
Finding pseudoprimes

Notes by G.J.O. Jameson

Introduction

Recall that Fermat’s “little theorem” says that if p is prime and a is not a multiple of

p, then ap−1 ≡ 1 mod p.

This theorem gives a possible way to detect primes, or more exactly, non-primes: if for

a certain a coprime to n, an−1 is not congruent to 1 mod n, then, by the theorem, n is not

prime. A lot of composite numbers can indeed be detected by this test, but there are some

that evade it. Let us give ourselves some notation and terminology to discuss them.

For a fixed a > 1, we write F (a) for the set of positive integers n satisfying an−1 ≡ 1

mod n. By Fermat’s theorem, F (a) includes all primes that are not divisors of a. Also, if

n ∈ F (a), then gcd(a, n) = 1, since, clearly, gcd(an−1, n) = 1. (This F (a) is not a standard

notation, but it will serve well for our purposes here.)

By an a-pseudoprime, or pseudoprime to the base a, we shall mean any composite

number n belonging to F (a). The set of a-pseudoprimes will be denoted by PS(a). Unfortu-

nately, there are variations of this definition in use. Some writers require that n should also

be odd. I will not adopt this convention here (in practice, it will only make a very minor

difference, and none when a = 2).

For n coprime to a, the statement an−1 ≡ 1 mod n is equivalent to an ≡ a mod n:

the forwards implication is obvious, and the reverse one follows easily from Euclid’s lemma.

For numbers not coprime to a, the reverse implication fails (trivial example: 36 ≡ 3 mod 6,

while 35 6≡ 1 mod 6). In another variant of the definition (no longer in favour), the term

a-pseudoprime has been used for all n satisfying an ≡ a mod n, even if not coprime to a.

2-pseudoprimes are sometimes just called “pseudoprimes”.

A number n that is a-pseudoprime for all a coprime to n is called a Carmichael number.

They are the subject of a companion article [Jam]. In the following, we shall sometimes

mention comparisons and contrasts with Carmichael numbers, but nothing that matters will

require any knowledge of them.

Having given the definition, many texts simply tell you that 341 is an example of a

2-pseudoprime (e.g. [JJ, p. 73]). This is easily verified: 210 = 1024 ≡ 1 mod 341, hence

2340 ≡ 1 mod 341. However, this leaves the reader wondering how it was found. How would
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one find further examples? Is it the first 2-pseudoprime? More generally, how might one

detect all the 2-pseudoprimes, or 3-pseudoprimes, up to a given magnitude N? We will show

how this can be done for N = 3000 (this value is just large enough to illustrate the principles

involved; the reader may choose to extend the search). Clearly, we will need ways of showing

that numbers are not pseudoprimes, as well as showing that they are. The project will take

us on a round trip of the basic facts about pseudoprimes.

Of course, one could simply set a computer to check successive numbers by brute force.

However, this would give absolutely no insight into the nature of these numbers, and would

also mean depriving oneself of an entertaining and instructive piece of detective work which

(within our chosen range) requires only minimal numerical computations.

With this said, a search for pseudoprimes up to seriously large numbers is necessarily

a computer exercise using all the tricks available (not just brute force!). The results of such

computations, and the methods used, greatly refining the methods described here, can be

seen in [PSW] and [Pi]. Meanwhile, for any readers whose interest has been stimulated,

further general informaton about pseudoprimes can be found in [Rib].

Finding some pseudoprimes

For larger values of a, there will always be trivial examples of a-pseudoprimes. Indeed,

any divisor n of a − 1 is in F (a), since a ≡ 1 mod n. So any composite divisor of a − 1 is

a-pseudoprime. (In yet another variation of the definition, some writers require that n > a,

thereby excluding these cases).

However, by considering divisors of am−1 instead of a−1, we obtain an instant method

for generating non-trivial pseudoprimes:

PROPOSITION 1. Suppose, for some m, that n divides am − 1 and n ≡ 1 mod m.

Then n ∈ F (a).

Proof. Then am ≡ 1 mod n, and n− 1 is a multiple of m. Hence an−1 ≡ 1 mod n. �

So we factorise am − 1 (for a chosen m) and look for any composite divisors that are

congruent to 1 mod m. In particular, if p and q are prime factors of am − 1, both congruent

to 1 mod m, then pq is such a divisor. Also, if p2 appears in the factorisation, where p ≡ 1

mod m, then p2 is a divisor of the type wanted.

Note that when m is even (say m = 2k), the first step in the factorisation is a2k − 1 =

(ak + 1)(ak − 1). For now, we give two examples with a = 2 and two with a = 3.
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Example 1. We have 210 − 1 = (25 + 1)(25 − 1) = 33× 31 = 3× 11× 31. Both 11 and

31 are congruent to 1 mod 10, so 11× 31 = 341 is 2-pseudoprime.

Example 2. We have 211 − 1 = 2047 = 23 × 89. Both 23 and 89 are congruent to 1

mod 11, so 23× 89 is 2-pseudoprime.

Example 3. We have 35 − 1 = 242 = 2× 112. Hence 112 = 121 is 3-pseudoprime.

Example 4. We have 36−1 = 26×28 = 23×7×13. Hence 7×13 = 91 is 3-pseudoprime.

The reader can easily verify that these are the lowest powers of 2 and 3 that generate

pseudoprimes in this way.

It is also easy to verify that the first two examples are not 3-pseudoprimes, and the

second two are not 2-pseudoprimes, so none of them are Carmichael numbers. Actually, it is

a well-known fact that all Carmichael numbers are square-free and have at least three prime

factors, in contrast to these examples.

Before parting with this approach, we show that it delivers the following general result,

first proved by Cipolla in 1904:

PROPOSITION 2. Let a ≥ 2, and let p be any odd prime that does not divide a2 − 1.

Let

n1 =
ap − 1

a− 1
, n2 =

ap + 1

a + 1
.

Then n = n1n2 is a-pseudoprime. So also are n1 and n2 if they are composite. Hence there

are infinitely many a-pseudoprimes.

Proof. By the geometric series, n1 = 1 + a + · · · + ap−1. This shows that n1 is an

integer, and also that it is odd (obvious if a is even, and a sum of p odd numbers if a is odd).

Similarly for n2. So n is composite and odd. Also, n divides a2p − 1, so Proposition 1 will

apply if we can show that n1 and n2 are congruent to 1 mod 2p. Now (a−1)(n1−1) = ap−a.

By Fermat’s theorem, this is a multiple of p. Since p does not divide a − 1, it must divide

n1− 1 (recall: if p is prime and divides xy, then it divides either x or y). Since n1− 1 is also

even, it is a multiple of 2p, so n1 ≡ 1 mod 2p, as required. Similarly for n2. �

Example 1 is n for a = 2, p = 5, and Example 4 is n for a = 3, p = 3. Example 2 is n1

for a = 2, p = 11 (similarly for any composite “Mersenne number” 2p − 1). Example 3 is n1

for a = 3, p = 5.

By contrast, the proof that there are infinitely many Carmichael numbers was only

achieved in 1994, after great effort.
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A general criterion

The method just described is very efficient in providing some quick examples of pseu-

doprimes, but it does not offer any way of showing that other numbers are not pseudoprimes,

or of detecting (for example) all the 2-pseudoprimes with two prime factors, with one of them

given. We now develop a strategy that handles these problems.

Central to our development is the notion of the order of a number a with respect to

another number p coprime to a (usually, p will be prime, but this is not essential). This is

the smallest positive integer m such that am ≡ 1 mod p. We denote it by ordp(a). Obviously,

it is greater than 1 unless a ≡ 1 mod p. The basic property is:

PROPOSITION 3. Let ordp(a) = m. If r is any integer such that ar ≡ 1 mod p, then

r is a multiple of m.

Proof. By the division algorithm, we can express r as qm + s, where 0 ≤ s < m. Then

as ≡ aqmas = ar ≡ 1 mod m. By the definition of m, we have s = 0, hence r = qm. �

In particular, if p is prime, then ordp(a) divides into p− 1.

With a fixed, write ordp(a) = m(p). The basic connection between orders and pseudo-

primes is very simple:

PROPOSITION 4. If n ∈ PS(a) and p is a prime factor of n, then m(p) divides n−1.

Proof. an−1 ≡ 1 mod n, so an−1 ≡ 1 mod p. By Proposition 3, m(p) divides n− 1. �

A first consequence is that numerous combinations of prime factors cannot occur in a

pseudoprime:

COROLLARY 4.1. Let n be an a-pseudoprime. If p and q are prime and p divides

m(q), then p and q cannot both be prime factors of n.

Proof. Suppose that q is a prime factor of n and p divides m(q). Then m(q) divides

n− 1, so p divides n− 1. Hence p does not divide n. �

We will need the following slight extension of Proposition 4:

PROPOSITION 5. Suppose that q ∈ F (a) (which occurs, in particular, if q is prime

and not a divisor of a). Let n = qr. If n ∈ PS(a), then m(q) divides r − 1.

Proof. Both aq−1 and an−1 are congruent to 1 mod q, so m(q) divides both q − 1 and
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n− 1. But

n− 1 = qr − 1 = (q − 1)r + (r − 1),

so m(q) divides r − 1. �

We can derive a complete characterisation of square-free pseudoprimes:

THEOREM 6. Let n = p1p2 . . . pk, where k ≥ 2 and the numbers pj are distinct primes

that do not divide into a. Let rj = n/pj for each j. Then the following three statements are

equivalent:

(i) n is a-pseudoprime,

(ii) arj−1 ≡ 1 mod pj for each j,

(iii) m(pj) divides rj − 1 for each j.

Proof. The equivalence of (ii) and (iii) follows from Proposition 3. The fact that (i)

implies (iii) is a case of Proposition 4. For the converse, suppose that (ii) holds. For each j,

we have apj−1 ≡ 1 mod pj and

n− 1 = (pj − 1)rj + (rj − 1),

so an−1 ≡ 1 mod pj. In other words, an−1 − 1 is a multiple of each pj. It follows that it is a

multiple of n, so an−1 ≡ 1 mod n. �

Version (iii) can be compared with Korselt’s criterion for Carmichael numbers, which

equates to the statement that for each j, pj − 1 (instead of m(pj)) divides rj − 1.

Determining orders mod p

It is not hard to determine orders of elements by considering appropriate powers mod

p, guided by the fact that the answer must divide p− 1.

Example 5. Find ord31(2). Denote it by m. Note that 25 = 32 ≡ 1 mod 31. So m

divides 5. Since 5 is prime, m = 5.

This example was a bit too easy, and we shall soon give another. In many cases (in

fact, whenever the order is even), the work is shortened by the following lemma.

LEMMA 7. Let ordp(a) = m. Then m is even (say m = 2n) if and only if there are

positive integers k such that ak ≡ −1 mod p. Every such k is then an odd multiple of n.

Proof. First, suppose that m = 2n. Then p divides a2n − 1 = (an − 1)(an + 1). Since p

is prime, it follows that it divides either an − 1 or an + 1. So an is congruent to either 1 or

−1 mod p. But it is not congruent to 1, since ordp(a) = 2n. Hence it is congruent to −1.
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Conversely, now suppose that there are integers k as stated, and let n be the smallest

one. Then a2n ≡ 1 mod p, so m divides 2n. If m < n, then an−m ≡ an−mam = an ≡ −1 mod

p. This contradicts the definition of n, so m ≥ n. Clearly, m 6= n, so in fact m = 2n.

For the last statement, bearing in mind that ak+2n ≡ ak mod p, we just need to show

that if 1 ≤ k < 2n and k 6= n, then ak is not congruent to −1 mod p. For k < n, this

follows from the definition of n, so suppose that n < k < 2n and ak ≡ −1 mod p. Then

ak−n ≡ ak+n ≡ akan ≡ 1 mod p. But this is not possible, since k − n < 2n and m = 2n. �

So if we find some n such that an ≡ −1 mod p, and it is clear that this congruence is

not satisfied by any divisor of n (in particular, if n is prime), then m = 2n.

Example 6. Find ord37(2). We have (mod 37): 29 = 512 ≡ −6, hence 218 ≡ 36 ≡ −1.

Any smaller r such that 2r ≡ −1 would have to be a divisor of 18, but it is clear that 22 and

26 are not congruent to −1. So, in the notation of Lemma 7, n = 18 and m = 36.

Having, we hope, convinced the reader that it is not difficult to determine orders, we

now give the full list of values of ordp(2) for primes p up to 89. We shall refer to these values

in our search for 2-pseudoprimes; in the process, the reason for choosing 89 will emerge.

p 3 5 7 11 13 17 19 23 29 31 37 41

ordp(2) 2 4 3 10 12 8 18 11 28 5 36 20

p 43 47 53 59 61 67 71 73 79 83 89

ordp(2) 14 23 52 58 60 66 35 9 39 82 11

Two prime factors

We now search for 2-pseudoprimes with two (distinct) prime factors. Let n = pq, with

p < q. For this special case, the characterisation in Theorem 6 reduces to the following,

which we state in two equivalent forms (still writing m(p) for ordp(a)):

(i) aq−1 ≡ 1 mod p and ap−1 ≡ 1 mod q;

(ii) m(p) divides q − 1 and m(q) divides p− 1.

So, given p, the only candidates for q are divisors of ap−1−1. The product pq will then

be 2-pseudoprime if m(p) divides q − 1 (we call this the “m(p) test”).

For each p ≤ 53, we will now find all the primes q > p for which pq is less than 3000

and 2-pseudoprime. Different strategies are appropriate for small and large p. For smaller

p (we take p ≤ 29), it is not hard to find the full factorisation of 2p−1 − 1, helped by p − 1

being even and the knowledge that p itself must be a factor (by Fermat’s theorem). This

6



process will detect all the 2-pseudoprimes of the form pq; some of them may be larger than

3000, but out of generosity we will include them!

To start with,

22 − 1 = 3, 24 − 1 = 3× 5, 26 − 1 = 32 × 7,

showing that there are no cases with p equal to 3, 5 or 7. For 11 ≤ p ≤ 29, we tabulate the

results as follows:

p 2p−1 − 1 q m(p)-test 2-pseudoprime

11 3× 11× 31 31 yes 11× 31 = 341

13 32 × 5× 7× 13 –

17 3× 5× 17× 257 257 yes 17× 257 = 4369

19 33 × 7× 19× 73 73 yes 19× 73 = 1387

23 3× 23× 89× 683 89 yes 23× 89 = 2047

683 yes 23× 683 = 15709

29 3× 5× 29× 43× 113× 127 43 no

113 yes 29× 113 = 3277

127 no

In principle, one could continue like this, but the factorisation of 2p−1 − 1 becomes

increasingly laborious as p increases. One could take advantage of an online factorisation

service, such as “Factoris”, to be found at http://wims.unice.fr/wims.cgi. However, the

philosophy of this article is to show how far one can get without such aids. Instead, for

p ≥ 31, we use our table of values of m(q) to identify the primes q such that p < q ≤ 89

and m(q) divides p − 1, noting that 89 is the largest prime such that 31q < 3000 (again,

this procedure potentially includes some numbers larger than 3000). We then apply the

m(p)-test as before.

p q m(p)-test 2-pseudoprime

31 –
37 73 yes 37× 73 = 2701
41 –
43 –
47 –
53 –

If this seems rather negative, recall that we are actually demonstrating that lots of

numbers are not 2-pseudoprimes, by no means a purely negative achievement! We mention

that by extending the limit on q to 157 (an arbitrary choice), one would discover the following

further 2-pseudoprimes: 31× 151, 37× 109, 43× 127, 53× 157.
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The reason for not using this method for the first few values of p should be obvious: if

applied to the case p = 3, it would require values of m(q) for q up to 1000!

Note on the magnitude of q. Write p = 2k + 1. If pq is 2-pseudoprime, then q divides

22k − 1 = (2k + 1)(2k − 1). Since q is prime, it divides either 2k + 1 or 2k − 1. So certainly

q ≤ 2k + 1. The example 17× 257 is a case where q actually equals 2k + 1.

The alert reader may have spotted that every example seen so far has the feature that

p − 1 (instead of just m(p)) divides q − 1. To lay to rest any conjecture that this always

happens, we mention that 73× 109 is 2-pseudoprime (easy, given that m(109) = 36).

Are there infinitely many 2-pseudoprimes with two prime factors? Yes, this was proved

by Lehmer in 1936. We include the proof here (the reader is at liberty to leave it out). Write

Mk = 2k − 1: these are the “Mersenne numbers”. We need two lemmas:

LEMMA 8. If gcd(j, k) = 1, then gcd(Mj, Mk) = 1.

Proof. By Bezout’s identity, there exist positive r and s such that either rj− sk = 1 or

sk − rj = 1: assume the first. Let d be a common divisor of Mj and Mk. By the geometric

series, Mj = 2j − 1 divides 2rj − 1, so d divides 2rj − 1. Similarly, d divides 2sk − 1, hence

also 2(2sk − 1) = 2rj − 2. Hence d = 1. �

LEMMA 9. If k ≥ 5 is not a multiple of 3, then 2k + 1 has prime factors other than 3.

Proof. 23 ≡ −1 mod 9, so (by Lemma 7), 2k is not congruent to −1 mod 9. So 2k + 1

is not of the form 3s, and has prime factors other than 3. �

PROPOSITION 10. There are infinitely many 2-pseudoprimes with two prime factors.

Proof. Take any prime k ≥ 5. Choose a prime factor p of 2k − 1 and a prime factor

q 6= 3 of 2k + 1. Then 2k ≡ 1 mod p: since k is prime, m(p) = k. By Proposition 3, p− 1 is

a multiple of k, and hence (since it is even) of 2k. Similarly, 22k ≡ 1 mod q, so m(q) divides

2k, hence is either 2 or 2k. But if m(q) = 2, then q divides 22 − 1 = 3, so q = 3, contrary to

our choice. So m(q) = 2k, and q−1 is a multiple of 2k. By Theorem 6, pq ∈ PS(2). Finally,

if k′ is another prime, with corresponding p′, q′, then by Lemma 8, p is different from p′ and

q′ (note that q′ divides M2k′ and gcd(k, 2k′) = 1), so pq 6= p′q′. �

Three prime factors

Now consider n of the form pqr, where p < q < r. The characterisation given in

Theorem 6 now equates to the following three conditions:

(1) m(p) divides qr − 1, (2) m(q) divides pr − 1, (3) m(r) divides pq − 1.
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Note that (3) (for example) can also be expressed by saying that apq−1 ≡ 1 mod r, or equally

that r divides apq−1 − 1.

We consider the pairs (p, q) for which there are any primes r > q with pqr < 3000. We

then identify the r such that pqr is 2-pseudoprime.

The work is shortened by Corollary 4.1, which says that we can exclude any pair (p, q)

for which p divides m(q). Some such pairs are (3, 7), (3, 13), (3, 19) and (5, 11).

Case (3, 5). For this case only, we use full factorisation: 214 − 1 = 3 × 43 × 127. So

possible values of r are 43 and 127. In both cases, it is clear that 5r ≡ 1 mod 2 and 3r ≡ 1

mod 4. Hence 3× 5× 43 (= 645) and 3× 5× 127 (= 1905) are 2-pseudoprimes.

For the remaining pairs (p, q), we use our table of values to list the primes r such that

q < r ≤ 89 and m(r) divides pq − 1. We then check whether (1) and (2) hold. Note that to

check (1), there is no need to calculate qr: all we need is the values of q and r mod m(p).

For example, 17 and 29 are both congruent to 1 mod 4, hence 17× 29 ≡ 1 mod 4.

We present the results in tabular form. The reader can easily verify that all the relevant

pairs (p, q) have been included, and that no values of r have been missed.

(p, q) pq − 1 r (1) (2) 2-pseudoprime

(3, 11) 32 17 yes yes 3× 11× 17 = 561

(3, 17) 50 31 yes no

(3, 23) 68 –

(3, 29) 86 –

(5, 7) 34 –

(5, 13) 64 17 yes yes 5× 13× 17 = 1105

(5, 17) 84 29 yes yes 5× 17× 29 = 2465

43 no

(5, 19) 94 –

(7, 11) 76 –

(7, 13) 90 19 yes yes 7× 13× 19 = 1729

31 yes yes 7× 13× 31 = 2821

73 yes no

(7, 17) 118 –

(11, 13) 142 –

In fact, each of the numbers found in this table is a Carmichael number, as one can

easily see by checking that they satisfy the stronger versions of (1), (2) and (3) given by

replacing m(p) by p− 1, etc.
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Fermat primes and the magnitude of r. The “Fermat number Fn” is 22n
+ 1. In

particular, F3 = 28 + 1 = 257 and F4 = 216 + 1 = 65537. It is well known that F4 is

prime (no larger Fermat primes are known). Given this fact, we can easily revisit the case

(p, q) = (3, 11) and apply full factorisation: 232 − 1 = 3× 5× 17× 257× F4. Both 257 and

F4 satisfy (1) and (2), so both give a 2-pseudoprime 3× 11× r.

Exactly as in the case of numbers with two prime factors, if pqr is 2-pseudoprime and

pq = 2k + 1, then r must divide either 2k + 1 or 2k − 1. The example 3× 11× F4 is a case

where r equals 2k + 1. Similarly, the number 3 × 5 × 127 is a case where r = 2k − 1. (The

corresponding statement for Carmichael numbers is r ≤ 1
2
(pq +1), since these numbers have

the property that r − 1 divides pq − 1).

What about 2-pseudoprimes with four prime factors? In principle, an elaboration

of the same method will detect such numbers. However, bearing in mind the exclusions

resulting from Corollary 5.1, we see that the very first candidate is 3× 5× 17× 23 = 5865,

well outside our chosen range. For the record, the first such 2-pseudoprime is actually

5× 7× 17× 19 = 11305.

Non-square-free numbers

We still have to investigate pseudoprimes that are not square-free. We already saw in

Example 3 that they exist: 112 is 3-pseudoprime (as already mentioned, this question does

not arise for Carmichael numbers).

There are some rather pleasing general results concerning pseudoprimes of this sort.

Once they are in place, it will be a fairly simple task to complete our search for 2-pseudoprimes.

LEMMA 11. If b ≡ 1 mod p, then bp ≡ 1 mod p2.

Proof. By the geometric series again,

bp − 1 = (b− 1)(1 + b + b2 + · · ·+ bp−1).

By hypothesis, b − 1 is a multiple of p. The second bracket is the sum of p terms, each

congruent to 1 mod p. Hence it is congruent to p mod p, in other words, again a multiple

of p. So bp − 1 is a multiple of p2. (An alternative proof is to write b = kp + 1 and use the

binomial theorem). �

One consequence of this, seen by taking b = ap−1, is that ap(p−1) ≡ 1 mod p2, which

(for those who know) also follows from the Euler-Fermat theorem. More important for our

purposes is the next result. We continue the standing assumption that p is prime and a is

not a multiple of p.
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THEOREM 12. Suppose that p2r ∈ PS(a) for some r (we do not exclude r being a

multiple of p). Then p2 ∈ PS(a). Further, am ≡ 1 mod p2, where m = ordp(a).

Proof. Let p2r = n. Since n ∈ PS(a), we have an ≡ a mod n, hence an ≡ a mod p2.

By Lemma 11, with b = am, we have apm ≡ 1 mod p2. So

am ≡ amn = ap2rm = (apm)pr ≡ 1 mod p2,

the second part of our statement. The first part follows at once, since m divides p2 − 1. �

In particular, if pk ∈ PS(a) for some k > 2, then p2 ∈ PS(a).

Theorem 12 shows that to determine whether p2 is in PS(a), we only have to consider

am instead of ap2−1, a big simplification! Two further consequences are:

COROLLARY 12.1. If (and only if) p2 ∈ PS(a), then ap−1 ≡ 1 mod p2.

Proof. p− 1 is a multiple of m. �

COROLLARY 12.2. If p2 is in PS(a) and m is even, say m = 2n, then an ≡ −1

mod p2.

Proof. By Theorem 12, p2 divides into a2n − 1 = (an + 1)(an − 1), so appears in the

(unique) prime factorisation of this product. By the definition of n, p does not divide an−1.

Hence p2 is a factor of an + 1. �

Actually, Theorem 12 holds with p2 replaced by pk for any k ≥ 2. This is proved in

exactly the same way, given the following stronger form of Lemma 11, which we leave as an

exercise for the reader: If b ≡ 1 mod p, then bpk−1 ≡ 1 mod pk.

The stronger version will not be needed for our search, but it enables us to give the

following characterisation of a-pseudoprimes applying to general numbers, to be compared

with the characterisation for square-free numbers in Theorem 6.

THEOREM 13. Suppose that gcd(n, a) = 1 and that n = q1q2 . . . qk, where qj = p
kj

j for

distinct primes pj. Let rj = n/qj. Then n is a-pseudoprime if and only if

(i) qj ∈ F (a) for all j

and (ii) arj−1 ≡ 1 mod qj for all j.

Proof. Suppose that n is a-pseudoprime. Then Theorem 12 (the strong version) shows

that (i) holds whenever kj ≥ 2. For any j such that kj = 1, then qj = pj, which is in F (a),

by Fermat’s theorem. Statement (ii) is given by Proposition 5.
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Conversely, if (i) and (ii) hold, then the reasoning in Theorem 6 applies without change

to show that n ∈ PS(a). �

A special case. Consider the case where n = p2q, where p and q are prime and p2 ∈
PS(a). Then (i) is satisfied, and (ii) equates to the following pair of conditions:

aq−1 ≡ 1 mod p2 (equivalently, m(p) divides q − 1);

ap2−1 ≡ 1 mod q (equivalently, m(q) divides p2 − 1).

Note. Though it is slightly outside our declared objectives, we mention that Theorem 12

also leads to a pleasantly simple proof (not found in most books) of the fact that Carmichael

numbers are square-free. Indeed, suppose that p2r is a Carmichael number, so is in PS(a)

for any a coprime to p. Then by Theorem 12, ap−1 ≡ 1 mod p2. But for a = p + 1, the

binomial theorem gives

ap−1 = (1 + p)p−1 = 1 + (p− 1)p + tp2

for some integer t; this is congruent to 1− p (so not congruent to 1) mod p2.

Completion of the search for 2-pseudoprimes

By Corollary 12.1, if p2 ∈ PS(2), then p2 divides 2p−1 − 1. For each p ≤ 29, the full

factorisation of 2p−1 − 1 was given earlier (under the heading “two prime factors”). In each

case, we see that p2 is not a factor (although, of course, p is), so none of these numbers p2

is 2-pseudoprime. For our project, it remains to consider p from 31 to 53. Write just m for

m(p). If p2 ∈ PS(2), then Theorem 12 tells us that 2m ≡ 1 mod p2; if also m = 2n, then

Corollary 12.2 says that 2n ≡ −1 mod p2. Three cases are very easy:

p = 31: Then m = 5, and 25 − 1 = 31, not a multiple of 312.

p = 41: Then n = 10, and 210 + 1 = 1025 = 25× 41, not a multiple of 412.

p = 43: n = 7, and 27 + 1 = 129 = 3× 43, not a multiple of 432.

The other cases require some squaring to reach the required power of 2. Note that

(ap + b)2 ≡ 2abp + b2 mod p2.

p = 37: n = 18. Now 29 = 512 = 14× 37− 6, so (mod 372)

218 ≡ −168× 37 + 36 ≡ (185− 168)× 37 + 36

= 17× 37 + 36 = 18× 37− 1 6≡ −1

We leave it to the reader to verify that 472 and 532 also fail to be 2-pseudoprime. (For 47,

it is rather easier to show that 224 6≡ 2 mod 472).
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After all this, the conclusion is that p2 is not 2-pseudoprime for any p ≤ 53! By

Theorem 12 again, there are also no 2-pseudoprimes divisible by any of these numbers.

Having seen this (and perhaps tried a few more cases), it might be tempting to con-

jecture that there are no primes p such that p2 is 2-pseudoprime, and hence that all 2-

pseudoprimes, like Carmichael numbers, are square-free. However, it turns out that there

are such primes p: the first one, discovered by Meissner in 1913, long before the age of

computers, is 1093. This is an excellent example of the danger of jumping to conclusions on

the strength of what happens in the first few (or even the first few hundred) special cases!

With the help of computers, it is now known that there are only two such primes less than

109, namely 1093 and 3511. For discussion of this curious fact, see [Rib, chap. 5].

We are finally ready to give the full list of 2-pseudoprimes less than 3000. Here it is,

with Carmichael numbers designated by ∗.

11× 31 = 341 3× 5× 127 = 1905

3× 11× 17 = 561∗ 23× 89 = 2047

3× 5× 43 = 645 5× 17× 29 = 2465∗

5× 13× 17 = 1105∗ 37× 73 = 2701

19× 73 = 1387 7× 13× 31 = 2821∗

7× 13× 19 = 1729∗

3-pseudoprimes

We leave it to the reader to undertake a similar exercise for 3-pseudoprimes, briefly

mentioning a few new features that arise. To aid the process, we provide a table of values

of ordp(3):

p 5 7 11 13 17 19 23 29 31 37 41

ordp(3) 4 6 5 3 16 18 11 28 30 18 8

p 43 47 53 59 61 67 71 73 79 83 89

ordp(3) 42 23 52 29 10 22 35 12 78 41 88

Factorisation of 3n is best avoided for n ≥ 20! When we come to consider numbers

of the form 23q, it would appear to follow (with our ceiling of 3000) that we need to know

m(q) for all primes q < 130. However, we can circumvent this: we also require that q − 1 is

a multiple of m(23) = 11, so there are no candidates for q greater than 89. Similarly, when

p = 29, we require q ≤ 103 and q − 1 a multiple of 28: again, there are no new candidates.
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By definition, 3 is no longer permitted as a prime factor, which shortens the list of

pairs (p, q). If we adhere to the form of the definition that allows even numbers, then 2 is

permitted, but it can only be combined with q having m(q) odd, which just leaves the pairs

(2, 11), (2, 13) and (2, 23). With a bit of ingenuity, these can be dealt with using only the

further values m(101) = 100, m(103) = 34, m(113) = 112. One finds that there is only one

even 3-pseudoprime under 3000, namely 2× 11× 13 = 286.

A further new feature is that 112 is 3-pseudoprime, as we saw at the beginning. It

turns out that there are no other primes p ≤ 53 with p2 3-pseudoprime. However, we still

have to check multiples of 112. Firstly, the strong form of Theorem 12 shows that 113 is

not in PS(3), since 35 < 113. Secondly, by the special case of Theorem 13, for 112q to

be 3-pseudoprime, we require m(11) (= 5) to divide q − 1 and m(q) to divide 120. These

conditions are satisfied by 31, 41 and 61, but the resulting numbers are outside our chosen

range. One could investigate numbers of the type 112qr using Theorem 13, but the ceiling

of 3000 forces qr ≤ 24, and there are no non-excluded pairs (q, r) within this range.

At the risk of spoiling the fun, we now give the full list of 3-pseudoprimes less than

3000. Any readers who are really undertaking their own investigation can look away, or use

the list as a check when they have finished!

7× 13 = 91 23× 67 = 1541

112 = 121 7× 13× 19 = 1729∗

2× 11× 13 = 286 31× 61 = 1891

11× 61 = 671 5× 17× 29 = 2465∗

19× 37 = 703 5× 13× 41 = 2665

13× 73 = 949 37× 73 = 2701

5× 13× 17 = 1105∗ 7× 13× 31 = 2821∗

Concluding remarks

As already mentioned, the 2-pseudoprimes up to 1013 have been computed by Pinch

[Pi]. His listings are available at www.chalcedon.demon.co.uk/rgep/carpsp.html.

There are just 245 2-pseudoprimes up to 106 (of which 43 are Carmichael numbers),

whereas there are 78,498 primes – so the original idea of checking 2n−1 mod n to detect

primes is not so bad after all!

Denote by P2(x) the number of 2-pseudoprimes up to x. What general estimations

are known for P2(x)? The lower bound x0.33 (for large enough x) known for Carmichael

numbers clearly applies also to P2(x). There is a large gap between this and the best
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known upper bound [Pom], which is as follows: write log2(x) = log log x (etc.) and l(x) =

exp(log x log3 x/ log2 x). Then P2(x) ≤ x/l(x)1/2 for large enough x.

Various subspecies of pseudoprimes have been defined, such as “strong” and “Euler”

pseudoprimes. They are even more sparse than ordinary pseudoprimes (which are sometimes

called “Fermat pseudoprimes” by contrast), thereby providing an even better primality test;

in particular, strong pseudoprimes correspond to the “Miller-Rabin test”. Space does not

allow a discussion of them here: for a survey, see [Rib].
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