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• General infinite frameworks in Rd

and ”vanishing flexibility”.

• Crystal frameworks (mathematical) and

the symbol function Φ(z, w, u).
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Some standard contexts:

finite incidence: deg(v) < ∞ for all v.

r-regular : deg(v) = r for all v.

distance regular: m ≤ |pi − pj | ≤ M for all

edges.

A convenient term: Framework is

sequentially rigid (or σ-rigid) if it is a union

of rigid finite subframeworks

(G1, p) ⊆ (G2, p) ⊆ . . .

An interesting phenomenon:

DEF (G, p) has vanishing flexibility if it is

rigid (not continuously deformable) but not

σ-rigid.

PROBLEM: Is there a periodic framework

with vanishing flexibility and no rigid proper

subframework ?
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Trapezium strips .....

PROBLEM: Understand ”irregular”

deformations of periodic frameworks.
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Smooth flex/deformations p(t), t ∈ [0, 1] of

(G, p), various forms:

Bounded flex: each joint moves within a ball

radius C.

Vanishing flex: as above but radii → 0.

Summable: as above but radii summable.

Above are ”confinement conditions”.

On the other hand: ”speed conditions”: eg

Summable speed flex :
∑∞

n=1 |p′n(t)| < Ct etc
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Infinitesimal flexes of periodic frameworks

THM ( ”for zeolites”)

The following are equivalent for a crystal

framework (Fv, Fe,Zd).

(i) There exists a nonzero internal (finitely

supported) infinitesimal flex.

(ii) There exists a nonzero summable

infinitesimal flex.

(iii) There exists a nonzero square-summable

infinitesimal flex.

Recall Φ(z, w) ...
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Sketch proof: d = 2.

Suppose R(G, p)u = 0, with (u 6= 0) and∑ |ui|2 ≤ ∞.

”After Fourier transform”:

Φ(z, w)û(z, w) = 0, (values of u in C2|Fv|).

The matrix function Φ is ”polynomial”:

entries are pols in z, w.

If X square matrix over a ring

XX̃ = det(X)In where (usual formula)

X̃i,j = (−1)i+jXi,j det(Xij). If X̃ 6= 0 and

det(X) = 0 then for a nonzero column vector

f(z) of X̃ we have Xf(z) = 0.

Apply to X = Φ.

General case min. pol. argument.

8



Periodic modulo phase flexes, RUMs

wave periodic infinitesimal flex:

R(G, p)u = 0 with u the sequence

uκ,i = ωkuκ,i+k, k ∈ Z2

phase factor ω = ω1ω2 (unimodular).

DEF: The rigid unit modes of a 3d crystal

framework C are the phases ω = (ω1, ω2, ω3)

of the 1-cell periodic (complex) wave flexes.

Let C = (Fv, Fe,Zd) with unit cell motif and

symbol function Φ(z, w, u) on the 3-torus.

PROP: The set Ω of RUMs for C is the set

of zeros of the trigonometric polynomial

detΦ(z, w, u)

on the 3-torus.
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THM (after Wegner).

Let C have inversion symmetry. Then the set

Ω has the form

Ω = Td ∩ V (p)

where V (p) is the zero set of a complex

polynomial p(z1, . . . , zd, z1 . . . , zd) which is

real-valued on the d-torus Td.

COR: In particular for d = 3 if there is

inversion symmetry then the set Ω is

(”generically”) a union of surfaces.
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For the 3D kagome net the determinant of

the symbol function,

detΦ(z, w, u),

is

1/4 (z − 1) (w − 1) (u− 1) (z − w) (w − u) (u− z) .

The RUM spectrum, Ω, is the union of six

planes.
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