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Abstract

We consider operators of the form H + V where H is the one-dimensional
harmonic oscillator and V' is a zero-order pseudo-differential operator which is
quasi-periodic in an appropriate sense (one can take V' to be multiplication by
a periodic function for example). It is shown that the eigenvalues of H+V have
asymptotics of the form A\, (H +V) = A\, (H) + W (y/n)n= "4 +O0(n="21n(n))
as n — 400, where W is a quasi-periodic function which can be defined
explicitly in terms of V.

1 Introduction

The one-dimensional harmonic oscillator is the operator

d? 9
H=——+(ax)’,
oz T (az)
where « is a positive parameter. We can consider H as an unbounded self-adjoint
operator acting on L?(R). The determination of the spectrum of H is a classical
problem — virtually any introductory book on quantum mechanics has a section
devoted to this topic. In particular H has a compact resolvent and hence a discrete
spectrum. Furthermore, the eigenvalues of H are simple and can be enumerated as

M(H) =a(2n+ 1), n € Np.
A normalised eigenfunction corresponding to A, (H) can be chosen as

041/4 2
) = ——— /2 ax

where H,, is the n—th Hermite polynomial.



The purpose of this paper is to study the large n asymptotics of the eigenvalues
of the perturbed operator H + V when V is a self-adjoint quasi-periodic pseudo-
differential operator of order 0. More precisely, we assume V' can be written in the

form
V = Z VaUa (2)

acA

where A C T*R = R? is a countable discrete index set and, for each a = (a,,a¢) €
T*R, we define U, to be the unitary operator on L*(R) given by

Uap(2) = €%/ 262 p( 1 + ag). (3)

The V,’s are just complex coefficients.
Since U} = U_, for any a € T*R, the condition that V is self-adjoint can be
rewritten as the requirement

acA = —acA and V.,=1V, acA.

We will also assume the V,’s satisfy the following condition (essentially a regularity
assumption);
> la’|Va] < +oo. (4)
acA
In particular, this condition ensures that the right hand side of (2) is absolutely
convergent in operator norm, making V' a well defined bounded operator. Since H
has a compact resolvent the same must then be true for H 4+ V; it follows that the
spectrum of H 4+ V' also consists of discrete eigenvalues.

Remark. If we take A = {(wm,0)|m € Z} then V is the operator of multiplication
by a function with period w whose m-th Fourier coefficient is simply w!/ 2Viwm,0)-
Condition (4) becomes a standard regularity requirement (that the function V' should
be a “bit more” than C3).

In general we may consider V' to be a zero-order pseudo-differential operator
with Weyl-symbol Y, _, Vae'®®%€8) (nb., U, is the operator with Weyl-symbol
e'las+agd)) If A is a rational periodic lattice then V will be a periodic operator (in
the sense that it commutes with a specific translation operator). Taking A to be
an irrational periodic lattice, or an irregular discrete set, leads to a generalisation
of such periodic operators; when we apply “quasi-periodic” to V' we mean this
particular type of generalisation.

If 0 € A then the corresponding term in V' is Vg times the identity operator and
will thus cause a simple shift in the spectrum of H by V4. This term is included
in the statement of the main result (Theorem 1.1 below) but thereafter we shall
assume Vo = 0. We also set A’ = A\{0}; since A is discrete, T*R\ A’ contains a
neighbourhood of 0.



Define a metric |-[o on T*R by |alo = (o 'a2+aaf)'/?. This metric is equivalent
to the usual metric |-| so condition (4) can be rewritten as

> lafp|Val < o0 forall p < 3. (5)

acN
The main result of the paper is the following.

Theorem 1.1. Suppose V' given by (2) satisfies (4) (or equivalently (5)). Then the
eigenvalues of the operator H + V' satisfy

M(H+V) = a@n+1) + Vo + W(/n)n™Y* + O(n~%1n(n))
as n — oo, where W : R — R s the quasi-periodic function defined by

21/4

W) = =

The presence of the quasi-periodic function W means the first order asymptotics
given by Theorem 1.1 contain considerably more information about the operator V
than one might expect (c.f. the simple power type asymptotics for the case when V' is
given as multiplication by an element of C5° ([PS]) or for the operator —d?/d6*+V ()
on S' (see Theorem 4.2 in [MO])). In particular we note that if V is given as
multiplication by a periodic function, knowledge of the first order asymptotics of
A (H + V) allows the Fourier coefficients of V' to be “half” determined (the values
of ViZmw,0) + Vimw,0), m € N, can be determined from W).

It is likely that there exists a full asymptotic expansion for A, (H + V), involving
further terms with quasi-periodic functions multiplying increasingly negative powers
of n. Judging by numerical evidence (for example with the potential V' (z) = cos(z))
the second term in the asymptotics is O(n~=3/%). This order (even as an improvement
of the remainder estimate in Theorem 1.1) appears to involve reasonable subtle
cancellation effects within the series giving the second term of the asymptotics; no
attempt to deal with this analysis is made here.

3 Vilal, 2 cos<\/§|a]a)\ - g) (6)

acA’

Remark. With an obvious modification to the definition of W and a remainder
estimate of O(n~*/?In(n)), Theorem 1.1 also holds for operators V of the form

V = / VaUa d*a where V,, satisfies / (Ja];%2 + |al?)|Va| d®a < +oo0.
R

*R

In this case V is a pseudo-differential operator of order zero whose Weyl-symbol has
Fourier transform 27V,. The |a|? term in the condition on V, is then a regularity

condition, while the |a|q %2 term is a generalisation of quasi-periodicity.



The proof of Theorem 1.1 is given in Section 4 using standard ideas to express
the eigenvalues of H + V' in terms of a series involving the resolvent of H and the
operator V. The non-triviality of Theorem 1.1 is contained in technical results used
to establish the convergence of these series. These results are obtained in Sections 2
and 3; estimates for the elements (V ¢y, ¢p/) of the matrix of V' with respect to the
eigenbasis {¢x | k € Ny} are obtained in the former and are then combined to give
resolvent estimates in the latter.

Notation. We use C' to denote any positive real constant whose exact value is not
important but which may depend only on the things it is allowed to in a given
problem. Appropriate function type notation is used in places to make this clearer
whilst subscripts are added if we need to keep track of the value of a particular
constant (e.g. C1(V) etc.).

We use ||T||, ||T||: and ||T']|s to denote the operator, trace class and Hilbert-
Schmidt norms of the operator 1" respectively.

2 Estimates for Matrix Elements

The aim of this section is to obtain the necessary estimates for the matrix elements
(Vor, pp) for all k, k" € Ny. In turn these will be estimated via

USY = (Uatbr, d1) (7)

defined for all a € T*R and k, k" € Ny. Since the operator U, is unitary we imme-
diately get
|Uk,k’

To obtain more precise estimates we can use the following special function identity
(see 7.377 on page 844 of [GRJ]) to find an explicit formula for U*'; for any 0 <
k < k' and y, z € C we have

< 1. (8)

/ e Hi(x +y) Hp(x + 2) dz = 2% /7k! zk,_kL,(f,_k)(—2yz), 9)
R

where L,(Ck/_k) is the generalised Laguerre polynomial.

Lemma 2.1. For any 0 < k <k’ and a € T*R\{0} we have

/ k' i /_ _ 2 /_
Ua® =\ (V20e ) e L0 (2p7)

for some 6 € R, where

a2 N2 1
p = 5(3 +CYCL£> = §|a|a. (10)



Proof. Introduce the complex number

U:’k/ = <Ua¢k)7 ¢k'>
—(k+k')/2
_ \/az—veiazagﬂ/eiag;:ce—a(x+a5)2/2e—ax2/2
R

VKT
Hk(\/a(w—i-ag)) Hk/(\/al’) dx
2—(k+k/)/2

= W er—a(Zg/2+iale§/2 /R 6_1‘2 Hk;(x — W ‘I" \/aa’f) Hk‘/ (I‘ — w) dl'

k! /_ '—k w?—aa? 1z a K —k
— Mmg(k W2 (—)F ke /2t fﬁ/lei )(—Qw(w—\/aag))

where the last line follows from (9). Now |w| = p while

. QGF  dauag aa; a2 oaf  dagae  iagag wf?
W — = -z — = —|w
2 2 4 4o 2 2 2
and
—2w(w—vaa) = —2w(-w) = 2w|?
The result follows. [ |

Throughout the remainder of this section we will assume a € T*R\ {0} is fixed
and p > 0 is given by (10).

Laguerre polynomials can be expressed in terms of the confluent hypergeometric
function; using 22.5.54 in [AS] we get

r_ k'
LM (2p%) = <k> M(—=k, K —k+1,2p%).

The confluent hypergeometric function can, in turn, be written as a pointwise ab-
solutely convergent series of Bessel functions; from 13.3.7 in [AS] we get

Mk, K —k+1,20%) = (K = k)l e” (o (K + k+1)) """

oo j
ZA] ( p ) Jk’—k+j(2p\/k,+k+]—)’

I\ W+ k+ 1)1

where

1
A():l, Alz 5 Azzg(k/—k—i—l) (11)



and, for j > 2,
(G+DA = (+E—kA_1— (K+k+1)A; . (12)

It follows from Lemma 2.1 that

o0 i

T p

UEt = e he Fk”kZAj<(k/+k+1)1/2> Tk (20VH +k+1), (13)
=0

k! 9 K~k
F / = —(—) .
Kk M\E +k+1

The next two results give estimates for the constants appearing in (13).
Lemma 2.2. Suppose k' > 2 and 0 < k' — k < k'?/3. Then
1Ay < (K + Kk +1)7/3,
Proof. Set m=FkK —kandn=FkF +k+ 1 so
0<m <K< (K+k+1)" =n??
while ¥ > 2 and & > 0 so n > 3.

We have Ay =1=n° A; =0<n'3 and m,1 < n??s0 Ay = %(m+ 1) < n?/3,
Now let J > 2 and suppose the result hold for j < J. Since

_J+m n A
JH = Ay T Ay

we then get

Jorm. —n( _ n(JJrl)/g (J+m)n_2/3+1
J+1 J+1 J+1

Now mn~2/3 < 1 while

n>3 = n <3l
— J1-n"?2?)>1 (as J > 2)
— 1+Jn 2B <

Thus (J +m)n~23 41 < J + 1. Therefore |A;41| < n/+D/3 and the result follows
by induction. ]

Lemma 2.3. If0 <k <k then F <1.



Proof. We have
Kk —1)...(k+1)
b= e I ke 1)
S(K+k+1).. (K +E+1)
where the numerator and denominator both contain k' — k terms. Now set m =
(K —k—1)and n = 1(K + k4 1) so m < n while

Fop— (n:rlm)(nJr?:—l)”.(n—ZHl)(n;m)‘

If ¥ — k is odd this can be rearranged as

(n+m)(n—m)(n+m-—1)(n—m+1)
Fk:/’k/. — 2 2 ..
n n

while if &' — k is even we get

(m+m)(n—m)(n+m-—1)(n—m+1) (n+§)(n—§).

Fk’k:
’ n? n? n?

The result now follows from the fact that

(mn+m)(n—m') n*—m
n? - n?

for any 0 < m/ < n. [ |
Next we obtain some estimates for the Bessel functions appearing in (13).

Lemma 2.4. For any x,e > 0 and n € [0,x/2]
{0 € [0,7]||zcos(d) —n| <e}| < —=.

Proof. Set § =¢/x, y =n/z and Q, 5 = Cos™([y — 6,y + &]); we need to show that
12,6 < 4md/3.

Now set fy = Cos '(y) and let £(#) denote the affine function with £(0) = 1 and
0(6y) = y. It is easy to see that |cos(6) — y| > [¢(0) — y| which implies |, 5| < 25/|L]|
where L is the gradient of £(f). On the other hand, y € [0, 3] so the minimum value
for |L| occurs when y = 1/2; hence 1/|L| < 2Cos '(1/2) = 27/3 and the result
follows. ]

Lemma 2.5. For anyn € Ny and x > 2n we have |J,(x)| < dx~Y/2.

Surely this estimate (or an improvement) lies in a book somewhere!



Proof. Define a function by f(0) = xsin(f) — nf so we have the following integral
representation for the Bessel function J,, (see 9.1.21 in [AS]);

Jn(z) = —/O7r cos(f(0))db. (14)

Now set

Qo ={0€0,7]||f(0)] <z} and Qi =][0,7]\Q
50 Ju(x) = (I + 1) /7 where I = [, cos(f(0))d0 for k =0,1. Lemma 2.4 gives

dm -1/2.

ol < 19] < Ta (15)
On the other hand
_ [sin(f(6) e
n= M5 ]+/ iy O

Now f”(8) = —xsin(f) < 0 on [0, 7] while (f'(6))? > 0 on ;. Thus

J, @] < - [ g = [7al,,,

Furthermore f'(0) is decreasing on [0, 7] so €2y consists of a single interval. Hence
0:\{0, 7} contains at most 2 points. Since f(0) =0 and f(7) = —n7 we then get

{Sin(f (9))}

|| <

/'(0)

1 1 12
[y, = twpey <o 00

Combining (15), (16) we now get
1 1,4
|Jn(ZL‘)| < _(|I()| + |Il|) < —(?ﬂ- +6>[E_1/2 < 433—1/2,
T U

completing the result. [ |

Lemma 2.6. Suppose k' >2, 0 <K —k < p(K'+k+1)"? and 2p < (K’ + k +1)/5.
Then
UEF| < (4(2p)7% + 3(20)%) (K + &k + 1)7Y4,

Before starting, note that as a clear consequence of (14) we have

|[Jn(z)] < 1. (17)



Proof. Since 2,k < k'

2/3
k/_]{/' S %(l{;l+k+1)2/3 S %(g) k/2/3 S k/2/3.

Now combining (13) with (11), (17) and Lemmas 2.2 and 2.3 we get

US| <V Fow }:MW NA&IHAMVk+k+ 1)

M+k+

< Tk oVE +E+ 1)+ p (K +k+1)77/°

j>2

< e @oVI R )]+ 3200 + k1),

where the last line follows from the hypothesis that p(k' +&+1)"1/ < 1/2. Lemma
2.5 can now be used to estimate the remaining Bessel function term. [ |

Main estimate

The next result is the main estimate we will need for the matrix elements |(V ¢, /) |.
This estimate is valid in a parabolic region around the diagonal k = k’; the width
of this region is governed by the quantity

T= ac 11{}|a|0m

which is positive since A’ is discrete and doesn’t contain 0. Although not required
in this paper, we remark that for a general parabolic region around the diagonal one
is restricted to estimates of the form |(V ¢y, ¢ )| < C(V)(K + k + 1)71/6.

Proposition 2.7. Suppose V' satisfies condition (5) and set

k = min{1/3,7/(2V3)}. (18)
Ifn € N and k, k' € Ny satisfy |k —n|, |k’ —n| < kn'/? then

[(Vor, o) < C(V)n 4 (19)

Proof. We have |(Voy, or)| < ||V|| for any k, k' € Ny so we can increase C(V) if
necessary to ensure that (19) is satisfied for n = 1,2. Furthermore V' is self-adjoint

so [(Vowr, or)| = [{V ., drr)|. It thus suffices to prove the result assuming n > 3 and
k k€ Ny satisfy ¥ > k and |k — n|, [k’ — n| < kn'/2. Then k', k > n— in'/? > Zn
so k' > 2,

4
k’+k+12§n (20)



and
0<K—k<2mn'?< %(k;’+k:+1)1/2. (21)

Now set K = (k' + k + 1)¥/6. Using (2), (7) and (8) we have

(Vér, o)l < D NUKIVal < D (UK IVal+ D [Val. (22)

acA’ acA’ acA’
lala<K lala>K

Since 1 < K~3/2|a|¥/* whenever |a|, > K, (5) and (20) give us

S el € K7 Y afIVal < Oy
acA’ acA’
lala>K
Now let a € A’. Since |a|, = 2p (see (10)) the definition of v implies v/2 < p and
thus & — k < pK? by (21). Lemma 2.6, (5) and (20) then give

S RF VAL < K72 37 (laly 4 dlal) [Val < C(v)n
aEA/ acA/
lala <K

The result follows. |

First order term

The next result is used to obtain the explicit form for the first order correction term
in the asymptotics for A\,,(H + V).

Proposition 2.8. Suppose V' satisfies condition (5). Then
(Vou ¢n) = W(/n)n "+ 0(n™'?)
as n — 400, where W is defined by (6).

Proof. Let a € T*R\{0} and set p = |a|,/2. Using (13) and the fact that F,,,, =1
we get

nn __ = pj /
Ua = EAJWJ]<2p 2n—|—1)
j=

Now suppose 2p < N where N := (2n + 1)/6. Using (11), (17) and Lemma 2.2 we
have

Uz = Jo2ov2n+ )| < 42+ 1) 4> pen 1)
j=3
Hal2(20+ )7 + Hafl (2 + )72

IA

10



Standard asymptotic forms for Bessel functions (see 9.2.1 in [AS]) give us

Jo(z) = \/%COS(Z - %) + 0(2—3/2>

d /1 1 _.
= (zeos(e- %))‘ < g
and 2pv2n + 1 — 2pv2n < 272pn=1/2. Tt follows that

while

Jo(2pV2n 4+ 1) — \/g(Qp)_lﬂ(Qn)_l/4 cos <2p\/% - 2) ‘

< C@2p)73%(2n+1)734
4 \/%((20)1/2(271)1/4 4 %(210)3/2(2”)3/4) 271/2,0”71/2
< C((2p)77 + (2p) )01,

Combining the above estimates we thus obtain

21/4
U — == lal ;24 cos Jalav/2n - f)‘ < C([al;*2 + |af2)n 2
NZ3 4

whenever |a|, < N. Using (2), (6), (7) and (8) we thus have

(Vs ) — W (V/m)n 4|
< Cn7V2 N (a4 a) Val + D (Ll ) Val.

acA’ acN
lala <N lala>N

Since 1 < N73%|al? < n~'/?|a|> whenever |a|, > N the term inside the last sum can
be replaced with n~'/2(|af3 + |a|>/?)|Va|. Using (5) we then get

[(Vén,6n) = W(Vmn™ | < G725 (1l + |al) Vel < C(V)n™'7,

acA’

completing the result. [ |

3 Resolvent Estimates

For any A € C\o(H) let R(\) = (H — \)~! denote the resolvent of the operator H;
we will also write R for R(\) where this should not cause confusion.

11



Let x denote the constant defined in (18). For a given n € N we will make
repeated use of the partition of Ny defined by

I={keNy||k—n|<rn'?} and J=No\I. (23)

For any ¢ € (0,«) and n € Ny, let I'.,, be the anti-clockwise circular contour in
C centred at A\, = N\, (H) = a(2n +1). If X € T, then A\ = a(2n+1) + e
for some 6 € [0,2n). It follows that |\ — \x| = [2a(n—k) + ce?| for any k € Nj.
Straightforward arguments then lead to the following estimates;

D I = X < Cle) In(n), (24)

kel
S Ml < ), (25)
keNg
SN =M< o (26)
keJ
and
A= A| > Cn'/? forany k € J. (27)

The first two results in this section relate to the operator R(A)V R(\), which is
clearly bounded whenever A is in the resolvent set of H. We show that it is in fact
trace class while its operator norm decreases as n=/4 for \ € L. .

Lemma 3.1. For anyn € N and A € T'.,, we have
IROVEMN)| < [RMVRA)2 < C(V.e)n %
We remark that since {¢; |k € Ny} is an orthonormal basis of L*(R)
> WVor o) = Vol < VI (28)
k' €No

Proof. Using the orthonormal basis {¢ | k € Ny} we have

Vén, b
IRVEIR = 3 KavRs. ool = Y0 ol e

k,k'eNg k,k"eNg

We will split this sum using the partition (23). Firstly Proposition 2.7 and (25)
imply

[V é, drr)|? _ 1 2 _
Z N — A2\ — A2 < C(V)n? Zm < OV, P2

kk'el kel

12



Now using (27), (28) and (25) we get

[V i, pwr)|? . 1 ,

keNg k'ed

< C(V,e)n™t.

The remaining part of the sum on the right hand side of (29) involves k € J and
k' € I C Ny; thus we can estimate this part using an argument similar to the last
one with k£ and &’ swapped. [ |

Lemma 3.2. For any n € Ny and X\ € I'.,, the operator R(A\)V R(\) is trace class.
Furthermore | RNV R(N) |1 is uniformly bounded (inn and A € 'z ,,).

Proof. The set {¢x | k € Ny} is an orthonormal eigenbasis for R with corresponding
eigenvalues (A, — A\)™!, k € Ny so (25) implies

IRI3 = D 1A= A2 < Cle).
keNy

Thus [RVR|, = [VE[l, < VIR < [VIIRIZ < CE) VI u

Suppose n € Ny and j € N. From the previous result we know that R(A\)V R(\)
is trace class for any A € I'.,,. On the other hand R(A)V is bounded (in fact
IRV < e V). Tt follows that

(RVVYR(A) = (RVYIR(VR(N)

is also trace class with trace norm uniformly bounded for A € I'. ,,. The work in the
remainder of this section leads to Proposition 3.5 where we obtain an estimate for
the trace of an integral of such operators.

Lemma 3.3. Let n > 2, A € I'.,, and suppose f : Ny — C satisfies

DR < CF and |f(k)] < Cin™V* when k€ 1 (30)

keNg

for some constant Cy. For each k € Ny set

oty = 3 LN ow0n)

k’€Np

Then there ezists a constant K = K(V,€) such that

Z lg(k))? < C2K*n~Y21n*(n) and |g(k)] < CLKn~Y?In(n) when k € 1.

keNg

13



Proof. Since

SR F RV drr, d) (Dn, Vi)
WP = O (G
keZNo o) kk’kzz"eNo (A= A ) (A = Apr)
and

< ||V|]?

S (Vow, du) (0n, Vo)

keNg

= |[(Vor, V)

it follows that

S la(k) |2<||V||2(Z|A Aﬁzu Ak)

keNp kel

Using the second part of (30) and (24) we get

k
2 lff >)\L| < Cn ST A= N < GiCy(e)n T In(n).
kel

On the other hand the first part of (30) an

d (26
5% = (o) (g
<

S Cngn 1/4 C’an 1/41I1( )

) give

Putting these estimates together now leads to
Z|g |2<C2K2 —1/21n( )
keNp

with K7 = ||[V|[(Ca(e) + 2C3). Now suppose k € I and write g(k) = g;(k) + gs(k)
where

-y f(E) Vo, b
and  g;(
A — A
kel k'eJ
From Proposition 2.7, the second part of (30) and (24) we get
g1(k)] < CLC(VInT2Y TN =A™ < CiCu(V,e)n™ 2 In(n).
kel
On the other hand (27), the first part of (30) and (28) give us

il < oo () (S wanof)”

k'eJ ket
< CiC5()||[VIn~Y? < 2C,C5(e) ||V ||n~ Y2 In(n).

Putting these estimates together now leads to |g(k)| < C1Kyn='/?In(n) with K, =
Cy(V,e) +2C5(e)||V||. Taking K = max{K;, K>}, completes the result. |

14



Taking f(k) = (V¢n, ¢x) we can use (28) and Proposition 2.7 to check that (30)
is satisfied. The next result then follows from Lemma 3.3 by use of induction; we
can take K = max{||V||,C(V), K’} where C'(V) and K’ are the constants coming
from Proposition 2.7 and Lemma 3.3 respectively.

Lemma 3.4. Suppose n > 2 and j € Ng. Then there exists a constant K = K(V,¢)
such that for all A € T'.,, we have

Z <V¢n7 ¢k1><v¢k1 ) ¢k2> s <V¢kjv ¢n>

< Kty =GED/A 07 ().
()\—)\kl)...()\—)\kj) - ()

Proposition 3.5. Suppose n > 2 and j € N. Then

< Kin™/*1ni=Y(n),

L 74 AR (VRO dA

271

where K is the constant from Lemma 3.4.
Proof. Since {¢p | k" € Ny} is an orthonormal basis of L?(R) we have
<V¢k7 ¢k’>
(VR)¢r = > (VRop, dp)ow = > WL
k’eNg k’eNg

Continuing by induction we get

Z <V¢k7 ¢k1><v¢k17 ¢k2> s <V¢kj—1 ) ¢k1>
=Nk =N Oy — V)

(VRY ¢ = Or; -

Together with the fact that (Roy,, ¢r,) = 0, k0 (Ak, — A) 7' we now get

Te(R(VRY) = > (R(VR)Y ¢y, bry)

koeNg

<V¢7€0a ¢/€1><V¢k1, ¢k2> - <V¢’€j—1a ¢k]>
Z (Ako - )‘) (/\kl — /\) ... (/\kj_1 — )\) <R¢kj7 ¢ko>

o <V¢koa ¢k1><v¢k17 ¢k2> . <V¢k] 19 ¢k0 -
B 2. o — A2y = A) - Oy, — Z A,ﬂ 4

ko,y..., kjfl €Np

where A(\) is the meromorphic function

- 1 <V¢k07 ¢k1><v¢k1v ¢k2> < <V¢kj717 ¢k’0>
A(A) = i > Mo = NNy =N oo gy, — A

(31)

ko, kjfleNo
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Since

d [ 1 = e S

— A\ = A

A (ka._x) H)\k,—A+ Z%—A(H%.-A)
i=0 i i=0 i 1=0 l i=0 i

for any ko, ...,kj—1 € Ny, we can rewrite the above equation as
, d
Tr AR(VR)! = a(AA(A)) — A(N).
Integrating around the contour I, ,, it follows that
1 , 1
Tr — AR(VR) d\ = —— A(N) dA. 32
i (VR) e (A) (32)

The poles of the meromorphic function A(A) occur at the points A = A, for k € N.
Since the only such point enclosed by the contour I'.,, is A = A,, it follows that
the only terms in the series (31) which contribute to the right hand side of (32) are
those with at least one of ko, ...,k;j—1 equal to n. With the help of symmetry we
then obtain the identity

1 )

Tr — AR(VR) dA
T Ten
_ 1 Z (Von, e )(Vor, dr) - (Vi 1, dn)
2mi Jo_, An — A N Ak, = A) oo (A, — A)

dX. (33)

Tyeees kj,leNo
For any A € I'.,, we have |\, — A\| = ¢ while

Z <V¢n7 ¢k1><v¢k1 ’ ¢k2> s <V¢kj,1 > ¢n>

< Kip=iM4pi—Y(n
B =) o =) = Q

K1,y k‘jfl €Np

by Lemma 3.4. Since the length of I'. ,, is 27 we finally get

1 , 1 1 .. , o )
Tr o— ]{ AR(VR) dA| < — j{ = Kin M0 (n) dh = Kin /4 I/ (n),
m Fs,n ﬂ- Fa,n 9
completing the result. -

Taking j = 1 in (33) leads to the formula

1
Tr o > ARNVR(N) dA
1 1
= “3mi b Vo dd = (Vb (34)

This is needed to obtain the first order correction term in Theorem 1.1.
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4 Proof of Theorem 1.1

Lemmas 3.1 and 3.2 give us [|[R(A)VR(N)|| < Cin~Y* and ||[R(A\)VR(N)||; < Cy for
alln € Nand A € T.,. In particular ||(VR()))?| < ||V]|Cin~Y4. We also note that
|R(N\)|| = et Tt follows that for any j € Ny we get

VRO < (VRO < (IV][Cin~ /2y
and
VRO < VIRV RONZ L < [VIe  (IVIICin ™).

Choose N’ € N so that ||V|[C;N'~"* < 1/2. Tt follows that for any n > N’ and
A € I'.,, the series

(I+VRO)™ = 3 (=VENY (35)

is absolutely convergent and has norm bounded by 2(1 + [|[V||e™!). In particular,
I+V R() is invertible with a uniformly bounded inverse for all n > N" and A € ', ,,.
On the other hand, the series

T\ = ZR(A)(—VR(A))j - —R(A)VR(A)Z(—VR(A))J‘

J

is convergent in trace class with
1T < [ROVERMNIL I +VRWN)) T < 2C(1+|[V]e™)
for n > N" and A € I, ,,. Setting

1
T, = —— ¢ AT(\)d\

21 Jr.,
it follows that we have an absolutely convergent expansion
T, = — Tr — AR (=V R(N)) dA
EEEDY 5 . MRNVRO)

whenever n > N'.
Now choose N > N’ so that K N~/4In(N) < 1/2 where K is the constant given
by Proposition 3.5. Using this Proposition and the above results it follows that

< 2K%n Y2 1n(n)

i Tr% 74 AR (—VR(\)Y dA
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for all n > N. Therefore

T, = Tr L ARV RN d\ + O(n~?1n(n))

i Jr.,
= (Vén, on) + O(n_1/2 In(n))
for all n > N, where we have used (34).

The argument can be tied together using a standard resolvent expansion. Set

Ry(\) = (H+V —X)~! and let n > N. Then
Ry(\) = ROA)(14+VR\)™ N> (-
7=0

The right hand side of (35) will still converge if V' is replaced with gV for some

€ [0,1]. Hence o(H + gV)NT., = 0. Since the eigenvalues of H + gV depend
continuously on g, it follows that I'.,, must enclose A\,(H + V') but no other points
of o(H 4+ V). Thus we can write

M(H + V) = A(H) = —L,Trjf MRy (A) — R(OV) dA

271

= —iTr]{ )\ZR R(N)) dA

= TrT, = <V¢n,¢n>+0(n—1/21n(n)).

Theorem 1.1 now follows from Proposition 2.8.
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