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1. Cluster algebras of geometric type

The construction of a cluster algebra of geometric type from an initial seed (x,B), due to Fomin
and Zelevinsky, is now well-known. Here x = (X1, . . . , Xr) is a transcendence base for the field of
fractions of a polynomial ring and B is a skew-symmetric integer matrix; often B is replaced by the
quiver Q = Q(B) it defines in the natural way.

For k a mutable index, set

b+k = −ek +
∑
bik>0

bikei and b−k = −ek −
∑
bik<0

bikei

where the vector ei ∈ Zr is the ith standard basis vector.

Then given a cluster x = (X1, . . . , Xr) and exchange matrix B, the exchange relation for mutation in
the direction k is given by

X ′k =M(b+k ) +M(b−k )

with
M(a1, . . . , ar) = X

a1
1 · · ·X

ar
r .

By construction, the integers ai are all non-negative except for ak = −1.

2. Graded cluster algebras

We want to introduce Z-gradings on cluster algebras and the following definition is the natural one:

Definition ([1,2])

A graded seed is a triple (x,B,G) such that

(a) (x = (X1, . . . , Xr), B) is a seed and

(b)G ∈ Zr is an integer column vector such that for all mutable indices j, the jth row of B, Bj,
satisfies BjG = 0.

Set degG(Xi) = Gi for all Xi belonging to the cluster x. The second condition of the definition is
equivalent to asking that every exchange relation (as encoded by the rows of B) is homogeneous
with respect to this degree, in the sense that the two exchange monomials determining a mutated
variable are of the same homogeneous degree.

From the quiver perspective, this asks that the sum of the degrees of the variables with arrows to a
given mutable vertex is equal to the sum of the degrees of the variables at the end of arrows leaving
that vertex.

Graded seeds mutate (in direction k) by mutating x and B as usual and by setting

G′i =

{
Gi if i 6= k

b−k ·G if i = k

That is, degrees of unmutated variables stay the same and the degree of the mutated variable X ′k is
given by subtracting the degree of Xk from the degree of (either of) the exchange monomials.

It is straightforward to check that this mutation operation does indeed produce another graded seed
and is involutive. We see that repeated mutation propagates a grading on an initial seed to every
cluster variable and hence to the associated cluster algebra, as every exchange relation is homoge-
neous.

Proposition

The cluster algebra A(x,B,G) associated to an initial graded seed (x,B,G) is a Z-graded algebra.

We note in particular that this construction—by definition—says that every cluster variable of a graded
cluster algebra is homogeneous for this grading.

We may calculate this homogeneous degree of a cluster variable directly if we know its expression
as a Laurent polynomial: knowing the grading on the initial cluster x = (X1, . . . , Xr), the value of the
grading is simply given by calculating the degrees of the numerator and denominator, both of which
are homogeneous polynomials.

Gekhtman, Shapiro and Vainshtein have also noted the above definition in the dual language of toric
actions and in a slightly more restricted setting (Section 5.2 of [3]).

From the definition of a grading, we see that the existence of a grading is a linear algebra problem:
if B has rank r, the only solution is the zero grading 0. Clearly the zero grading assigns degree 0 to
every cluster variable. Classification of gradings for a particular B is also a linear algebra problem, of
finding a basis for the kernel in the case that the rank is not maximal.

Note that if G is a grading for a cluster algebra, so is any non-zero integer scalar multiple of G.
However taking a non-zero scalar multiple λG, say, of G simply has the effect of multiplying every
degree by λ. Then if we are concerned with the number of variables in each degree, the distribution
of these is unaffected by multiplying by λ.

However it will in general be difficult to find the degrees of every cluster variable, especially in infinite
types. In finite types, this can be done as below, making use of cluster categories and associated
techniques.

For some cluster algebra problems, the presence or absence of coefficients (or frozen variables) does
not play a large part and the phenomena seen are determined by the cluster type. However by simple
linear algebra considerations, we see that adding or removing coefficients can radically change the
gradings that can exist.

In Sections 3-5, we give some examples of classifications of gradings on cluster algebras of type A,
D and E with no coefficients.

Remark
The above notion of a graded cluster algebra was introduced in joint work with Stéphane Launois
([2]). In that work, we defined graded quantum cluster algebras and used them to introduce
constructions analogous to cocycle twisting for quantum cluster algebras, changing the quasi-
commuting relations but not the cluster structure. This enabled us to prove that all quantum Grass-
mannians admit quantum cluster algebra structures, quantizing a result due originally to Scott.

3. Type A

The exchange matrix corresponding to the quiver

1 2 3 4 · · · n

has rank n if n is even and has rank n − 1 if n is odd. So if n is even, the cluster algebra of type An
(with no coefficients) admits no non-zero grading.

Let n = 2m + 1 be odd. Then the nullspace of B is spanned by the vector G = (1, 0, 1, . . . , 1, 0, 1) with
value 1 in odd-numbered positions. One also sees this from the quiver: every vertex has the same
sum of the degrees at incoming and outgoing vertices.

Now the Caldero–Chapoton map gives us a link between the cluster category, the cluster variables
(expressed as Laurent polynomials) and positive roots. For the above grading and for V in the cluster
category having dimension vector [d1, . . . , dn], we may use the Caldero–Chapoton map to show that
the degree of XV is equal to

∑n
i=1(−1)idi.

From this formula, we may deduce that
• the degree of any cluster variable is −1, 0 or 1.
• the number of cluster variables of degree 0 is m(m + 2).
• the number of cluster variables of degree 1 is (m + 1)(m + 2)/2.
• the number of cluster variables of degree −1 is also (m + 1)(m + 2)/2.

In the diagram below, we replace the modules by the degrees of their corresponding cluster variables
in the Auslander–Reiten quiver of the cluster category of type A5.
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The patterns here are mostly explained by the parity of the dimension of the corresponding module
but an additional one can be seen in the meshes, namely that the sum of the left and right vertex
degrees is equal to the sum of the top and bottom vertex degrees. This property is a tropical version
of the unimodular rule for frieze patterns (as originally defined by Coxeter and Conway). That is, the
gradings we have found here give rise to tropical friezes on the Auslander–Reiten quiver of the cluster
category, as defined by Fock–Goncharov and Propp (see also [4]).

4. Type D

The exchange matrix associated to the quiver

1 2 3 · · · n− 2

n− 1

n

of type Dn has rank n − 1 if n is odd and rank n − 2 if n is even, so we have non-zero gradings in all
cases.

For n odd, the nullspace is spanned by G = (0, 0, . . . , 1,−1). Arguing as above, the degree of the
cluster variable associated to the positive root α = (α1, . . . , αn) is αn − αn−1. For n = 2m even,
a basis for the nullspace is {(1, 0, 1, 0, . . . , 1, 0,−1, 0), (0, 0, . . . , 0, 1,−1)}. The latter case is as for
n odd; in the former case, the degree of the cluster variable associated to the positive root α is(∑n−3

i=1 (−1)
iαi

)
+ αn−1.

In all cases, we again find that the degree of any cluster variable is −1, 0 or 1, and furthermore that
the number of variables of degree 1 is equal to the number having degree −1. The associated tropical
friezes on the cluster category for n = 4 are below, the first corresponding to the initial grading vector
(0, 0, 1,−1) and the second to (1, 0,−1, 0).
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5. Type E

There are no non-zero gradings in types E6 or E8. The exchange matrix of type E7 has rank 6, so
we do have a grading in this case, unique up to scaling by a non-zero integer. By computer-aided
calculation of the cluster variables, we find that this grading has 15 cluster variables in degree 1, 40
in degree 0 and 15 in degree −1, again a symmetric distribution.
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