X\j_1 > & and |\;| < M for
all j. Let f(t) = Y7  xje(\t). Also, let ty <ty < --- < tg, witht, —t,_y > h for eachr,
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withtlz%h andtRST—%h. Then
R 1 1 n
tP<(2nM+—)(T+= 12,
S Ise < (2 1) +5);|:c]r

Proof. The intervals [t, — h,t, + %h] do not overlap, so by Lemma 9.1, applied to

g(t) = f(t)? .
2 l ’ 2 g /
;|f(tr)| < h/o £ (t)] dt+/0 |F(t)f (1) dt.
By Theorem 8.2,

T 1 n
[ ireras (1 3) >kl

Also, f'(t) = 2mi Y 7| Njwje(Ajt), so
’ 2 2 1Y 2 g2
/0 If/ )P dt < 4x <T+S> Z)\j]xj\
j=1
1 n
< 4m?M? (T + 5) >yl
j=1
By the Cauchy-Schwarz inequality for integrals,

T 1 n
| iror@d < omr (14 5) 3ol
The statement follows. O

Corollary 9.5. Let F(s) =Y 7 x;/j°, and let t, (1 <r < R) be as in Theorem 9.4.
Then

n

R
. 1
; |F(it,)]> < (logn + E) (T +2mn) Y ;).

j=1

Proof. Take \; = (log j)/2m in Theorem 9.7: then 27M =logn and § = 1/(27n). O

Note. For f(t) as in 9.4, the Cauchy-Schwarz inequality gives [f(t)[* < n Y 7, |2;],
so it is trivial that 32 | f(t,)|> < Rn > i1 |xj|*. Also, the assumptions force Rh < T.

Again, there are numerous applications in analytic number theory. An unsolved prob-
lem, Montgomery’s “large values conjecture”, asks whether a bound of the form
CT(R + n)nmax |z;|? is correct in 9.5. See [Mont2], [Ten], [Gr].
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10. Summary of some other generalizations

Hilbert’s inequality can be generalized in many different directions in addition to those
we have discussed. These generalizations have generated a massive literature. The following

is a very incomplete outline of some of them.
Vector-valued extensions

Recall that (2) and (3) are, respectively, the linear and bilinear inequalities expressing
the norm of a matrix. For any matrix, including all the ones we have discussed, the scalars

in both statements can be replaced by vectors. This is easily proved, as follows.
Proposition 10.1. Let A be an m x n matriz, and let H be a Hilbert space. Then:

(i) If x1,...,x, € H and y; = ,_, ajpxy for 1 < j < m, then

m n
D Nyl < TAIP D awl®
j=1 k=1

(i1) For elements x;, y, of H, we have

m 1/2 n 1/2

DO ainlye )| < Al (Z ||%||2> <Z ||yk||2) :
k=1

7=1 k=1
Proof. (i) Choose an orthonormal basis ey, e, . . ., €5 of the subspace generated by the

3

elements z;, and write z; = >."" x;(r)e,. Then |zx|* = D0_, |zn(r)®. Also, y;(r) =

> ajxzi(r). So, by (2),

Z!% (M* < [1A]* Z!xk )I°

for each r. Summation over r gives the statement.

(ii). The sum in question is » 7", (zj,2;), where z; = 3/ a;y. By the Cauchy-
Schwarz inequality for general inner products, |(z;, ;)| < ||z||.||z;|l, and now by the “con-

crete” Cauchy-Schwarz inequality for a sum of products,

. m 12/ m 1/2
St < (S1ar) - (Soel)
=1 j=1 j=1

By (i), 2202 125117 < 1AlI? > 7% lyl|*>. The statement follows. O

A further development is that the scalars in (2) and (3) can be replaced by operators
on a Hilbert space, with terms like |z;|? replaced by X #Xj, and the partial ordering defined

in the usual way for operators. See [Jaml].

35



Another variation of Method 1: multiplication operators on Lo

In Method 1, we used quadratic or bilinear forms (which we expressed as an integral) to
determine the norm of a matrix; a general statement of the conclusion was given in Theorem
5.5. We can reach the same conclusion using the linear, rather than bilinear, formulation
of norms, by exhibiting our matrix as the matrix of a suitable linear operator, the norm of
which is (almost) obvious. However, this approach requires a full understanding of the space
L5[0,1] (note: many writers prefer the notation L?): it consists of equivalence classes, under

equality almost everywhere, of Lebesgue measurable functions, with norm

i = ([ 1o a)

In particular, we need to know that L,[0,1] is complete (so a Hilbert space), and that the

1/2

functions v, (t) = e(nt) (n € Z) are an orthonormal basis of it; the expression of a function

in terms of this basis is, of course, its Fourier series.

Similarly, L0, 1] is the space of equivalence classes of “essentially bounded” func-
tions, with norm ||¢||« defined by the “essential supremum”. Given such a function ¢, the
corresponding multiplication operator My on Ls[0,1] is defined by: (M,f)(t) = ¢(t)f(¢).

Clearly,
/ 6()F(1)? di < |6 / 1)

and hence ||M¢|| < ||gb||OO With a bit more care, one can establish equality here. Let
d, fo —rt) dt (this was d_, in Theorem 5.5). Then ¢ = 3 _, d,1, in the

sense of L2—convergence. Clearly, ¥;¢, = ;5. Hence

Py = Z drry = Z dj_y1p;.

reZ JEZ

This shows that the matrix of M, with respect to the orthonormal basis (v;) ez is (d;j—)j kez-
The norm of this matrix (as an operator on ¢»(Z)) is the same as the norm of M, as an
operator on Ls[0, 1], hence equal to ||¢||. This recaptures Theorem 5.5, strengthened to an

equality.

For p equal to 2 or 0o, let H,, and K, be the subspaces of L,[0, 1] spanned by {¢; : j > 0}
and {v; : j < 0} respectively (Hs and H,, are Hardy spaces). One-sided Toeplitz and Hankel
matrices represent M, restricted to, and projected onto, either Hy or Ky. Nehari’s theorem
states that if d, = gﬁ(r), then the norm of the Hankel matrix (d_;_j+1);j,>1 equates to the

distance from ¢ to H,, in the space L[0, 1], which in turn equates to
inf {1 oo : &(—j) =d_; forall j > 1}.
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See [Young], chapters 13 and 15.
The case p # 2 and the continuous case: the matriz A

There are two further important ways in which one can seek to extend matrix-norm
inequalities of the kind we have been considering. One is the “continuous” analogue, in which
sequences are replaced by functions, discrete sums by integrals and matrices by functions of

two variables.

The other way is to vary the norm. For p > 1, the space ¢, is the set of sequences
x = (z;) for which .., [2;? is convergent, with norm |[zf, = (32,5, |z;|P)/P. The L,-
norm of a function f is defined in the analogous way, using integrals. Results on these spaces
frequently involve the conjugate index p*, defined by 1/p+1/p* = 1. For any operator T' on
¢, (defined by a matrix) or L, (defined by an integral), the implied problem is to determine

its norm with respect to || ||,, which we denote by ||T]],.

These notes have been exclusively devoted to the discrete case, with p = 2. Extensions
of the two types just described can often be considered together, by analogous methods.
Where they differ, the discrete case is usually harder, because it often entails discrete sums

which can be estimated by corresponding integrals, but are not exactly equal to them.

Both these generalizations are fairly straightforward for our original matrix A =
(¢j+k)jk>1- The continuous analogue is the operator (which we still denote by A) defined as

follows: for a function f on [0, c0),

> fly) dy.

(an@=[ -

Of course, convergence at 0, as well as at infinity, has to be considered.

Because 1/(7+k) and 1/(x +y) are positive, our Method 2 can be adapted, at the cost
of slightly greater complexity, to obtain (in both cases)

T
|Al|, = 7 cosec —
! p

for 1 < p < oo, by way of the integral

[
— dt = wcosec aT.
0 D)

(The fact that the column sums diverge shows at once that A does not map ¢; into ¢;). The
same value applies to the matrix A%, but a different method is needed (interestingly, one way

is to derive it from the continuous case). Details of these results are given in [HLP, chapter
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9]. This extension of Hilbert’s inequality was proved by G.H. Hardy, and is sometimes known

as the Hardy-Hilbert inequality.

Some estimations have been given for the norm of A as an operator from ¢, to ¢,, where

p < q, (e.g. [Bon]), but exact values are not known.

A further generalization is to the weighted ¢, space ¢,(w), where the norm is defined
by [|2llpw = (3251 w;|a;P)L/P for a given weighting sequence (w;). For the case w; = 1/5¢,
[JL] shows that the norm of A is 7 cosec [(1 — a)7/p].

The general case: the Hilbert operator and matrix

The corresponding questions for the “full” Hilbert matrix C' are distinctly harder. The
continuous analogue is, of course, the integral of f(y)/(y — x). However, even if f(y) is the
constant function 1 on [0, 1] (and 0 elsewhere), the integral will diverge on both [0, z) and
(x,1] if 0 < = < 1. This is overcome by using the “principal value” integral to define the

Hilbert (integral) operator H as follows: for a function f on R,

=i ([ ) 7%

By obvious substitutions, this can be rewritten as

(Hf)(x hm/ flett) = (x_t)dt.

T §—0+

(Note that the factor (1/7) is included in the definition; equally, the “Hilbert matrix” is
usually defined, in our notation, to be C'/m.) As an exercise, the reader might like to show
that if f is 1 on [0, 1], then 7(H f)(x) = log |1 —z|—log |z| for all z # 0, 1. It was shown by M.
Riesz in 1927 [R] that H is a bounded operator on L,(R) for all p > 1, without giving a good
estimate of the constants. His method was to show that the problem is roughly equivalent
to the following problem. Given a function defined by a Fourier series f(t) = .., zje(jt),
the “conjugate function” is f(t) = >, xje(jt) — >, wje(jt) (strictly, this multiplied by

—i). Show that there is a constant A, such that ||f]|, < A,|f||, for f € L,[0,1] (note that

Parseval’s identity gives at once Ay = 1). See [Zyg], chapters 7 and 16.

Pichorides [Pich] developed the method to give exact values:

H], = tan(m/2p) for 1 <p <2,
P\ cot(n/2p) for p > 2.

Note that the least value is 1, occurring when p = 2, and that ||H||,- = || H||,.

In the discrete case, the norm is not less than these values, but it is only known that

the values are exact when p is of the form 2" or 2"/(2" — 1).
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Among many other articles on the subject, we mention just two, both of which have

generated further papers. [ONW] sets out a rather different approach to these theorems,

and [HMW] presents weighted versions.

[Jam1]

[Jam2]

[JL]

[Matt]

[Mont1]

[Mont2]

[Mont V]|

[ONW]
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